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Mathematical modeling of an altimeter
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ABSTRACT

The aim of this survey is to simulate a photon altimeter designed for a soft landing on the lunar surface. A simulation of the
process of gamma rays scattering from the lunar surface with a typical composition of the lunar soil was implemented.
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1. INTRODUCTION

A photon altimeter is designed for measuring the distance
between a lander and the underlying surface. The altimeter
should measure the current height of the lander over the lunar
surface in the range from 0.3 m to 10 m at a descent rate
between 6.5 m/s and 11 m/s, providing a random component
of the relative error less than 3 %. For this purpose a photonic
altimeter is developed. The altimeter uses the effect of
scattering of gamma radiation over the lunar surface. The
conditions of a landing on the moon surface setiously differ
from conditions on Farth due to the lack of the lunar
atmosphere, a high background radiation and the soil
composition of the lunar surface.

There are altimeters of different frequency range such as
radio-wave, infrared and optical altimeters, the X-ray and the
photon altimeters. The optical altimeters were developed for
optical navigation system for lunar landing [1], [2]. We develop
the altimeter based on the effect of scattering photons, having
the following advantages: the ability to perform measurements
through a plasma of engine, the insensitivity to the layer of dust
on the surface of the planet, the high measurement accuracy at
the low altitudes.

The amount of scattered gamma rays depends on the type of
the underlying surface of the Moon [3]. The lunar surface
consists of loose material called regolith, fragments of bedrock
and secondary particles. The material was formed as a result of
continuous meteoric impact and bombardment by atomic

particles over billions of years. The average depth of the
regolith that covers the entire surface of the Moon ranges from
4 to 5 m in the lunar seas up to 10 to 15 m on the continents.
The chemical composition of the regolith depends on the
composition of rocks lying below, but it also contains other
substances and minerals. The main minerals of lunar rocks ate
plagioclase (solid solution of albite and an orthite NaAlSi;Og
CaAlSi;Og), orthopyroxene (Mg, Fe)SiO;,  clinopyroxene
(Ca,Mg,Fe)SiOs, olivine (Mg,Fe),SiO4, ilmenite (FeTiO3) and
spinel-group minerals (FeCr204 - Fe;TiO4 - FeAlbOy), [4].

Lunar seas are volcanic plains that fill cavities in the
topography of the continents. The predominant types of lunar
sea rocks are marine basalts. Lunar seas are more suitable for
the landing of a spacecraft.

2. INTENSITY OF SCATTERING PHOTONS

The altimeter uses the effect of gamma-rays scattering in
other words, the Compton effect. The differential cross-section
for Compton scattering of one electron per unit solid angle is
given by the Klein-Nishina-Tamm formula:
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where ¢ is the scattering angle, r, is the classical electron
radius, r, =ar, = L 7 28179-10%m
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a= is a constant,
137.04

no. .
r, =—— is the wave length scattering effect,
m,c

m, 1is the electron mass, ¢ is the

speed of light,
E, =660KkeV is the energy of the primary radiation, « is the

ratio of photon energy to the electron rest energy at

~1.129.

2

E
E,=660keV, and o =—

m,c
For a mixture of substances on the lunar surface the
effective number Z , of the underlying soil surface can be

calculated by the following formula:

@

where 7, is the relative quantity of substance i, having
number Z, of lunar soil, M is the number of components of

the underlying surface.
The electron density of the underlying surface is:
6 N
"eZZUi—AZ,w ©)
1 A

where N, is Avogadro's number, 4, is the atomic mass of
substance..

Lunar seas are volcanic valleys filling low places of the
continent relief, which are the bottom of large craters and
pools. A basalt is a dominant type of the sea’s rocks.
Composition of the ground shown in Table 1 was used in the
model as an example.

The Compton cross-section can be calculated by the
equation o, =6.54-10%n,Z, .

The intensity of the scattered photon radiation I, is given
by the formula:

36, (1+cos’(0))
I, =1, 2 )
167 i+ a1 - cos?(0))f )
a(l-cos(9))
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where I is the primary radiation and 0 the scattering angle at

a distance r from the scattering electron.

Calculations by (1) to (4) showed that the intensity of the
scattered radiation decreases with increasing scattering angle. In
the range of angles of interest from 90° to 180° the
intensity /, of a gamma ray of 660 keV does not change

dramatically. Therefore, it is advisable to work in this range.

Table 1. Composition of the lunar surface ground.

Element Percentage Atomic number Atomic mass
M)i=1.6  (2)i=1.6 (4)i=1.6

Si 20.4 14 28

(0] 413 8 16

Fe 13.2 26 56

Ca 0.79 20 40

Al 0.68 13 27

Mg 0.58 12 24

The enetgy of the scattered photons depends on the angle of
scattering in accordance with the relationship:

E, ®)

5 :
1+ %302 (1-cos®)

The photon energy decreases with increasing scattering
angle.

If the wvalue of the scattering angle is in the
range 6 =[90°...180°], then the energy of the scattered gamma

E=

rays reduced down to 200 keV. The energy of the scattered
photons in the working range depends less on the energy
source. The geometry of the gamma radiation source and the
gamma radiation detectot’s location is shown in Figure 1.

The photon radiation source (S) is located in the centre of
the measuring system, and four detectors (D1-D4) are placed
on a distance / from the soutce. The lander may be tilted
relative to the underlying surface, by an slope angle y of the
axis formed by a pair of detectors. Let 4 be the current height
of the landing apparatus, y is the angle of incidence of the
direct beam of the gamma ray, ¢ is the angle between the
projection of the axis of the detectors D1 and D2 on the line
passing through the point of incidence, € is the scattering
angle of photons recorded by the detector D1.

The square of the distance between the scattering element
and the detector can be calculated by formula:

r? =h*tg? y +1% cosy — 2hicosytgy +(h+Isiny )’ ©)
The cosine of angle ¢ amounts to:

A 2 2 2 2
cos¢;:(h+lsm7/) +(htgy ) +(Icosy ) —r . %
hlcosytgy

The cosine of the scattering angle:

W2+ tg? () + r? = 17 _ ®)
2rh\/i1+ tgz(l//)i

The detector registers photons scattered by the lunar
surface. The position of the scattering element may be
characterized by angle y of the direct ray and angle ¢ of the

cos(z —6) =

position of scattering element. The range of angle y depends on
the angle of collimationy,,, , where 0<w <y __ . The range of

angle @ is [-7,7z] The distance between the centre and the
defined by the

scattering  element s
formula: p = htgy.

following

Figure 1. Location of the source and the four detectors.
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The intensity of photons, detected by D1 can be obtained by
integration over the scattering volume, depending on the

depth ¢, p:

L = | [[e#O7%" 1,(r,L,y,p,h,0,60)d(depth)d pdp ©)

depth ¢ p

where ,u(E) is the coefficient of mass absorption, depending
on the photon energy, p is the density of the lunar soil.

The intensity of photons, scattered by an element, situated
on the distance p, the depth (depzh) and the angle 6, detected
by D1, is defined by the following equation:
Ly(rly. v hp,0) =

30, (1+cos?(6))

"167° [1+alL-cos?(0))f
’ { a*(1-cos(8)y }

1+ [1+ a(1-cos(6))]- (L+cos?(9))

(10)
=1

Detectors D1 to D4 receive the gamma rays scattered from
the lunar surface in accordance to the angle of collimation of
the radiation source. The detectors register the integral of
intensity scattered gamma rays over the volume of interaction
with the lunar soil. It is useful to describe the effect of the
registration as the ratio of primary and scattered fluxes of

gamma rays. The integral of ratio % depends on the angle

v, the depth of penetration of the gamma rays in the lunar soil

(depth) and on the height £ of the landing apparatus .

3. ALGORITHM OF MODELING
The algorithm makes it possible to calculate the ratio %
0
of the registered intensity /, and the original intensity 7, .It
consists of three loops for the triple integral computation. The
algorithm includes the following steps.

Summary of the algorithm
1. Initialize the parameters of the model: cross-section
for Compton scatteting o,, ratio of photon energy

and energy of electron at rest «, mass absorption
factor p, matter density p,.

2. Set the height 2=0,Ar=0.10, and for i=12,..,
compute the current 4 — iAh .

3. Set the angle of slope y=0, A;/:%z, and for

i=12,.., compute the current y +iAy .

4. Set the penetration of photons into lunar material, and
for i=12,..., compute the current depth+ilAdepth .

5. Set the radius of the
p=0,Ap=010, and for i=12,.., compute
current p+iAp.

beam
the

gamma-ray

6. Set the angle of the gamma ray beam ¢ =0,A¢=0.10,
and for i=1,2,..., compute the current @+iAg.

7. Compute the angle of the gamma ray beam and of the
scattering element:

P
=arct .
v g( depth}

8. Compute the distance between detector and scattering
element:

r= {alepth2 tg® w +1° cosy —cose - 2depth-1cosy tgy +

+ (depth +1sin 7)2 }%

Compute the cosine of the complementary scattering
angle:
depth® (1+ tg’ (1//))+ r? =1

2r- a’epth\/(l+ tg? (l//)) .
10. Compute the elementary scattering volume:

AV = Ah(ZAp p+(Ap) ) Ap.
10. Compute the accumulation of the gamma intensity
ratio:

cos(r—6) =

1_1, 80, (1+cosz(9))
I, 1, 167" [i+afi—cos?(0)f

2
i a(l-cos(9)) AV
[1+ a(1-cos(9))]- (1-cos(0))
12. Compute the gamma intensity ratio subject to the
absorption of photons:
I — Ioe—Zy&depth'

The mass absorption factor zof photons with energy
660 keV by silicon equals 4 =0.0802cm/g% The mass
absorption factor of the scattering gamma-quantum with energy
200 keV by silicon equals g, =0.123cm/g?, & being the density

of the matter.

4. NUMERICAL EXPERIMENT

The proposed model is implemented as a simulation
program running in Matlab. Dependences of the average
intensity of scattered gamma-ray quanta detected by D1 on a
height of the descending module are presented in Figure 2.

The gamma-ray flux-noise is characterized by a Poisson
distribution. Therefore, the result of measuring the height and
the angle actually is not a smooth function of the intensity, as
shown in Figure 2. Noisy data registered by the four photon
detectors should be averaged. Figure 3 shows the dependences
of the height on the intensity of photon flux for different values
of the angle. The measurement result is the average height of
the four outputs of the detectors.
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Figure 2. The ratio of average intensity of scattered and initial gamma
quanta versus the height of the descending module.
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Figure 3. Dependences of the height on the intensity of photon flux for
different values of the angle.

Each detector records the angle of the lander.Dependences
of the measured angle on the height computed using the
intensity of the gamma-ray flux are shown in Figure 4.

The signal received by the detector is stronger when the
height of the descending module is small. The height and slope
angle can be measured more accurately when the height is
small. This fact is an advantage of the photon altimeter. It is
more difficult to measure height and slope angle at high-altitude
of the descending module.

The results of the altimeter model showed that the standard
deviation of error of slope angle for low-altitude of the
descending module is not greater than 0.02 rad. The standard
deviation of the error of the slope angle for high-altitude of the
descending module is less than 0.06 rad.

5. CONCLUSIONS

The proposed model is based on initial values:initial
height,activity of photon source, topology of photon sources
and detectors,composition of the ground.

The developed model allows estimate effect of the topology
of the measuring system, activity of the source, size and
arrangement of the detectors, the composition of the ground.

The model allows determine basic characteristics of altimeter
with reasonable accuracy. The range of measurement of

Angle of slope gamma < 0

.| ®= == gamma=0
m—— gamma=-pi/64 radian
== == gamma=-pi/32 radian P
== = = gamma=-3pi/64 radian
= gamma=-pi/16 radian

I I I

5 6 7 8

Height h

Figure 4. Dependences of slope angle measured for different heights.

altitude, the effect of landing apparatus slope, the relative error
of measurement may be estimated.

The model submit for consideration capability of angle slope
measurement.
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