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SuMMARY. — In this paper we give a reciprocity theorem for aniso-
tropic porous media in the quasi-stationary case. The distribution of the
pores is assumed statistically homogeneous.

Riassunto. —- Viene stabilito un teorema di reciprocity per mezzi
porosi anisotropi nel caso quasi-stazionario. La distribuzione dei pori ¢
assunta statisticamente omogenea.

1. — INTRODUCTION.

The theory of deformation of porous materials containing a fluid
has been developed by Biot (-2), for the case of an elastic solid. In
the last years various generalizations and particular applications have
been considered.

A porous solid is represented as an elastic skeleton, having com-
pressibility and shear rigidity, with a statistical distribution of inter-
connected pores containing a compressible fluid. It is understood
that the term “porosity”’ refers to the effective porosity, namely, that
encompassing only the intercommunicating void spaces as opposed
to those pores which are sealed off. In the following, the word “pore”’
will refer to the effective pores while the sealed pores will be consi-
dered as a part of the solid.
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This system of fluid and solid is a general elastic system with
conservation properties. The deformation of a unit cube is assumed
to be completely reversible.

By deformation is meant, here, that determined by both strain
tensors in the solid and in the fluid phases.

lesan (58) has established a method by means of which he was
able to give reciprocity theorems in the dynamic theory of continua,
without using Laplace transforms in the case of nonhomogeneous
initial conditions. Moreover, by this method, he obtained reciprocity
relations which involve only the displacement vector and the known
functions.

Boschi (3) has obtained a reciprocity theorem for isotropie porous
homogeneous media in the quasi-stationary case. e (#) has also
been able to give a variational theorem in the linear theory of porous
media, and in the theory of viscoelastic porous media (3).

This kind of speculations is of great interest because they form
the basis for the solution of problems arising in many diversified flields
such as seepage in soil mechanics, ground water hydrology, petroleum
engineering, water puritications, acoustic engineering and so on.

2. — BASIC EQUATIONS.

Throughout this paper we employ a rectangular coordinate sys-
tem, Oxr (K = 1,2,3), and the usual indicial notations. Let V be
a regular (in the sense of Kellog) region of space occupied by an ani-
sotropic porous solid, whose boundary is X. Moreover V is the in-
terior of V', n, are the components of the unit outward normal to X.

For convenience and clarity in presentation, all regularity hypo-
theses on considered functions will be omitted.

On these basis the field equations for anisotropic porous solids,
in the qnasi-static case, are:

— the constitutive equations:
oiy = Uit ex1 + aiy & [1.a]

0 = w65 + fe [1.b]

— the equations of equilibrium:

(0is +00u)y +0Fi=0 [2.a]
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The Darev's law:
oyi + o Fi = bip (U5 — ). [2.Db]

The equation [2.b] is the Darey’s law in a generalized form for
an anisotropic medium.

— the strain-displacement relations:
[3.a]
[3.b]

In these equations we have used the following notations: wui,
the components of the displacement veetor for the solid phase: Uy,
the components of the displacement vector for the fluid inside the
pores; gy, ey, the components of the strain and of the stress tensors
for the solid phase; o, the hydrostatic state of stress of the liquid
filling the pores, i.e., if we consider a cube of unit size of the bulk
material, ¢ represents the total normal tension force applied to the
fluid part of the faces of such a cube; &, the components of the strain
tensor for the fluid phase; ¢ — &4, dilatation of the fluid: g, o1 den-
sities of the solid and of the fluid, respectively; Cuii, bij, characteristies
of the solid phase; ay, f, characteristics of the fluid phase (3). Let us
also remember that a comma denotes partial derivation with respect
to the space variables, .y, and a dot denotes partial derivation with
respect to the time f.

Furthermore the following symmetry relations:

Cigpr = Csinr — Crayg [+.a]
Uij = Uji [4-1)]
[)1,‘ : I)/;

are satisfied.
To the system of the field equations we must adjoin the initial
conditions:
we (&, 0) = a; [.a]
U, (v, 0) = Ay [5.])]
and the boundary conditions:
(015 + o i) ny = piy, on N [6]

where a;, A, p; are preseribed funections.
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3. — PRELIMINARIES.

Let f, y and & be funection on 1” X [0, oo0), continuous on [0, co)
with respect to the time ¢ for each » & 1. We denote by f * ¢ the con-
volution of f and ¢:

[fgl ey t)= | flr,t —8)g(r,s) ds.

0
We will have occasion to use the following well-known properties
of the convolution (%):

f#g=y9x*]
falgeh) = (Ff+g)xh —f=g=h
frlg+0)=fxg+fxh

Henceforth we will denote by ! the function defined on [0, oo) by:

Ity = 1.
Tt is easy to show that:
s (Uy—wu)) = Uy —uy— (4; — ay) [7]
le (o +00 Fi)y =1lsa,u+ ol =F. (8]

Then from the equations [2.b], [7] and [8], we get:

| = Oy + qi = I)U (Uj --—’It;) [9]

where:
g =01l % Fi+ by (4 — ay). (10]

The equations [9] are equivalent to the equations [2.b] and to the
initial conditions [5.a], [5.b].

4. — THE RECIPROCITY THEOREM.

Let us now consider the body subjected to two different systems
of elastic loadings:

L {F,“", PiL, AP, m“”,} a=1,2 [11]
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The two corresponding configurations are:

a) — (a (a M .
« :{Uf ', l’u““, g(m, o', a‘“’,} a=1.2 [12]

Ay =

T'rom the equations [1.a], [1.b], we get:

(
Tij (“—aij e = Ci/kt(’klm) )
s a= 1.2
0D gy e ® = § @ S
[t is true that
(O — a eM) * €@ == Cyypr ex D) *
(0)® — ais &) ey W = Cogpy €x)
Adding these two relations, we have:
(03D — gy D)) % @@ = (04 — agy @) x ggy 1), [13]
It is also true that:
(g(lJ — iy (‘,”(1)) x £2) = g el) % g2
(02 — qyy ey®) x gl == @) % gl)
and, by addition, we obtain:
(o) — gy e51)) % @) = (02) — wyy ey®) x gll), [14]
Adding the relations [13} and [14] we get:
Gy % e@ 4 ) x g@) = gy % eyl - g2) % glb), [15]
If we introduce the notation:
= |14 (0 s ey 4+ a P wePyar; o« — 1,2 [16]

T

from equation [15] we have:

Il‘.’. = Izl [17]
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Using the relations [3], [9], [10] and the divergence theorem, we get:

]a/l = l U p™® o« WP ay + ' Taa™ s« U, P g, dy 4
< o
+ ' %0 Fi'D s 0P dy — , l#g'®se? dV —
I 15
- ' big (U5 — Dy = /P av + J qi'® % Uibra V, [18]
IS I
a,f=1,2

Finally from equations [17] and [18] we can state the reciprocity
theorem for anisotropic porous solids:

If an anisotropie porous solid is subjected to two different systems
of elastic loadings [11], then between the two corresponding
configurations [12] there is the following reciprocity relation:

Lo pity s q@ dY 4 ' lLeagWngs Ui dY +

+ ’.lg * iy ox g d17 — "l oM xe@ d1 —

I I

[ (U0 — ;M) 4 g] = Uy dV =
l oo i s g0 d X ’ Lwag@p = Ui dY 4

+ ' lxo Fi@ % 4 dV — ’ [+ 0@ %em

V Vv

J [bis (Uy® — u;@) + @] % T 1 dT. [19]

We should want to put in evidence that, throughout this paper,
we did not use any restrictive assumption. The theorem [19] is valid
under very general conditions.
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In the special case of homogeneous boundary conditions, of great
interest in the applications, the relation [19] reduces to:

Lx (o FyW) sy — g % @) —[byy (U0 — 4y + g} % Uy § dV =

The reciprocity theorem derived in this paper can be used to
obtain variational theorems in the theory of porous anisotropic mate-
rials. These theorems will be developed in another paper.

0@ % eM)) —[byy (U;@) — uy®) + g2 = Ug1) § dV.
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