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ABSTRACT

In this article, we prove that the group of all increasing homeomor-
phisms on R has exactly five normal subgroups, and the group of all
homeomorphisms on R has exactly four normal subgroups. There are
several results known about the group of homeomorphisms on R and
about the group of increasing homeomorphisms on R ([2], [6], [7] and
[8]), but beyond this there is virtually nothing in the literature concern-
ing the topological structure in the aspects of topological dynamics. In
this paper, we analyze this structure in some detail.
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1. INTRODUCTION

There have been several papers discussing about the normal subgroups of
the group of homeomorphisms on various metric spaces ([2], [6], [7] and [8]). Tt
is natural to ask: Which subsets will arise as normal subgroups of the group
of homeomorphisms on a metric space? We provide a proof in the case of the
group of (increasing) homeomorphisms on R. This paper contains a detailed
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proof that highlights the differences and similarities between our results and
those given in the references.

A dynamical system is simply a pair (X, f) where X is a metric space and
f X — X is a continuous function. A point x € X is said to be periodic with
period n if f"(x) = x for some n € N, and f™(x) # z for 1 < m < n where
f" = fofo..of is the composition of f with itself n times. If f(x) = x then
we say that z is a fixed point of f. We denote the set of all fixed points of f by
Fiz(f), and the complement of Fiz(f) by Fixz(f)¢. Two dynamical systems
(X, f) and (Y, g) are said to be conjugate (we simply say f is conjugate to g),
if there exists a homeomorphism h from X to Y such that ho f = goh.
Being conjugate is an equivalence relation in the class of dynamical systems. A
homeomorphism h from X to X such that hof = foh is called a conjugacy of
(X, f) or simply a conjugacy. Let A, B be two subgroups of a group G. Then
A is invariant in B if A C B and if bAb~! C A for every b € B. A subgroup
N of a group G is normal if and only if it is invariant under conjugation, if
and only if it is a union of conjugacy classes of G. Since our group in this
paper is a group of homeomorphisms, the algebraic notion of conjugacy here
coincides with topological conjugacy in the sense of dynamical systems theory.
For preliminaries from topological dynamics and group theory, the reader may
refer [3], [4] and [5].

In this paper, we study the normal subgroups of the group of (increasing)
homeomorphisms of R and analyze the topological structure in the aspects of
topological dynamics in some detail. The proofs are different from those given
in the above references. The classification here is only based on the set of fixed
points of members of the normal subgroups. In articles [2], [6] and [8], the
set of fixed points or the support of the homeomorphisms are used to classify
normal subgroups.

First we discuss the ideas of proof involved in the references [2], [6] and [§]
to convince the reader that our proof is different from the known ones. For
a set X, let m(X) be the group of all permutations (bijections) on X and G
be a subgroup of 7(X). For a topological space X, let H(X) be the group of
homeomorphisms on X. Suppose F is a non-empty family of subsets of X. We
define S(F,G) ={g € G : Fizx(g) D F for some F € F}. For S(F,H(X)), we
shall write S(F). We say that the family F is ecliptic relative to G whenever
it satisfies the following two conditions.

(1) If F1, Fy € F, then there exists an F5 € F such that F3 C F; N Fy,
(2) If F} € F and g € G, then there exists an Fy € F such that Fy C g(F1).

An ecliptic family which satisfies the following additional condition will be
called strictly ecliptic.

B)If FeFand U C X is open (U # @), then there exists an h € H(X)
such that h(F¢) C U, where F° is the complement of F in X.

The objective of the reference [8] is to investigate the normal subgroups for
a class of spaces which includes the n-cell B,, and the author proved that some
of these normal subgroups can be defined in terms of the family of fixed point
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sets of their elements. For a family F of subsets of X, define S(F,G) = {g €
G : Fiz(g) D F for some F' € F}. It is proved that S(F,G) is a subgroup
of G and if F is ecliptic relative to G, then S(F,G) is a normal subgroup of
G. If X is a topological space such that for any non-empty, open set U, there
is an open set V' C U which is homeomorphic to an open ball in a Euclidean
space of positive dimension and supposing there is a strictly ecliptic family
F on X relative to H(X) and if N is a normal subgroup of H(X), then the
author proved that either N D S(F) or N counsists of the identity 1. They also
proved that if N is a normal subgroup of H(B,,) which contains an element
not in Ho(B,) = {h € H(B,,) : Fiz(h) O S,_1(the boundary of B,)}, then
N D Hy(By).

The objective of the reference [2] is to analyze the algebraic structure of H(I)
in some detail for some interval I. For a subgroup H of n(X), x € X, let H,, :=
isotropy subgroup of H at x. The authors proved that every translation is a
product of two involutions and every element of H(I) is a product of at most
four involutions. They considered a signature theorem, which provides a useful
criteria for the conjugacy in H(I). Using this idea, they enumerate completely
the normal subgroups of H := H(I) < w(I). Let F be the isotropy subgroup
Hy of H(R). The idea of proof is as follows. For an interval I, we denote I° for
the interior of I. For a map f: I — I, S(f,x) :=sign(f(z) — z). An element
t € F is a translation if it does not have interior points as fixed points and
let T' denote the set of all translations. Also T* := {t € T : S(t,z) > 0} and
T :={teT:S(z) <0} Now, let S be a semi-group which is invariant in
F,Q.=A{f € H: f(z) =« for all z in some neighborhood N¢(a)} for a € I
and @ = Qo N Q1. The authors proved that if S ¢ @, then S contains an
element with at most one interior fixed point. Also T and T~ are complete
conjugacy classes in F', T' is a complete conjugacy in H and F' = TT. Using
these ideas, the authors also proved that if N is an invariant subgroup of F,
then N C Qg or N C Q; or N = F. If N is an invariant subgroup of H
then either N = H, N = F or N C . Now the only subgroups of H are
H,F,Q and {1} since @ is simple. If N is normal in Qg (respectively in Q),
then either N = {1}, N = Q or N = Qg (respectively in @}1). Hence the only
normal subgroups of F' are F,Qo, Q1,Q and {1}.

The reference [6] is an expository paper, the author provides a relatively
complete but concise account of the classification of H := H(I), in terms of a
suitable topological signature concept. For ¢ € H, the author first associated
the function s(¢) : R — S = {—1,0,1} defined by s(¢)(x) = sign(é(z) — ).
For s € ¥ := {h: R — S : h is continuous}, let Spt(s) = R\ int(s~1(0)),
H, ={¢ € H : Spt(¢) is bounded above}, H, = {¢ € H : Spt(¢) is bounded
below} and H, = {¢ € H : Spt(¢) is bounded}.

The author first observed the following facts:

(1) s(¢71) = —s(¢)
(2) For ¢1,¢2 € H™T (the set of all increasing homeomorphisms) with
s(¢1) > 0 and s(¢2) > 0, it holds s(¢1 © ¢2) > max{s(¢1), s(d2)}
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These facts provide a one-to-one correspondence between the collection of
normal subgroups N of H (resp. H*) and X(N), the family of s-functions
closed under the operation (s(¢),s(1))) — s(¢~! o)) and closed under topo-
logical equivalence.

Consider the group H(R) = {f : R = R : f is a homeomorphism} under
composition of functions, and its subgroups ITH(R) = {f € H(R) : f isincreasing},
H, = {f € IHR) : Fiz(f)° is bounded above} and H, = {f € TH(R) :
Fiz(f)¢ is bounded below}.

Our main results prove that:

(1) The group IH(R) has exactly five normal subgroups. They are:
(a) The whole group IH(R)
(b) The trivial group {1}

() H = H, N H,.

(2) For H(R) there are exactly four normal subgroups. They are:
The whole group H(R)

The trivial group {1}

2. MAIN RESULTS

Let ITH([a,b]) denote the group (under composition of functions) of all in-
creasing homeomorphisms on the closed interval [a,b] and let H([a,b]) denote
the group (under composition of functions) of all homeomorphisms on the
closed interval [a,b]. In fact H(R) and H([a,b]) are topological groups with
respect to compact-open topology. This happens since the homeomorphism
group on a locally connected and locally compact second countable space is a
topological group (see [1]). Consider R* = RU {—o00, 00} with order topology.
Any closed interval [a,b] in R is homeomorphic to R* = RU{—o00, o0}, and the
groups IH ([a,b]) and I H(R*) are isomorphic.

We write:

2 [a,b] = [a,b] : fis a homeomorphism such that f(t) >
:[a,b] = [a,b] : fisahomeomorphism such that f(t) <

(3) H=H,NnH, ={f e IH(R) : Fiz(f)° is bounded}
For f € Ca([a,b])UCg([a,b]), we have f(a) = a and f(b) = b. Hence C4(a, b))
and Cg([a,b]) are subsets of TH([a,b]). We define C4([a,b]) o Cp([a,b]) =
{fog:feCaa,b]),g € Cp(a,b])}. Two continuous maps f,g: R — R are
said to be order conjugate if there exists an increasing homeomorphism h on
R such that ho f = goh. The maps f,g: R — R defined by f(x) =z + 1 and
g(z) = x—1 are conjugate to each other through h(z) = —z+3 € H(R). But f
and g are not order conjugate. Contrary to assume there is an h € I H(R) such
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that ho f = goh. Then h(z+1) = h(x) —1. That is, h(z+1) —h(z) = -1 < 0.
Which is a contradiction to the assumption that h € TH(R) and hence the
maps f and g are not order conjugate.

Lemma 2.1.
(1) Assume that f,g € TH(R) are such that Fix(f) = Fixz(g)

(a)
(b)

f is conjugate to g;
If for every t € R it holds (f(t) —t)(g(t) —t) > 0 then f and g are
order conjugate.

(2) Assume that f,g € IH([a,b]) are such that Fiz(f) = Fiz(g)

(a)
(b)

f s conjugate to g;
If for every t € [a,b] it holds (f(t) —t)(g(t) —t) > 0 then f and g
are order conjugate.

Proof. (1) Assume that f,g € TH(R) are such that Fiz(f) = Fiz(g)

(a)

Case 1: Fiz(f) = Fiz(g) = @

Assume that f(0) > 0. For n € N, inductively define f~" =
f"*tlo 71 Since f is increasing (f™(0)) increases and thus di-
verges to oo, and (f~"™(0)) decreases and diverges to —oco. More-
over, for ¢t € R there exists unique n € Z such that, f*(0) <t <
ft1(0). Consider this unique n, and define k : (—oo, f(0)) —
(—00,1) by k(t) = ﬁ and h : R = R by h(t) = k(f7"(t)) +n
for t € R. Note that h(f(0)) = 1 and & is a homeomorphism of R.
Then ho f(t) = h(t) + 1 V ¢t € R. This h gives a conjugacy from
f to x + 1. Similarly we can prove that, f is conjugate to x — 1 if
f(0) < 0. The maps z + 1 and x — 1 are conjugate to each other.
Hence the proof.

Case 2: Fix(f) = Fix(g) # @

In this case, define f : R* — R* by f |z (the restriction map f to
R)= f, f(—00) = —oo and f(c0) = co. Similarly define j also. Let

Fiz(f)¢ = Fiz(§)° = Ua(aa, ba) (disjoint union of open intervals).
The restriction maps f|[aa,ba] taa, ba] = [0a,ba] and gl b :
[@a,ba] = [Ga,bs] are increasing with a, = f(aa) = g(a,) and
ba = f(ba) = §(ba) and Fiz(f|ap)) = Fiz(g|ap)) = 9. Let hq
be a conjugacy from f“amba] t0 Gl[a,.,ba) for every a. By Case
1, this conjugacy h, exists for every a. Define h : R* — R* as
ho(z) if z € (an,ba)
hiw) = { x otherwise
to g. Hence h|g is a conjugacy from f to g.
Suppose (f(t)—t)(g(t)—t) > 0for all t € R. If Fiz(f) = Fiz(g) =
@ then f(0)g(0) > 0. This implies either both f(0) and g(0) are
positive or both f(0) and g(0) are negative. Hence both f and g
are either order conjugate to x+1 or to x—1. If Fiz(f) = Fiz(g) #
& then consider the maps f,§ as in Case 2 of (1) (a) in the proof

of Lemma 2.1. If Fiz(f)¢ = Fiz(§)° = Ua(aa,bs) (disjoint union

. Then h is a conjugacy from f
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of open intervals) then the restriction maps f lfaa,ba] © [@a,ba] —
[@a,ba] and G, b © [@asba] = [@a; ba] are increasing with a, =

f(aa) = g(aa) and by = f(ba) = G(ba), and (f(t)_t)(g(t)tt) >0
for all t € (aa,ba). If hq is an order conjugacy from fla,, p.]
t0 Jl{aq,ba) for every a then the map h : R* — R* defined by

h(z) = { Za(ﬂﬂ) i)ftﬁeixz(izg’ ba) is an order conjugacy from f to

g. Hence the proof follows.

(2) Assume that f,g € IH([a,b]) are such that Fiz(f) = Fixz(g). Without

loss of generality, we can assume that f,¢g € TH(R*). Then f(—o0) =

—oo and f(o0) = co. Hence Fiz(f|r) = Fiz(g|r)-

(a) By (1) (a) of Lemma 2.1, f|g is conjugate to g|g and hence f is
conjugate to g;

(b) By (2) (a) of Lemma 2.1, if for every ¢t € R it holds (f(¢)—t)(g(t)—

t) > 0 then f|g and g|g are order conjugate and hence f is order
conjugate to g.

(]

For amap f: R — R, if t1,t2 € Fiz(f) and s ¢ Fiz(f) for all s € (t1,12)
then we say that ¢; and ¢, are adjacent.

Lemma 2.2. Let f € TH(R) and let {{aq,ba}}a be the pairs of adjacent fized
points. Define g : R — R by

z+f(@)
g(z) = 5 ifaa <z <ba for some a
f(x) otherwise

Then f is order conjugate to g.
Proof. The proof follows from Lemma 2.1. O
Proposition 2.3. C4([a,b]) o Cp([a,b]) = TH([a,b]).

h(z) if h(z) > x

T otherwise

Proof. Let h € IH([a,b]). Define hg(z) := {

Z(f”) fﬁéﬁ,;; . Then h = haohy. But ha & Ca(la,b]) and hy ¢
Cp([a,b]). Now consider g(z) = = 4+ 1. Then g(z) > x for all x € R. Let
h'y = haog and hly = g7t o hg. Then ho g(x) > h(zx) for all z. Therefore
hog(x) > x whenever h(z) > z. Hence hy(z) > z if h(z) > z. If h(z) < z
then h/y(z) = g(x) > z. Hence h/y € Ca([a,b]). Similarly we can prove that
h'5(x) € Cp([a,b]). Hence the proof follows since h = h'y o 5. O

and hp(z) :=

Corollary 2.4. If N is a normal subgroup of IH([a,b]) that contains an ele-
ment of either C4([a,b]) or Cp([a,b]) then N = IH([a,b]).

Proof. By Lemma 2.1, the sets C4([a,b]) and Cp([a,b]) are exactly the con-
jugacy classes of IH([a,b]), and Cx([a,b]) = {f~! : f € Cg([a,b])}. So if
subgroup N is normal and intersect either C4([a,b]) or Cp([a,b]), then it au-
tomatically contains these sets. Hence N = I H([a,b]) by Proposition 2.3. O
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We introduce the following notation:
For f € TH(R) and ty € Fiz(f), we denote

2+/@) iy >t flx) ifz>t
— D) = to * — = b0 *x —
fto(x)' { f(l‘) 1f$<t0 ’fto('x)' { T if£C<t0 7andfto (.13)
T if x >ty
flz) ifx<ty
Lemma 2.5. Let f € TH(R) and let tg € Fix(f). Then f7 is order conjugate
to ft;l of.

Proof. For f € IH(R), first observe that fi,|i,,00) 18 %@) and 7 [[,00) 18
f(z). Hence by Lemma 2.1, fi|{1,,00) 15 order conjugate to ff [ 0c). For
t € [tp,00), first suppose that f(¢t) —¢t > 0. Then f(t) > Lg(t) Which
implies f,. ' (f(t)) > f%%%) =t If f(t) —t < 0 then we can prove that
ftgl(f(t)) < t. Hence (f(t) — t)((ft;1 o f)(t) —t) > 0 for all t € [ty,00). By
Lemma 2.1, f7 is order conjugate to ftgl o f on [ty,00). Also ftgl 0 fl(=oo,to)
is the identity function. Hence the proof follows. O

Corollary 2.6. Let N be a normal subgroup of ITH(R). Let f € N and let
to € Fix(f). Then fi € N.

Proof. By Lemma 2.1, f, is order conjugate to f and by Lemma 2.5, f/ is
order conjugate to ftgl o f. Hence the proof follows. O

Proposition 2.7. Let N be a normal subgroup of IH(R). If there exists an
f € N with Fix(f) # @ is bounded above then H. C N.

Proof. Let N be a normal subgroup of I H(R) and let f € N such that Fiz(f)
is bounded above and let ¢y = Sup Fiz(f), the supremum of Fiz(f). If g € N
with g(tg) = to and h € TH(R) with h(tg) = to then h|[to,oo)Og‘[to,oo)oh_lhtg,oo)
is the same as hogoh*1|[t0,oo). Hence Nity.00)= {9lto,00) 1 9 € N, g(to) =to}
is a normal subgroup of I H([tg,0)). Since to = Sup Fixz(f), either f(t) > ¢
or f(t) <ton (to,00). That is, f|[,00] € Ca([to, oc]) or Cp([to,00]). Then by
Corollary 2.1, it follows that N, oy = I H([to,o0)). Now let ¢ € H,.. Choose a
fixed point sq of ¢ such that every number less than sq is also a fixed point of ¢.
Consider x(t) =tg—sg+ &t —to+so). If 7(¢t) =t —1to+ s then por =70x.
Hence ¢ is order conjugate to x. Observe that x = xj . Hence the order
conjugate x of ¢ is the identity outside [tg,00). Now X|p,,00) € TH([to, 00)).
Hence there exists ¥ € N such that Y = x on [tg,00). Thus Y} = x, and hence
X € N. Then ¢ € N since N is normal. Hence H, C N. O

Remark 2.8. Let N be a normal subgroup of I H(R). If there exists f € N such
that Fix(f) # @ is bounded below then by considering analogues arguments
involved in the proof of Proposition 2.7, we have H; C N.

Remark 2.9. Let N be a subgroup of TH(R*). If Fiz(f) = {—o0,00} for
all f € N then either f € Ca([—o00,]) or f € Cpg([—00,00]). Hence by
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Proposition 2.3, N = T H(R*). From this it follows that, if N is a subgroup of
ITH(R) with Fiz(f) = @ then N = IH(R).

Remark 2.10. If N be a normal subgroup of TH(R) with f € N and ¢y €
Fixz(f), then analogues to Corollary 2.6, we can prove that f}* € N.

Corollary 2.11. Let t1 < ty be adjacent fized points of some f € N where

. - f(l‘) ift1 <z <ty
N is a normal subgroup of TH(R). If g(z) = { - otherwise then
geN.
Proof. Observe that g = f; o ft*g_l. Hence g € N by Corollary 2.6. (]

The following two lemmas are important to prove our main theorem. We
consider these lemmas before considering our main theorem. We first make a
back ground to complete the proof of following lemma. Let f: R — R € TH(R)
with unique fixed point a. Define g : R — R by ¢(¢) = f(a +1t) — a for
t € R. Then ¢g(0) = 0 if and only if f(a) = a, and g is order conjugate to
f by the order conjugacy h(t) = a +t for t € R. By Lemma 2.1, there are
only 3 elements in T H(R) with a unique fixed point upto order conjugacy. Let

. 2z ifex>1
{%T }foO forr € Rand g(z) :=¢ 2(3z+1) if —1<x<1 .
5 ifx <0 220 o<1
5 if z <
Observe that f has a unique fixed point at 0 and ¢ has unique fixed point at
—1. Then the map go f has no fixed points. By Corollary 2.6 and Remark 2.10,
it follows that, if N is a non-trivial normal subgroup of IH(R) and contains
an element with a unique fixed point then it contains an element without fixed
241 if0<z<1
x4+ 1 otherwise
and g(x) = x — 1. Then f and g has no fixed points, and g o f has only two
adjacent fixed points 0 and 1.

fz) =

points. Next, let f,g : R — R be such that f(z) = {

Lemma 2.12. The group H is the smallest non-trivial proper normal subgroup
of IH(R).

Proof. Let N be a non-trivial normal subgroup of /H(R). Suppose there exists
f € N with adjacent fixed points t; < to. If ¢ is an element of TH ([t1,ts])
such that ¢ = f|, 4,) then by Corollary 2.11, the extension ¢ : R — R defined
by & = { Ol) Hh ST <h ko in N. Let h € H = {f € IH(R) :
Fix(f)¢ is bounded}. Without loss of generality assume that ¢; be the infimum
of Fiz(h)¢ and t2 be the supremum of Fix(h)¢. Then ti,ty € Fiz(h). By
Lemma 2.2, there exists an order conjugate h of h such that qNSO h=' € N. Then
h € N since ho QNS oh™' € N. Which implies h € N. This proves H C N
whenever there exists f € N with adjacent fixed points. By Lemma 2.1, any
homeomorphisms on R without fixed points is either order conjugate to x + 1
or to x — 1. If N contains an element with a unique fixed point then it contains
an element without fixed points. Therefore it follows that N always contains
an element with atleast two adjacent fixed points. Hence the proof. (I
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Lemma 2.13. Let N be a normal subgroup of IH(R). If f € N such that both
Fix(f) and Fix(f)°¢ are not bounded above, then N contains an element such
that its set of all fixed points is bounded above.

Proof. Let f € N and tg € R be a fixed point of f. By Corollary 2.6, f; € N.
Let {(@a;@at1)}a be the collection of all intervals of R such that f (aq) = aa,
Ji(aat1) = aay1 and either f7(t) > t or fZ(t) <t for all t € (aa,aa+1)
Consider a collection of intervals {(ba,ba+1)}a of R such that b, < an <
ba+1 < Gy for all @ and an increasing homeomorphism g on R which is order
conjugate to f; such that g(ba) = ba, g(bat1) = bat1 and either g(t) >t or
g(t) < tfor all t € (by,bay1). This is possible since IH([a,b]) is isomorphic to
IH([c,d]) for any intervals [a,b] and [c,d]. Without loss of generality we can
assume that f7* and g do not have common fixed points which are greater than
to. Then f¥ og € N and Fix(ff o g) is bounded above. Hence the proof. [J

Remark 2.14. Let N be a normal subgroup of IH(R).

(1) If there exists f € N such that Fiz(f) and Fiz(f)¢ are not bounded
above. Then H, C N by Proposition 2.7 and Lemma 2.13.

(2) If there exists f € N with Fiz(f) and Fiz(f)° are not bounded be-
low then H; € N. This follows by considering analogous arguments
involved in the proof of Lemma 2.13 and by Remark 2.8.

Now we are ready to prove our main theorems:

Theorem 2.15. The group IH(R) has ezxactly five normal subgroups. They
are:

The whole group IH(R)
The trivial group {1}

Proof. Let N be a non-trivial normal subgroup of the group IH(R).

Suppose that the function 41 is in N. We claim that N = TH(R). Consider
a function f € TH(R), and let g = (fV(x—1))A(x+1), where V, A denote the
maximum, and minimum of functions respectively. Then g € IH(R) and it is
at a distance < 1 from the diagonal. Then Fiz(f) = Fiz(g), and f(z) —z and
g(x) — 2 have the same sign between any two adjacent fixed points. Hence g is
order conjugate to f. Now it is enough to prove g € N. Asg(x) > z—1, Vz € R,
we have g(x) + 2 > = Vo € R and therefore the function g(x) + 2 is order
conjugate to the function ¢(z) = x +1, since any two elements of I H(R) whose
graphs are above the diagonal are order conjugate. Then g+ 2 € N and hence
¢ptogplo(g+2) =ge N, where (g+2)(x) =g(x) +2 for z € R. But f is
order conjugate to g. Therefore f € N. Thus N = IH(R). Similarly, if z — 1
is in NV then also we can prove that N = I H(R). If there is an element f in N
without fixed point then N = IH(R). This is because f is order conjugate to
either x — 1 or x + 1 by Lemma 2.1.
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Now, let ¢ € N be such that it has arbitrarily large fixed points and arbitrar-
ily large non-fixed points (that is, Fiiz(¢) and Fiz(¢)¢ are not bounded above).
Then by Lemma 2.13 and by Remark 2.14, H, C N. Analogues to the above
claim, if there exists ¢ € N such that Fiz(¢) and Fiz(¢)¢ are not bounded
below then H; C N by Remark 2.14. Now suppose Fiz(¢)¢ is bounded below
for every ¢ € N. Then N C H,. Also if Fiz(¢)¢ is bounded above for every
¢ € N then N C Hj.

Therefore from the following table we conclude that either N C H; or H, C

N.

(1) There exists ¢ € N such that Then H, C N
Fixz (1) is bounded above

(2) There exists ¢ € N such that Then (1) by Lemma 2.13
neither Fiz(¢) nor Fiz(¢)® is bounded
above

3) For every ¢ € N, Fix(¢)¢ is bounded Then N C H,
above

Similarly by considering the following table analogues to the above table,
we can show that N C H, or H C N.

(1) There exists ¥ € N such that Then Hy C N
Fiz(y) is bounded below

(2) There exists ¢ € N such that Then (1) by Remark 2.14
neither Fixz(¢) nor Fiz(¢)¢ is bounded
below

3) For every ¢ € N, Fix(¢)¢ is bounded be-

Then N C H,
low

Now there are only four possibilities for a non-trivial normal subgroup N of
TH(R) :

Case: 1 N C H; and N C H,

In Case: 1, N C HiN H,. = H. Therefore N = H.

Case: 2 N = H;

Case: 3 N =H,

Case: 4 H. C N and HHC N

T if >0

In Case 4, H. UH, C N. Let f(z) := { 1. and g(z) :=
sz ifx <0

2x fax>1

sztl jf —1 <2 <1 . Then f € H, and g € H,. Hence go f € N and it

T ifz<—1

has no fixed points. Therefore z +1 € N. Hence N = I H(R).
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By Lemma 2.12, H is the smallest normal subgroup contained in IH (R).
Hence the other two cases H,, C N C H; and H; C N C H, are not possible.
This completes the proof. O

Remark 2.16. Let N be a non-trivial normal subgroup of the group IH(R)
and suppose that there is an element in N such that it has only two fixed
points. Let ¢ be in N such that it has only two fixed points namely a and b,
a < b. Consider R* = R U {—o00,00} with order topology. If ¢ € TH(R*) fixes
only —oo and oo then ¢|gr € TH(R) and it has no other fixed points. Let N*
be a normal subgroup of TH(R*) containing a map, fixing only —oo and oco.
Consider N, = {f|r : f € N*}. Then N, is a normal subgroup of I H(R) and
¢|r € N.. Then ¢|g has no fixed points and hence N, = IH(R). Therefore
N* = TH(R*). Then N contains an element without fixed points since I H(R),
IH(R*) and IH([a,b]) are isomorphic. Hence N = I H(R). In this case, note
that H; U H,, C N, and therefore N becomes I H(R) since there is an element
in N without fixed points.

For a subgroup H of a group G, we denote H < G.

Theorem 2.17. For H(R) there are exactly four normal subgroups. They are:

) The whole group H(R).

) The trivial group {1}.

) H={f € IH(R) : Fiz(f)° is bounded}.
) 1

H(R).

Proof. Let G be a group and K < N < G. If K is normal in G then K is
normal in N also. The subgroups H; and H, are not normal in H(R). Hence
by Theorem 2.15, if N = ITH(R) and G = H(R), then either K = {1} or
K = H or K = IH(R). Next suppose TH(R) < K < H(R). Then the index
[HR): K] <[H(R): IH(R)] = 2. Therefore either K = H(R) or K = TH(R).
Finally, suppose there is a normal subgroup N of H(R) such that N = AUB
with A is a proper subgroup of ITH(R) and @ # B C H(R) \ TH(R). Which
implies TH(R) U B is a normal subgroup of H(R). But there is no such normal
subgroup for H(R) other than H(R) itself. Hence the proof. O

(1
(2
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