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ABSTRACT

In this paper, we prove a fixed point result for F-contraction princi-
ple in the framework of rectangular M-metric space. An example is
also adopted to exhibit the utility of our result. Finally, we apply our
fixed point result to show the existence of solution of Fredholm integral
equation.
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1. INTRODUCTION

Fixed point theory is an important and very active branch of functional anal-
ysis. It provides essential tools for solving problems arising in various branches
of mathematical analysis. It guarantees the uniqueness and existence of the
solution of integral and differential equations. In 1922, a polish mathematician
Stefan Banach gives a contraction principle [10], which is one of the most well-
known and important discovery in mathematics.
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In the literature, there are two ways to generalized the Banach contraction prin-
ciple either change the contraction condition or alter the metric space. In fixed
point theory several contractions defined in metric space such that Boyd and
Wong’s nonlinear contraction principle [11], Meir-Keeler contraction [20, 1, 6],
Suzuki contraction [33], Kannan contraction [17], Ciri¢ generalized contraction
[14], Ciri¢’s quasi contraction [15], weak-contraction [29], Chatterjea contrac-
tion [13], Zamfirescu contraction [35] and F-Suzuki contraction [27] and many
more [9, 25].

In 2012, Wardowski [34] introduced a new type of contraction for real-valued
mapping F' defined on positive real numbers and satisfying some conditions
and obtained a fixed point theorem for it. After that several authors have
worked on F-contraction mapping in different metric space. In 2014, Kumam
and Piri [27] applied weaker condition on self map and extended the result
of Wardowski [34]. In 2014, Minak et al. [21] obtained result for generalized
F-contractions including Ciri¢ type generalized F'-contraction and almost F-
contraction on complete metric space. In 2017, Kumam et al. [28] introduced
the F-contraction in the setting of complete asymmetric metric spaces and
extend several results. In 2018, Kadelburg and Radenovié [16] obtained the
result on concerning F-contraction in b-metric space. In 2019, Luambano et
al. [18] introduced the fixed point theorem for F-contraction in partial metric
space and obtained certain results for it with suitable examples and many more
[31, 30, 23, 22].

In 2014, Asadi et al. [4] introduced M-metric space, which extends the p-metric
space given by Matthews [19] and proved the Banach contraction principle for
it. Several authors have worked in this metric space [23, 3, 24, 2]. In 2000,
Branciari [12] introduced rectangular metric space which is the another gen-
eralization of metric space. In 2018, Ozgur et al. [26] introduced rectangular
M-metric space. They were inspired by the work of Branciari [12] and Shukla
[32], who defined partial rectangular metric spaces which is the generalization
of rectangular metric space.

In 2019, Asim et al. [5, 7, 8] generalized the rectangular M-metric space as
rectangular Mp-metric space, extended rectangular M, .-metric space and M,-
metric space.

In this article, we establish the fixed point theorem for F-contraction in rectan-
gular M- metric space. Throughout the article R is the set of all real numbers,
R, is the set of all positive real numbers and N is the set of all natural numbers.

2. PRELIMINARIES

In this section, we collect some basic notions, definitions, examples and
auxiliary results.
In 2000, Branciari [12] introduced rectangular metric space. The definition is
as follows:
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Definition 2.1 ([12]). Let X be a non-empty set. A function r : X x X — Ry
is said to be a rectangular metric on X, if it satisfies the following (for all
z,y € X and for all distinct point u,v € X \ {z, y}):

(1) r(x,y) =0, if and only if x =y,

(2) r(x,y) = r(y,z) and

(3) r(z,y) < r(z,u) +r(u,v) +r(v,y).

Then, the pair (X, r) is called a rectangular metric space.

After that, Shukla [32] introduced partial rectangular metric space. The
definition is as follows:

Definition 2.2 ([32]). Let X be a non-empty set. A function p: X x X — Ry
is said to be a partial rectangular metric on X, if it satisfies the following
conditions (for any z,y € X and for all distinct point u,v € X \ {x,y}):

(1) =y if and only if p(z,y) = p(z, ) = p(y,y),

(2) p(z,z) < p(z,y),

(3) p(x,y) = p(y,z) and

(4) p(z,y) < p(x,u) + p(u, v) + p(v,y) = p(u, u) = p(v,v).

Then, the pair (X, p) is called a partial rectangular metric space.

In 2014, Asadi et al. [4] generalized the partial metric space to M-metric
space and obtained certain theorems related to M-metric space.
Notation: The following notations are useful in the sequel:
(1) Mgy == m(z,z) Vm(y,y) = min{m(z,z), m(y,y)} and
(ii) Moy :=m(z,x) Am(y,y) = max{m(z,z), m(y,y)}.

Definition 2.3 ([4]). Let X be a non-empty set. A function m : X x X — R,
is called a m-metric, if it satisfying the following conditions:

(1) m(z,z) = m(y,y) = m(z,y) <=z =y,

(2) Mgy < m(z,y),

(3) m(z,y) =m(y,x) and

(4) (m(z,y) = may) < (m(x,2) = maz) + (m(2,y) = Mazy).

Then, the pair (X, m) is called an M-metric space.

In 2018, Ozgur et al. [26] introduced rectangular M-metric space and defi-
nition are as follows:
Notation: The following notations are useful in the sequel:
(i) ma,, = mp(z,2) Vm,(y,y) = min{m,(z,z), m,(y,y)} and
(11) MTW = mT(xa ‘T) A mr(y; y) = max{mr(xv l’), mr(y7 y)}

Definition 2.4 ([26]). Let X be a non-empty set. A function m, : X xX — Ry
is called m,-metric, if it satisfying the following conditions:

(RM1) mp(z, ) = mp(y,y) = m,(x,y) <= x =1y,

(RM2) m,., < m.(z,y),

(RM3) mr(aj y) = m.(y,x) and

(RM4) (m,(z,y) —m,,,) < (me(z,u) =my,, )+ (me(u,v) =me,, )+ (mq (v, y) —
my.,, ) for all u,v € X/{x,y}.

Then, the pair (X, m,) is called an rectangular M-metric space.
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Example 2.5 ([26]). Let m, be an m,-metric. Put

(1) m;’U (’1}, y) = mr(x7 y) - 2mrw + Mrmy

(i) my(x,y) = m,(z,y) — m,,, when x # y and m;(z,y) = 0if z = y.
Then, m;” and m; are ordinary metrics.

Definition 2.6 ([26]). Let (X, m,) be an rectangular M- metric space. Then,
(1) A sequence {z,} in X converges to a point z, if and only if

(2.1) lim (m,(zn,2) —m,, ,)=0.

n—oo

(2) A sequence {z,} in X is said to be m,-Cauchy sequence, if and only if

(2.2)  lim (my(n,2m) —my, . ) and  Lm  (My (2, Zm) — M4, , )
n,M—00 P n,Mm—00 En s Tm

exist and finite.

(3) An rectangular M-metric space is said to be m,-complete, if every m,.-
Cauchy sequence {z,} converges to a point x such that

(2.3) lim (m,(x,,z) — mrm’w) =0 and lim (M,(z,,z) — m”n‘z) =0.

n—oo n—oo
Lemma 2.7 ([26]). Let (X, m,) be a rectangular M-metric space. Then,
(1) {xn} is an m,-Cauchy sequence in (X, m,) if and only if it is a Cauchy
sequence in the metric space (X, m¥).
(2) (X, m,) is m,.-complete if and only if the metric space (X, m?) is complete.
Furthermore,

nl;n;o(m}”(xn,x) =0& nliﬁngo(mr(zn,x)—mrmmz) = O,nliﬁrr;o(Mr(xn,x)—mrmml) =0.

Likewise the above definition holds also for ms.

Lemma 2.8 ([26]). Assume that x, — x as n — oo in an rectangular M-
metric space (X, m,). Then,

lim (m,.(x,,y) — m”n’y) =m.(x,y) — my, .,V y€X.

n—oo

Lemma 2.9 ([26]). Assume that ©, — = and y, — y as n — o0 in an
rectangular M-metric space (X, m,.). Then,

nh_{I;o(m'r(mna yn) - m"’wn,yn) = mr(x7 y) — My -

Lemma 2.10. [26] Assume that z, — = and y, — y as n — 0O in an
rectangular M-metric space (X, m,). Then, m.(x,y) = m,, . Further if
my(z,2) = m.(y,y), then z = y.

Lemma 2.11 ([26]). Let {x,,} be a sequence in an rectangular M-metric space
(X, m,), such that there exists k € [0,1) such that

(2.4) My (Tpy1, Tn) < kmy(z,,n—1) for all n € N.
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Then,

(A) lim m,(z,,z,—1) =0,
n— oo

(B) li_>m M (T, ) = 0,

=0and

Ty,

(D) {xn} is an m,-Cauchy sequence.

Proof. [26] Using the definition of convergence and inequality (2.4), the proof
of the condition (A) follows easily. From the Condition (RM2) and the Condi-
tion (A), we get

nlgngo min{m,(z,, Tn), Mp(Tp_1,Tn-1)} = nl;rrgo My o
< lim my(2p,z,-1) =0.
n— o0

Therefore, the Condition (B) holds. Since lim m,(x,,z,) = 0, the Condition
n—oo

(C) holds. Using the previous conditions and the definition (2.6), we see that
the Condition (D) holds. O

In 2012, Wardowski [34] introduced F-contraction and the definition are as
follows:

Definition 2.12 ([34]). Let F': R, — R be a mapping satisfying:
(F1) F is strictly increasing, i.e. for all a, 8 € Ry such that a < 8, F(«a) <

F(B),
(F2) For each sequence {ay, }nen of positive numbers lim «, = 0 if and only
n—oo
if lim F(a,) = —o0,
n— o0

(F3) There exists k € (0,1) such that lirg+ a*F(a) = 0.
a—r

Denote A g by the collection of all those functions which satisfy the conditions
(F1-F3).

A mapping T': X — X is said to be an F-contraction if there exists 7 > 0 such
that

(2.5) d(Tz,Ty) >0= 7+ F(d(Tz,Ty)) < d(z,y) V z,y€ X.
Some examples related to F-contraction [34] are:

Example 2.13. Let F: Ry — R be given by the formula F(«) = In(a), it is
clear that F satisfies (F1)-(F3) ((F3) for any k € (0,1)).

Example 2.14. Let F': Ry — R be given by the formula F(a) = In(a)+a, a >
0. Then, F' satisfies (F1)-(F3).

Example 2.15. Let F': R; — R be given by the formula F'(a) = —ﬁ, a > 0.
Then, F' satisfies (F1)-(F3) ((F3) for any k € (1/2,1)).
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3. MAIN RESULTS

The following definition is new version of the F-contraction for a rectangular
M-metric space.

Definition 3.1. Let (X, m,) be an rectangular M-metric space. The mapping
T : X — X is said to be an F-contraction on X, if there exists 7 > 0 and
F € Ap such that V z,y e X

(3.1) m(Tx,Ty) > 0= 7+ F(m,(Tx,Ty)) < F(m,(z,y)).

Theorem 3.2. Let (X, m,.) be a complete rectangular M-metric space and let
T : X — X be a continuous F-contraction. Then, T has a unique fized point
x* € X and for every xg € X a sequence {T™(xo)}nen is convergent to x*.

Proof. Let xg € X be arbitrary and fixed. We define a sequence {z,, }neny C X,
Tpyr = Txp, n = 0,1,---. Denote &, = my(Tn, Tni1) — My, n =
0,1,---,

if there exist ng € N for which z,,41 = z,. Then, Tx,, = z,, and the proof
is finished.

Suppose that z,11 # x,, for every n € N. Then &, > 0, for all n € N.
Using(3.1), then following holds for every n € N.

Tp41”

(3.2) F(&n) S F(&n—1) =7 < F(€n—2) =27 < .. S F(§) —n7
From (3.2) we obtain 1i_>m F(&,) = —oo that together with condition (F2) gives
n oo

(3.3) lim m,(n, Tpe1) —m =0.

n—o00 T@p41.2n
‘We shall prove that

lim m, (2, Tnia) = 0.
n—oo

We assume that x,, # z,, for every n,m € N,n # m.
Indeed, suppose that x, = x,, for some n = m + k with k£ > 0.

F(mr(xmu $m+1> - mr’zm,szrl) = F(mr(xny xn+1> - mrzn,zn+1)

!

(M (Tmtks Tt k41) — mrmmM,mmMH)

) — kT

< F(mr Ty 55m+1) - mrmm,mm+1 ))

<

|

(
(my (T, Tmt1) — UL
(

a contradiction. Therefore, m,.(x,, xm)—m”mwm > 0 for every n,m € Nwithn #
m.

(3.4) T+ F(mp(zn, Tnao)) < F(me(Tp—1,Tnst1)), YV neN.
Hence
(3.5) F(my(Tn, Tny2)) < F(me(Tn—1,Tn11)) — 7
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F(m7~(1‘n, 17n+2)) < F(mr(xn—%xn)) - 27
<

<o < F(my(x0,22)) — nT.

Taking limit as n — oo in above inequality, we get

lim F(m,(z,, Tpi2)) = —00.
n—o0
Then, from the Condition (F2) of Definition (2.12), we conclude that
(3.6) lim (my,(2n, Tpi2)) = 0.
n—oo

Next, we shall show that {z, }nen is a m,-Cauchy sequence, that is

lim  (m,(zn,2m)) =My, , =0, n,meN.
n,m—00 Em

Now, from Definition (2.12) there exist k € (0,1) such that

llm my (T, xnﬂ)kF(mr(xn,an)) =0.

F(my(Tn, ny1)) < F(my(zo, 1)) — n7.
We have

mr<xm$n+1)k(F(mr(xmanrl))_F(mr(xO’xl))) < mr(xn,xn+1)k(F(mT(xo,$1))—nT)

(3.7)
mr(xn,xn+1)k(F(mr(xn,xn+1)) — F(mq (w0, 21))) < _mr(xnvanrl)knT <0.

Taking limit as n — oo in above inequality, we conclude that

. k
lim m,. (2, Tpe1) nr=0.
n— o0

Then, there exist n; € N such that nm,(z,, $n+1)k <1l, Vn>m

1
My (T, Tpg1) < ik Vn>n.

Now, from Definition (2.12) there exists k € (0,1) such that

(3.8) lim (mr(xn,anrz))kF(mT(xn, ZTni2)) = 0.

n—oo
Since
F(mp(pn, Tnt2)) < F(m,(zo,22)) — nt.
We have

(M (T, T )kF(mT(xmxn+2)) < (mr(ojn,xn+2))k(F(mT(z0,x2)) —nT)
k

)
(M (Tp, Tny2))" (F(my (20, Tni2)) — F(mg(z0,72))) < _nT(mr('Tn»anrZ))k
1

(my(xy, Tpy2)) < —i/%- Next, we show that {z,} is m,-Cauchy sequence, that

1S

nli_)ngo(mr(ajn, Tntp) = Mo, . ) =0, V peN.
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The cases p = 1 and p = 2 are proved respectively by (3.3) and (3.4). Now, we
take p > 3. It is sufficient to examine two cases.

Case 1. Firstly, let p is odd that is p = 2m + 1 for any m > 1,n € N. From
the Condition (RM4) of definition of the m,-metric, we get

my (QTn, xn+2m+1)

(M (Tny Tng1) — LSNP )

M (T, Tp)

(e (T @) =, )

IA

(M (Tn41, Tnga) — mrzn+1,z"+2)

+(mr (xn+2» mn—&-p) - mrmn+2)mn+p)

IA

(M (Tn, Tnyom+1) —m (M (Tns Tpy1) — mrzn,z"+1)

TIH!Z7L+277L+1)
+(mr (Tps1, Tntz) — mracn+1,:£n+2)
+(mr ($n+27 xn+2m+1) - mrm

)

TIn+1v1n+2)

n42:Tn42m+41 )

IN

(mr(l‘ny anrl) - mrxmm

+(Me (Zpg1, Tno) — M

n+1

+(mr(Tnt2, Tnts) — mr“’n+21$n+3) +

+(mr ($n+2m7 xn+2m+1) - mr$n+2m,mn+2m+1 )

(M (T Tg1) — mrmn,an)

+(my (Tpy2, Tngs) —m

IN

+

T‘”n+2’”’n+3)

T2y t2m—2:Tntam—1 )]

) +

+(mr (xn+2m—27 $n+2m—1) —m

+[(mr(xn+17 .’L'n+2) - mrwrz+lﬁxn+2

+<mr (-’If‘n+2m717 $n+2m) - mrwn+2m71 ,wn’+2m)

+(mr (l'n+2m7 x”+2m+1) - mrz'rt+27n=zn+2'm.+l )]
n+p—1

) <> (me(@nwiga) —me,, L)

i=n

(mr(x’nu $n+p) - mrrn7171+p

Z,

(me (@3, Tig1) =M, L)

2

n

1

M

=n
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From the above from the convergence of the series

n+p—1
2 e = S e wngp) = e, ) =0
=N

Case 2. Secondly, assume p is even that is p = 2m for any m > 1,n € N.
From the Condition (RM4) of definition of the m,-metric, we get

(m'r (xru -Tn+p) - m’"wn,wn,+p) < (mr (me xn+2) T Mg o ya )

+(mr (Tny2, Tnis) — My oenys )

+(Mr (Trt3; Tntam) — My soni2m )

(m'r (x'ru mn+2m) - men,m (mr (.’II»,“ xn+2) - mrzn,w

n+2m ) S n+2 )

+(mr(Tny2, Tnis) — m”mn+2>xn+3)

+(mr(xn+3a xn+4) - mrzn+3,mn+4)

+

my (xn+2m—37 xn+2m—2) - mrmn+2m73)mn+2m72 )

(
+(mr(xn+2m—2a xn+2m—1) - mrmn+2m—2vmn+2m,—l )
(

+

mr(anerfla xn+2m) - mrx7l+2m71,xn+2m )

IN

m’r (xnv .Tn+2) - mrrn@nﬁ& )

+

M (Tpt2, Tnts) — My oenys )

(
+(M (Tnt3; Tnta) — mrmn+3,mn+4)
(

+ mr(xn+4axn+5) - men+4,:cn+5> +

+(mr(xn+2m72a xn+2m71) - mrwn’+2m72,wn+2m71 )

+(mr (xn+2m717 xn+2m) - mrzn+2m71,zn+2m )

n+2m—1
< (mr (xru xn+2) - mrzn,zn+2> + Z (mT (xi’ £L'7;+1) - mrzivzi+l)
1=n—+2
n+p—1
< (mp(@n, Tng2) —me, o )+ Y (me(@s i) —me, )
i=n—+2
0o
< (mr (xnv xn+2) - m7'mn,¢n+2) + Z (mT(xi’ xi-‘rl) - mrzi,zi_'_l)
1=n+2
— 1
< (me(@n, Tng2) —me,, L)+ Z 7k
1=n+2 ¢
P — 1
< St 2 am
1=n—+2
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From the above from the convergence of the series

n+2m—1
S ) <) =0
i=n—+2

By Lemma (2.9), we obtain that for any n,m € N,

My (T, Tm) = My (Tpy Trn) — My, — 0 @S N — 00.
This implies that {2, }nen is a m,-Cauchy sequence with respect to m$ and
converges by Lemma (2.10). Thus,

lim mi (.Tn, xn+2m+1) =0
n,m—oo
and
lim m)(z,, Tpiom) = 0.
n,m— oo
We received by Lemma (2.7) is that {x,} is an m,-Cauchy sequence.
From the completeness of X, there exist z* € X such that

lim z, = z".
n—oo

Finally, the continuity of T yields

(mT(Tx*a .’L'*) - mTT.T*,x*) = nli_)II;o(mr(TfL'm xn) - mTTzn,a:n)

= lim (mq(Tpi1,Tn) — )=0.

My, ,
n—o00 n+1,%n
Now, we show that the uniqueness of a fixed point of T. Assume that T has
two distinct fixed points z,y € X, such that x = Tz,y = TYy.

From the Condition (3.1), we have

F(my(z,y)) = F(m.(Tz,Ty)) <7+ F(m(Tz,Ty)) < F(m.(z,y)),
which is contradiction. Hence, T has unique fixed point. O

Example: Let X = [0,1] and m,.(z,y) = W‘Qﬂ, for all z,y € X. Then,
(X, m,) is complete rectangular M-metric space. Define a mapping 7' : X — X
such that T'(z) = £, for all z € X.

Define the function F : Ry — R by F(r) =1In(r), for all z,y € X such that
my,.(Tx, Ty) > 0 this implies that 7 + F(m,(Tz,Ty)) =7 + ln(Li‘ly‘).

Let 7 <1In2. Then

|| + [y]

21+ Iyl
1 1

7+ In( <In2+ In(

) = F(mq(2,y)).

Thus, the contractive condition is satisfied for all x,y € X. Hence, all hypothe-
ses of the Theorem (3.2) are satisfied and T has a unique fixed point z = 0.
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4. APPLICATIONS

In this section, we apply Theorem (3.2) to investigate the existence and
uniqueness of solution of the Fredholm integral equation [7].
Let X = C([a,b],R) be the set of continuous real valued functions defined on
[a, b].
Now, we consider the following Fredholm type integral equation:

b
(4.1) x(p) = / G(p.a,2(p))dq + h(p), for p.q € [a. b

where G, h € C([a,b],R). Define m, : X x X — Ry by

@2 mlal)y) = sup LOIEVED

, V x,ye X.
p€la,b] 2

Then, (X, m,) is an m,-complete in rectangular M-metric space.

Theorem 4.1. Suppose that there exist 7 > 0 and for all z,y € C([a,b],R)

—T

e

|G(p, q,2(p)) + G(p, ¢, y(p)) + 2h(p)| < b a)

lz(p) +y(p)|, V¥ p.q € [a,b].

Then, the integral equation (4.1) has a unique solution.

Proof. Define T : X — X by,

b
T(x(p)) = / G(p, g, 2(0))dq + h(p), ¥ p.q€ [a,b].

Observe that existence of a fixed point of the operator T is equivalent to the
existence of a solution of the integral equation (4.1). Now, for all z,y € X. We
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have

mo(T, Ty) = ‘T(ﬂc(ﬁ)) + T (y(p)) ‘

<[ . )i
- (beja) /ab |z(p) ;y(p)ld

< e Tmy(z,y).

Thus, the Condition (3.1) is satisfied with F'(«r) = In(«). Therefore, all the
conditions of Theorem (3.2) are satisfied. Hence the operator T" has a unique
fixed point, which means that the Fredholm integral equation (4.1) has a unique
solution. This completes the proof. (I

5. CONCLUSION

As the rectangular M-metric is new generalization of m-metric and rect-
angular metric. In this article, we introduced F-contraction in rectangular
M-metric space and utilized a fixed point for it. We give a suitable example
which supported to the fixed point theorem. We give an application in Fred-
holm integral equation in rectangular M-metric space.
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