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ABSTRACT. A metric space X is called straight if any continuous
real-valued function which is uniformly continuous on each set of a
finite cover of X by closed sets, is itself uniformly continuous. Let C' be
the convergent sequence {1/n : n € N} with its limit 0 in the real line
with the usual metric. In this paper, we show that for a straight space
X, X x C is straight if and only if X x K is straight for any compact
metric space K. Furthermore, we show that for a straight space X,
if X x C is straight, then X is precompact. Note that the notion of
straightness depends on the metric on X. Indeed, since the real line R
with the usual metric is not precompact, R x C' is not straight. On the
other hand, we show that the product space of an open interval and C
is straight.
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1. INTRODUCTION

All spaces are metric spaces and one fixed metric on a space X will be
denoted by dx, and C'(X) denotes the set of all continuous real-valued functions
of a space X. Let (X,dx) and (Y, dy) be metric spaces. For a subspace M of
X, we consider the restriction dx|arxar to M x M as a metric on M, which is
denoted by dj;. A metric dxxy on the product space X x Y will be defined
by

dxxy ((x1,91), (22, 92)) = V/(dx (21, 72))2 + (dy (y1,2))>-

In this paper we study notions that use metrics in their definitions. However,
the symbols of metrics will simply be denoted by d or be often omitted except
when it is necessary to be clear which metric we consider.

Let X be a metric space and {F; : i = 1,2,...,n} be a finite closed cover
of X. Then it is well-known that every function f on X is continuous if the
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restriction f|g, of f is continuous on F; for each ¢ = 1,2,...,n. However,
it is not valid for uniform continuity. Indeed, consider the subspace X =
{e" : 0 < 0 < 27} of the complex plane with the Euclidean metric and the
function f(e®) = 6 defined on X. Then the function f is not uniformly con-
tinuous on X, but its restrictions on {e? : 0 < § <} and {¢? : 7 < 0 < 27}
are uniformly continuous. The following facts are useful to determine whether
a given continuous function on a metric space is uniformly continuous or not.

Lemma 1.1. Let f € C(X). Then the following are equivalent:

(1) f is uniformly continuous;
(2) for every pair of sequences {xn} and {y,} in X if lUim d(x,,y,) =0,
n—oo

then lim |f(z,) — f(yn)| = 0.
(3) for every pair of sequences {zn} and {y,} in X if lim d(2,,y,) =0,

then there are subsequences {x, } of {xn} and {yk,} of {yn} such that
T [f(@,) — ()] = 0.

Applying Lemma 1.1, it is easy to see that the above function f(e?) =

T ™
is not u.c., because let o, = — and (3, = 2w — — for each n € N, and if we
n, n
consider the sequences {z,, = ¢®»} and {y,, = €%}, then lim d(z,,y,) = 0,
n—oo

but lim [f(zn) — f(yn)| = 27
Recently, Berarducci, Dikranjan and Pelant [3] defined the following notion.

Definition 1.2 ([3]). A metric space X is straight if whenever X is the union
of finitely many closed sets, then f € C(X) is uniformly continuous (briefly,
u.c.) iff its restriction to each of the closed sets is u.c.

Recall that a metric space X is called UC [1, 2] provided every continuous
function on X is u.c. and a metric space is called uniformly locally connected
if for every € > 0 there is 4 > 0 such that any two points at distance < § lie
in a connected set of diameter < €. Clearly, all compact spaces are UC and
all UC spaces are straight. Berarducci, Dikranjan and Pelant [3] prove that all
uniformly locally connected spaces are straight. Hence, since the real line R
and an open interval in R with the usual metric are clearly uniformly locally
connected, they are straight, and of course, they are not UC.

The product space of two compact spaces is compact, and hence UC. How-
ever, in general, the product space X XY of a UC space X and a compact space
Y need not be UC. Indeed, Atsuji’s result [2, Theorem 6] yields that if the
product space X X Y of a non-compact and non-uniformly discrete UC' space
X and a space Y is UC, then Y must be uniformly discrete or finite (recall
that a space is uniformly discrete if there is § > 0 such that any two distinct
points are at distance at least 4). On the other hand, there are non-compact and
non-uniformly discrete straight spaces whose products with compact spaces are
straight, for example, R x I is uniformly locally connected, and hence straight,
where I means that the unit closed interval.
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In this paper, we consider properties of a straight space whose product
with any compact space is straight. Let X be a straight space and C be the
convergent sequence {1/n : n € N} with its limit 0 in the real line with the
usual metric. Recall that a metric space X is precompact if for every € > 0

n
there are finite points x1,2,...,2, in X such that X = |J B.(xy), where
k=1

B.(z) ={z € X : d(x, 2) < €}. Then we will show the fOHOWiI_lg:

(1) X x C is straight if and only if X x K is straight for any compact space
K
(2) if X x C is straight, then X is precompact.

We can know, from the result (2), that R x C' is not straight. On the other
hand, we prove that the product space of an open interval and C' is straight.
However, we cannot decide whether the inverse implication of the result (2) is
valid or not (cf. Acknowledgement).

2. RESULTS

We first introduce the terminology that is defined in [3]. Let X be a metric
space. A pair E and F of closed sets of X is u-placed if d(E., F.) > 0 for every
€>0,where E. ={z € E:d(z,ENF)>¢c}tand F, ={x € F:d(z,ENF) >
¢}. Note that if ENF = &, then E. = E and F. = F. Hence, a partition
X = EUF of X into clopen sets is u-placed iff d(E, F') > 0.

Berarducci and Dikranjan and Pelant give the following characterizations of
straight spaces in the same paper.

Theorem 2.1 ([3]). For a metric space X the following are equivalent:
(1) X is straight;
(2) whenever X is the union of two closed sets, then f € C(X) is u.c. iff
its restriction to each of the closed sets is u.c.;
(3) every pair of closed subsets, which form a cover of X, is u-placed.

According to Theorem 2.1, we can conclude that the space Q of rational
numbers and the space R\ Q of irrational numbers with the usual metric are
not straight. Applying Lemma 1.1 and Theorem 2.1, we will show the following,
which says that for given straight space X, it suffices to check whether X x C'
is straight in order to know whether X x K is straight for any compact space
K.

Theorem 2.2. For a straight space X X x C' is straight if and only if X x K
is straight for any compact space K.

Proof. Assume that X x C' is straight and let K be a compact space. From the
definition of the straightness we assume that K is an infinite compact space.
To show that X x K is straight, take a closed cover {E, F} of X x K and
feC(X x K)on X x K such that the restrictions f|g and f|p are u.c. If we
can show that f is u.c., then, from Theorem 2.1, our proof is complete.
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Consider sequences {2, } and {y,} in X x K such that lim dxxx(zn,yn) =
n—oo

0. We shall find subsequences {xy,} of {z,} and {yx,} of {yn} such that
lim |f(zk,)— f(yk,)] = 0. We denote the projection of X x K onto K by 7.
n—o0

We consider the following cases.

Case 1: g ({xn : n € w}) is a finite set.

Take a subsequence {zy, } of {x,} and z € K such that wx(zx,) = z for
each n € w.

Case 1.1: g ({yk, : n € w}) is a finite set.

In this case, since d(z,,yr,) converges to 0, there is an infinite subset
Y C {yk, : n € w} for which 7g(Y) = {z}. So we may assume that
{yk, : n € w} is the infinite set. Put E, = EN(X x{z}) and F, = FN(X x{z}).
Then we can know that

(i) {E., F.} is a closed cover of X x {z} and
(ii) the restrictions f|g, and f|p, are u.c.

Since X is straight and isometric to X x {z}, X x {z} is straight. It follows that
the restriction f|x (.} is u.c. Observe that the sequences {zy, } and {ys, } lie
in X x {z} and lim dxy(:}(2k,,¥r,) = 0. Hence, we have that

im [ f(zr,) = f(yr.) =0.

n—oo

= lm | flxzy (@r,) = Flxocgzy (UK,

Case 1.2: mg({yk, : n € w}) is an infinite set.

Since K is compact, mx ({yk, : n € w}) contains a non-trivial convergent
sequence. We may assume that g ({yr, : n € w}) is the non-trivial conver-
gent sequence and also 7 (yk,, ) # 7k (yk,) if m # n. Note that d(xk,,yk,)
converges to 0. Hence, it follows that z is the convergent point of the sequence
{mx Yk, )}. Put z, = mx(yx,) for each n € w and Z = {z, : n € w} U {z}.
Define a mapping g : X x C — X x Z by g(x,1/n) = (x, z,) for each z € X
and n € w, and g(z,0) = (z,z) for each z € X. Clearly, g is a uniformly
homeomorphism. Put

H=g " (EnN(Xx2),I=g"(FN(Xx2)),
ak, = 971(:%")’ b, = gfl(ykn) for each n € w, and

h=fog: XxC—R.

Then we can show the following:
(i) {H, I} is a closed cover of X x C,
(ii) lim dxxc(ak,,bk,) =0, and
n—oo

(iii) hlag = flen(xxz) o 9lr, and h|r = f|pr(xxz) © 9|1, and hence h|z and
h|; are u.c.
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Since X x C is straight, h is u.c. Hence lim |h(ay, ) — h(bg,)| = 0. It follows
n—oo
that

Jim |f(zk,) = flyk,)| = Jim |f(g(ak,)) — f(g(bk,))]

= lim |h(ax,) — h(b, )]
n—oo

Case 2: mg({xy : n € w}) is an infinite set.

Since X is compact, we can pick a subsequence {zj, } of {z,} and z € K
such that 7 (xy,,) # mx(zk,) if m #n and {wx(xg, )} converges to z. Note
that nlingo d(xr, ,yk,) = 0. Hence, this yields that the sequence {mx (yx, )} also

converges to z. Let {z, : n € w} be an enumeration of mx ({zx, : n € w}U{yx, :
n € w}) such that z,, # z, if m # n. Then, the sequence {z,} converges to z.
Consider the same mapping g : X x C — X X ({zp : n € w} U{z}) as in Case
1.2. Then, with the same argument in Case 1.2, if we put ay, = g~ !(zx,) and
b, = g~ (yr,) for each n € w and h = go f, then we can show that h is u.c.,
and hence nILH;o |h(ak, ) — h(bk,)| = 0. Consequently,

Jim | n,) = )] = Jim |F(g(ar,) = Flo(bi,)
= lim_|h(ax,) — h(by,)

=0.

Therefore, in any case, we can find subsequences {xy, } of {z,} and {yx, }
of {yn} such that lim |f(zx,)— f(yr,)| = 0. It follows, from Lemma 1.1, that

f is u.c. Consequently, X x K is straight. (]

The following result gives a necessary condition of X for which X x C'is
straight.

Theorem 2.3. For a straight space X if X x C is straight, then X is precom-
pact.

Proof. Put Y = X x C. Suppose that X is not precompact and pick € > 0

and an infinite set {x,, : n € N} such that B.(z,) N B:(z,) = @ if m # n.
1

For each n € N let a, = (vp,—) € Y and b, = (z, T) € Y. Clearly,
n n

lim dy(an,b,) = 0. Hence, we can find N € N such that b, € B, s(ay) for

n—oo

everyn > N. Pt M =Y\ |J Be(ay). Then M is a closed subset of Y. For
n>N

each n > N put

A, = (X x {% i <n}) N Be(an),

By = (X x ({% 2§ > n+1}U{0}) N Belan).
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Note that the collection {B.(ay) : n € N} is closed discrete in Y, and hence
so are {A, : n € N} and {B,, : n € N}. If weput E = MU |J A, and
n>N
F=MU |J By, then we have that
n>N

(a) {E,F} is a closed cover of Y,

(b) ENF =M,

(c) for each n > N d(an, ENF) =d(an, M) > d(a,,Y \ Be(an)) = ¢, and

(d) for each n > N d(bp, ENF) = d(by,, M) > d(b,,Y \ Be(an)) = %,

because b, € B, /2(an).
The conditions (c) and (d) imply that {a, : n > N} C E.; and
{bp:n > N} C F,j. Since lim d(an,b,) = 0, it follows that d(E. /2, F./2) =
n—oo

0. That is, the pair £ and F' is not u-placed. Consequently, by Theorem 2.1
we can prove that X x C is not straight. (I

Remark 2.4. Since R is a straight space that is not precompact, Theorem 2.3
says that R x C is not straight. Indeed, we can construct a pair of closed sets

1
E and F which is not u-placed. For example, let E = |J ([2n, co) x {—}) and
neN n

1
F= U ((—o0, 2n]x{—})URx{0}. Then {E, F'} is a closed cover of Rx C' and
neN n

1 1 1
ENF = {(2n,g) :n € N}. Put z, = (Zn—l—l,g) and y, = (2n—|—1,n—+1)
for each n € N. Then we can see that lim d(zn,yn) =0, {z, : n € N} C Ey )9
n—oo

and {y, : n € N} C Fy/5. Hence d(E/3, F1/2) = 0. This means that the pair
FE and F is not u-placed.
Corollary 2.5. For a complete straight space X the following are equivalent:

(1) X is precompact;

(2) X is compact;
(3) X x C is straight;
(4) X x K is straight for any compact space K.

We don’t know whether the inverse implication of Theorem 2.3 is true or
not, however, we can show that the product space of an open interval and C
is straight (cf. Acknowledgment). We need the following lemmas.

Lemma 2.6. A metric space X which is represented as a topological sum of a
family {Xo : o € A} of a spaces is straight if inf{d(X,,Xg) : o # 5} > 0.

The following lemma is introduced in [3, Theorem 5.3] and proved in [4,
Proposition 2.4].

Lemma 2.7 ([3, 4]). Let X be a metric space and X = KUY, where K is a
compact subspace of X and'Y is a closed subset of X. Then X is straight iff
Y is straight.

Theorem 2.8. The product space of a half open interval and C is straight.
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Proof. Let X = (a, b] x C, where a < b. To show that X is straight, let £ and
F be closed sets in X with E U F = X and take an arbitrary (small) positive
number € > 0. To avoid confusion we use notations such as EX and (ENY)Y,
and which mean that

EX ={ze€F:dx(z, ENF)>¢e}and
(EnY) ={zc EnNY :dy(x, ENFNY)>¢},

where FE, F' and Y are subsets of a space X. According to Theorem 2.1, we

shall show that the pair E and F is u-placed. Assuming that b = a + 1 and we
€

1 1
can pick N € N for which N—H < W < W, put

Uz(a,a—l—%)x({%:nZN—i—l}U{O})andY:X\U.

Case 1. UN(ENF) #+ @.
In this case, since the diameter of U is less than ¢, U C Bax (ENFNU)C
BX(ENF). Thus

(2.1) EXUFXCX\U=Y.

It follows that dx(EX, FX) = dy(EX, FX). To show that EX C (ENY)Y,
let z € EX. Then x € E and dx (v, ENF) >¢. Since x € ENY by (2.1) and

dy(z,(ENY)N(FNY)) > dx(z, ENF) > e,

we can see that z € (ENY)Y. Therefore EX C (ENY)Y. In the same way,
we can show that FX C (FNY)Y. On the other hand, Lemma 2.6 and Lemma
2.7 yield that Y is straight, and hence dy ((ENY)Y,(FNY)Y) > 0. So, we
can get that

dx(EX, FX)>dx(EnY) (FAY))) =dy(EnY)Y (FnY)Y) > 0.

Case 2. UN(ENF) =@.
1

In this case, for every p e {— :n > N+ 1} U {0}
n

(2.2) (a, a+ %)x{p}gEUF
(2.3) (ENF)N((a, at %) x {p}) = .
Since every (a, a + %) x {p} is connected,

<a,a+%>x{p}gEor (a,a+%>x{p}gﬂ
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Now, we assume that (a, a + %) x {0} C E. Then, from the conditions (2.2)
and (2.3), we can find M > N + 1 such that

(a,a+i)x({%:n2M}U{O})gE.

V2
PutV:(a,aJrQLﬁ)x({%:nzMJrl}U{O})andZ:X\V. Then

ENF CFCZ. Lemma 2.6 and Lemma 2.7 claim that Z is straight. So, we
can say that

(2.4) dz(EnZ)?2,(FN2Z)?) > 0.
Here, we shall show that
(2.5) EXnZC(EnZ)? and FX C(FnZ)~%.

Let € EXNZ. Thenz € ENZ and dx(z, ENF) > ¢. Since ENF C Z,
dz(x,(ENZ)N(FNZ))=dz(z,ENF)=dx(z, ENF) > e. It follows that
r € (ENF)Z, and hence EX NZ C (ENZ)Z. Next, let v € FX. Thenz € F
and dx(z, ENF) >e. Since FC Z,z € FNZ and

dz(z,(ENZ)N(FNZ))=dz(z, ENF)=dx(z,ENF) >e¢.

It follows that x € (F N Z)Z, and hence FX C (F N Z)Z.
The conditions (2.4) and (2.5) yield that
(2.6)
dx(EXNZ,FX)>dx(ENZ)?,(FN2)?)=dz(ENZ)?,(FNZ)?) > 0.

Furthermore, since

V:(a,a—i—L)x({%:nzM—i—l}U{O})and

2v2
€ 1
a,a+—)X(—:n>M}U{0 NE =g,
(@0 S50 (- sn = dryu o)
we can see that dx (V, F') > 0, and hence
(2.7) dx(EX nV,FX) > 0.

The fact EX = (EX NV)U (EX N Z) and the conditions (2.6) and (2.7) yield
that dx (EX, FX) > 0.

In any case, we can get dx(EX, FX) > 0. Consequently, we can conclude
that X = (a, b] x C is straight. With the same argument we can prove that
[a,b) x C' is also straight. O

Corollary 2.9. The product space of an open interval and C' is straight.

Proof. Let X = (a, b) x C, where a < b. Take real numbers ¢ and d for which
a<c<d<bandputY = (a,c]xC, Z=1[d,b) x C and K = [¢, d] x C.
Then Theorem 2.7 and Lemma 2.6 yield that YU Z is straight. Therefore, since
Y U Z is a straight closed subspace of X, K is compact and X = (YUZ)UK,
applying Lemma 2.8, we can show that X is straight. O
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Finally, we obtain the following from Corollary 2.5 and Corollary 2.9.

Corollary 2.10. The product of an open interval and a compact metric space
is straight.
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