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Criteria of strong nearest-cross points and
strong best approximation pairs
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ABSTRACT. The concept of strong nearest-cross point (strong n.c.
point) is introduced, which is the generalization of strong uniqueness
of best approximation from a single point. The relation connecting to
localization is discussed. Some criteria of strong n.c. points are given.
The strong best approximation pairs are also studied.
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1. INTRODUCTION

In [6], [5], [9] the first author of the paper studied the nearest cross points
(in short, n.c. points) of two subsets of a normed space. More precisely, let G
and F be two disjoint subsets of a normed space X. A point yo € G is called a
n.c. point of G to F if p(yo, F) = p(G, F'), where p(G,F) = infycq zcr p(y, ),
ply,x) = ||z — y|| is the norm of x — y in the space X. Moreover, if g € F
satisfies p(xo,y0) = p(F, G), we say that (zo,yo) is a best approximation pair
of F and G. For details, one can see [4]. Obviously, if (zg,y0) is a best
approximation pair of F' and G, then yg is a n.c. point of G to F, and zg is
the best approximation of yo from F. The analogous result for zy also holds.
However, the inverse is not true. If both n.c. points of F' to G and G to F exist,
a best approximation pair of F and G may not exist. But if n.c. points of G
to F exist and F is a proximal set, then the best approximation pair of F' and
G exists. In [5], the author discussed the uniqueness of n.c. points (if it exists)
and obtained that the n.c. point of G to F' is unique if G is strict convex and
F is convex. In this paper, we shall discuss a property which is stronger than
being a n.c. point, which we will call a strong n.c. point. A strong n.c. point is
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the generalization of strong best approximation in a single best approximation
problem. For strong best approximation, one can see [3],[7],[2] in detail.

The organization of the paper is as follows. In Section 2, we will give the
definition of strong n.c. point. In Section 3, we shall discuss the criteria of
strong nearest cross point. In Section 4, we shall discuss strong n.c. points
and strong best approximation pairs by way of the concept of cusp. And we
shall give more examples about the relation between strong best approximation
pairs and strong n.c. points.

Finally, we declare that we will work in complex norm spaces in this paper
and use the following notation. Let X be a normed space. Denote by X* the
dual space of X. For a complex number u, we shall write Re u to denote the real
part of w. If F' denotes a subset of a normed space X, then || F|| = sup,cp ||z

2. DEFINITION OF STRONG N.C. POINT

Definition 2.1. Let F' and G be two disjoint sets, yo € G and a constant r,
0 < r < 1. If the condition

(1) p(y, F) = p(yo, F) = rp(y, yo)
holds for every y € G, then yo is called a strong n.c. point of G to F.

Notice that a strong nearest point is a n.c. point. In fact, since p(y, F') —
p(yo, F) > 0 for every y € G, we have p(G, F) = p(yo, F'). Then, for every y €
G,y # yo, p(y, F) > p(yo, F), thus the n.c. point is unique. In Definition 2.1,
the constant r, r < 1 holds automatically because |p(y, F') — p(y', F)| < p(y, V')
always holds. In fact, to say yg is a strong n.c. point, it suffices to remark that
it exists a sufficiently small 7, such that (1) holds. If F is a singleton zg, yo is a
strong n.c. point of G to F, then yo is the strong (unique) best approximation
of 2o from Gj see [3], [7], [2].

Definition 2.2. Consider F, G, r, yo as in Definition 2.1. If (1) holds only
fory € Vo NG, Vi a neighborhood of yo, then we say yo is a local strong n.c.
point of G to F.

Obviously, if yo is a strong n.c. point then gy is a local strong n.c. point,
but the converse does not hold in general, as the following example shows.

Example 2.3. In the Euclidean space R? let F' = {(£,7) : (€=2)?+n? =1,£ >
21, G ={(&n) : €2 +n? =1, <0} If yo = (0,1), then yo is a local strong
n.c. point of G toF, since for every y € G, y be near yo, p(y, F) is equivalent
to p(y,xo) = 2+ p(y,y0)- o = (2,1). So p(y, F) — p(yo, F) is equivalent to
p(y,yo0). But yo is not a strong n.c. point. In fact, choose y’ suffice to (0, —1),
then p(yo,y’) is to 2, p(yo, F) = 2, thus p(y/, F) — p(yo, F) converges to 0, so
(1) does not hold. Moreover, (2,-1) is a n.c. point of F' to G, (0,1) is a nearest
cross point of G to F, and (2,-1), (0,1) are not strong n.c. points.

In the above example, F' and G are not convex sets, but under convexity, we
shall have different results. To state our results, we need the following lemma,
which is well known.
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Lemma 2.4. Let (X, p) be a metric space and let F C X. Then the function
p(+, F) is uniformly continuous. Moreover if F' is a convex set, then p(-, F) is
a convex function.

Theorem 2.5. Let F', G be convex sets, and let yo € G. yo is a strong nearest
cross point of G to F if and only if yo is a local strong n.c. point of G to F'.

Proof. As above stated, we only need to show that if yo is a local strong n.c.
point, then yg is a strong n.c. point. Let V be a neighborhood of yg, where
Yo is a strong n.c. point of G NV to F. If yy is not a strong n.c. point
of G to F, then for every r, — 0, there exist y, € G,n = 1,2,..., such
that p(yn, F) — p(yo, F') < rnllyn — yo||- In the segment [y,,yo], pick z, =
Antn + (1 — A)yo, 0 < A < 1,\, — 0, such that for n sufficiently large,
zn € GNV. By Lemma 2.4, p(y, F) is a convex function. Thus,

p(Zn, F) < Aap(Yn, F) + (1 = An)p(yo, F')
< AT llyn — yoll + Anp(yo, F) + (1 = Xn)p(yo, F)
= ATnllYn — yol + p(yo, F).

So p(zn, F) = p(yo, F') < Anrnllyn — yoll. Since |lyn — yoll = 1/An[lzn — wol,
p(zn, F) = p(yo, F) < rullzn — yoll, 2n € GN V. This contradicts the definition
of a local strong n.c. point. This completes the proof. ([

In Theorem 2.5 we suppose F' and G are convex sets. If one of them is not
convex, then the result does not hold.

Example 2.6. In the Euclidean space R?, let G = {(£,7) : €24+n2 = 1,£ < 0}.
Notice that G is not convex and F' = {(2,0)} is a singleton. Then yo = (0,1)
is a local strong n.c. point of G to F, but yg is not a strong n.c. point of G
to F. In fact, pick y = (0,—1). Then p(y, F) — p(yo, F) = V5 — /5 = 0, but
Iy — woll = 2.

Example 2.7. In the Euclidean space R?, let G = {(£,n) : =3 < £ <2, n =0}
be a convex set, indeed, a segment, and F' = {(£,1) : €2 + 7 = 25} a non-
convex set. Then yo = (2,0) is a local strong n.c. point, but yg is not a strong
n.c. point, even if it is not a n.c. point. In fact, (-3,0) is a strong n.c. point.

3. KOLMOGOROV TYPE AND DIFFERENTIAL TYPE CRITERIA OF STRONG N.C.
POINTS

In [6], the author gave sufficient and necessary conditions for a point to be
a n.c. point by means of linear functions and differentials. Following the same
idea we first obtain a sufficient condition for strong n.c. points.

Theorem 3.1. Let F', G be disjoint sets, yo € G, and r a constant, 0 < r < 1.

If yo satisfies one of the following conditions, then yg is a strong n.c. point of

G toF.

(i) for every e > 0, there exists f¢ € X*, || f¢|| = 1, such that ianRe f(x—y) =
e

p(yo, F) and for every y € G, Re f(yo —y) + ¢ > 7||yo — y|| holds.



44 W. Pan and J. Xu

(i) for every e > 0, and y € G, there exists f¥¢ € X*, || f¥¢| = 1, such that
Inf Re f*“(z —yo) 2 p(yo, F), and Re f**(yo —y) + € 2 rllyo — yll.

Proof. Obviously, (i) implies (ii). So we only need to show (ii). For this, given
€>0, y € G, and f¥€ asin (ii), we have

rllyo—yll < Re f¥“(yo—y)+e = Re f¥“(yo—x)+Re fV(v—y)+e < ||lz—y|—p(yo, F)+e.

If in the right side of the above inequality, we take the infimum over x € F, we
have r|lyo — yl| < p(y, F) — p(yo, F'). Thus yq is the strong n.c. point of G to
F. This completes the proof. ([l

One may ask immediately if either (i) or (ii) are necessary conditions. To
answer this question, we begin with directional derivatives of the distance func-
tion p(y, F) (for details one can see [6]). From Lemma 2.4, we know p(y, F) is
a convex function. Furthermore,

th,F) — p(y, F
Py h, F) = lim ply + th, t) Ply. F)
t—

exists for h # 0 € X, and p/, (y, h, F) is a subadditive homogenous function in
the variable h. Theorem 2.2 in [6] says that whenever yg is a n.c. point of G to
F, p' (yo,y—yo) > 0 for all y € G. In the following, we shall obtain a necessary
condition for strong n.c. points.

Theorem 3.2. Let F, G be two disjoint convex sets of X. If yo € G is a strong
n.c. point of G to F, then
(Ds) Pl (Yo y — yo, F) = lly — woll

forallye G, r>0.
Proof. From Definition 2.1, p(y, F') — p(yo, F) > 7|y — yol|. Put h =y — yo,

plyo +th, F) — plyo, ') _ rlth]

t -t

Set t towards to 0 from right of 0, then p/, (yo,h, F) > 7|y — yo||. Note that

t > 0, t is sufficiently small and yo +th € G, since G is convex. This completes
the proof. O

= r[|A]-

We shall consider whether condition (D;) is sufficient. Some lemmas are
required. To state them we give first some notation.

F'={peX*: |g| =1, Rep(u) < ¢(yo), for u € H}, here, H = {u :
p(u, F) < p(F,G)}. | |

Np={feX": [Ifll=1, inf Ref(z) = inf fu]]}.

The following lemma is Lemma 2.3 and Lemma 2.4 in [6].

Rep(h) _ o' (yo,h,F) N
o(yo) +P(.WF) , and —I' =

Lemma 3.3. For every h # 0 € X, sup,ep
Np_y,-
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Theorem 3.4. Let F' be a subspace of X, G a conver subset of X, FNG =@
and 0 < r < 1. If (Ds) holds, then the following condition holds

(Ky) for every e > 0, and every y € G, there exists fo (depend on €, y) € X*
with || foll = 1, such that Re fo(yo — y) + € > r|lyo — yl|.
Proof. By the condition (Dy), Theorem 3.1 and Lemma 3.3, we have

Re f(yo—y) _ rlly —yoll
sup > .
fenp_,, Ie f(yo) p(yo, F)

; Re fo(yo—y) e
So for every €, y € G, there exists fo € Np_y,, such that == IR >

% Since 0 € F, the definition of Np_,, Re fo(yo) > p(yo). This implies
that Re fo(yo—y)+e€ > r|lyo—yll, so (Ks) holds. This completes the proof. [

Finally, we give a condition (B;) which is equivalent to (K) for general
disjoint sets F', G. Before stating it, we require a notation. Let F' be a subset
of the space X. Denote

Qr ={u: Rep(u) < ||F||, for all ¢ € Np}.

Notice that Qp is a cone type set including F. For if z € Qp, x € F,2' =

x +t(z —x),t > 0, then 2/ € Qp. Because for every ¢ € Np, Red(z) <

|Fll, Red(=") = Re d(x)+tRe d(z—x) = (1—t)Re ¢(x) +ta(2) < (1—)|[F]| +

t|F|| = || F||- Specially, if F' is a singleton zg, then Q is a cone including ball
B(0, [lzol[); see [3].

Theorem 3.5. Let F', G be two disjoint sets, then (Ks) is equivalent to
(Bs) Qp—y, Ncone(yo — G) is bounded,

cone(E) denotes the cone closure of E.

Proof. Suppose (K) holds, for every y € G. Then

sup  Re f(yo —y) = rllyo —yll, 0 <7 < 1.
YENF_yq

We should conclude that Qp_y, N cone(yo — G) C B(0, ||[F — yol|/r). If this is
not true, there exists ¢ > 0, and some y € G such that t(yo — y) € Qr—_y,,
It(yo — )|l > 1/7||F — yo||. From the definition of Qp_,,, for every f € Np_,,,
[tRe f(yo — y)| < ||F' — yol|. If we take the supremum over all f € Np_,,, then
IF — yoll > tr|lyo — yl| > ||F' — yol|, which leads us to a contradiction.

Now if (B;s) holds, from the above statement, there exists a sufficient large
number ¢, such that Qp— Uoﬂcone(yo—G) C ntB(0,a), o > O So for every y €
G,yo—vy € yo— G, and ”y UH € cone(yo— G). But smcea UH ¢ intB(0, o),

then AT y” ¢ Qr—y,. There exists fo € Np_y,, such that Re fo(ﬁ];iofyun)) >

HF—yOH. It means that Re fo(yo—y) > || F—yoll[|lyo—y||. If we put r = ”F+~y°”
and we take « large enough such that 0 < r < 1, then (K) holds. O
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4. CUSP AND STRONG BEST APPROXIMATION PAIRS

In this section, we shall discuss the case when either strong nearest cross
point or strong best approximation pair involve a cusp. In the end of this
section, we shall give three examples of strong best approximation pairs. Let
us begin with the definition of a cusp.

Definition 4.1. Let G be a nonempty subset of X, and let OG be the boundary
of G. Given yo € G NOG, a point yy is called a cusp of G if there exists a

BP) S 5 > 0 holds for every y € G,

hyperplane P supporting G at yo, and
where o is a constant.

Obviously, every cusp is a strongly exposed point. We say that yg is a
strongly exposed point of G if there exists a hyperplane P supporting G at yo,
x € P, f(x) = ¢ and such that if for every arbitrary e > 0, there exists § > 0,
such that |f(y) — f(yo)| < 6 for y € G, then p(y,yo) < €. In fact, p(y, P) =

If(lff)'ll_c" Without loss of generality, we assume || f|| = 1, then p(y, P) = |f(y) —

F(wo)l- Since yo is a cusp of G, ZEEL > o, p(y,y0) < |f(y) — f(yo)l/o for
y € G. For exposed points and strongly exposed points, one can see [1], [8] and
the references there in.

Let F, G be two nonempty sets with p(F,G) > 0. We say that two hy-
perplanes P, Q regular separate F' and G, if P, Q) are parallel, F' and G are
in two outer sides of P and @, and p(P,Q) = p(F,G) = p(F,P) = p(G, Q).
Furthermore, if yo € G is such that p(yo, F) = p(F,G), and % >0 >0, we
say that yg is cusp of G to F'. Obviously, if yg is a cusp of G to F, then yg is a
cusp of G.

Theorem 4.2. Let F', G be two disjoint convex sets and let yo € G. If yo is a
cusp of G to F, then yo is a strong n.c. point of G to F.

Proof. From the definition of cusp of G to F', there exist hyperplanes P, Q) sep-

arating ', G such that 5((57’;)) > § for every y € G. Then, p(y, F) — p(yo, F) >

o(y, Q) — p(yo, F). Note that since P is parallel to @, then p(y, Q) = p(y, P) +
p(P,Q) and p(P, Q) = p(yo, F'). Thus p(y, F) — p(yo, F') = p(y, P) > 6p(y, yo).
This means that yq is a strong n.c. point. (I

Let h be the Hausdorff metric h(Fp, F1) = max{A(Fy, F1), A(F1, Fo)},

where A(Fy, Fy) = sup inf |z —2'||. We have
zEF, v'€F

Theorem 4.3. (Freud type proposition) Suppose yo is a strong n.c. point of
G to F. If y1 is a strong n.c. point of G to Fy, then ||y — yol| < 2/rh(Fy, F1).

Proof. According to Definition 2.1, there exists 0 < r < 1, such that r||y; —
Yol < AF,G) + p(y1, F) — p(yo, F). 1t is easy to see that p(y, B) — p(y, 4) <
(A, B) holds for every y. Thus

rllyr —yol < A(F1, Fo) y1, F1) — p(yo, Fo)

+ p(
< A(Fy, Fo) + p(yo, Fr) — p(yo, Fo)
< A(Fy, Fy) + A(Fy, Fr) < 2h(Fy, Fr),
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(to obtain the second inequality, we used that y; is a strong n.c. point of G to
F). This completes the proof. O

In smooth normed spaces, F' is a singleton and G is a normed subspace, then
Theorem 4.3 is the result of Wulbert [3, page 95].

Theorem 4.4. Let F, G be two disjoint sets with F convex and G a linear
subspace and yo € G. If p(y, F) is Gateauz differential at yo, then yo is not a
strong n.c. point of G to F.

Proof. Suppose yo is a strong n.c. point. By the Gateaux differentiable of
p(y, F), we have p(yo, h, F) + p, (yo, —h, F') = 0, for h # 0. By Theorem 3.2,
P Yo,y — yo, F') > 7|ly — yol| holds for all y # yo, y € G, where 0 < r < 1. If
Yy — Yo is either h or —h, we have 0 > 2r||y — yo||, which is a contradiction. The
proof is complete. O

Definition 4.5. Let F', G be two disjoint sets, xg € F, and yg € G. We say that
(x0,Y0) is a strong best approzimation pair of F and G if there exist positive
constants r,r" such that p(y,y) — p(xo,y0) > rllz — zoll + r'|ly — yol| for all
zelF, yed.

Obviously, a strong best approximation pair of F' and G is a best approxi-
mation pair of F' and G; for best approximation pairs one can see [5] in detail.
In the following, we shall discuss the connection between strong best approxi-
mation pairs and strong n.c. points.

Theorem 4.6. If F', G are two disjoint sets, then (xo,yo) s the strong best
approximation pair of F' and G, if and only if, yo is a strong n.c. point of G to
F, xq is the strong n.c. point of F to G, and (xo,yo) s a best approximation
pair of F' and G. In this case, it is unique.

Proof. If (20, yo) is the strong best approximation pair of F' and G, by Defini-
tion 4.5, p(z0,y0) = p(F, G) = p(yo, G) and p(z,y) — p(yo, F) < r'[ly — yol| for
all x € F. If we take the infimum over all z € F, we have p(y, F') — p(y,F) >
||y — yol|. Thus yp is the strong n.c. point of G to F. Similarly, x¢ is a strong
n.c. point of F' to G.

Conversely, since (zg,y0) is a best approximation pair of F and G, then
p(xo,y0) = p(F, G) = p(yo, F') = p(xo, G). Note that p(z,y) = p(y, I) and yo
is a strong n.c. point of G from F. So, p(z,y)— p(zo,y0) > p(y, F)—p(yo, F) >
' |ly —yol|. Similarly, p(z,y) — p(z0,yo) > rllz —zo||. Thus, p(z,y) — p(xo,yo) >
r/2||x — zo|| + r'/2|ly — yol|.- Therefore (xq,yo) is a strong best approximation
pair. This completes the proof. (I

Theorem 4.7. Let F, G be two disjoint sets, p(F,G) > 0, and (xo,y0) a best
approzimation pair of F and G. If yg is a cusp of G to F, and xq is a cusp of
F to G, then (zo,y0) is a strong best approzimation pair.

Proof. By the definition, yg is a cusp of G to F', and there exist parallel hy-
perplanes separating P, ), such that F' and G are in the outer side of P and
@, yo € P, and p(P,Q) = p(F.G) = p(P, F) = p(Q,G) = p(yo, F'). Obviously,
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p(z,y) > p(y, Q) for all x € F, y € G. Since (zg,yo) is a best approximation

pair of F'and G, p(z0,y0) = p(yo, F). So p(x,y)—p(zo,y0) > p(y, Q) —p(yo, F).
Note that since p(yo, F) = p(P,Q), and p(y,Q) = p(y,P) + p(P,Q), then

p(z,y) = p(xo, yo) > p(y. P) > o’y — yoll. Thus p(x,y) — p(x0,y0) > 0/2||z —
xo|| + 0’ /2]y — yol|. This completes the proof. O

Finally, we shall give three examples.

Example 4.8. Denote C[0,1] be all continuous function f on [0,1] with norm
[ /Il = maxiep,1) | f(¢)]- In C[0,1], let F = {ut : —o0 < p < oo}, G = {\? :
V2 +1 < XA < 5}. We consider n.c. points, best approximation pairs, strong
n.c. points and strong best approximation pairs between F' and G. Denote
x(t) = put, y(t) = M2 Then

A\ — for pu/A< V8 —2

_ _ 2 — 122 Hw =

ploay) =t = ={ b o S VETS

First we compute iélf< || it — Xt2||. For fixed A, ||ut — At?|| takes its infimum
—0o< <00

at u = py. By the representation of ||ut — \t2||, wy satisfies X — py = p3 /4,
so px = (v/8 = 2)\. Thus
p(F,G) =inf 5,55 [IX° — (V8= 2)M
= (V2+ 1))t - (vV8-2)|
=(V2+1)B-V8) =v2-1
From above we obtain that ||zg — yo|| = p(F, G), when xo(t) = uot, yo(t) =

Ao, Ao = V2+1, po = 2. We declare that yo(t) is a strong n.c. point of G to
F, since for every y(t) = A\t? € F,

Pl F) = _inf [N = gt = A2 = st = A = (V5 -2t = (3 VE)A

Therefore, p(yo, F) = po = (3—V8)Xo, p(y, F) — p(yo, F) = B—=V8)(A—Xo) =
||y — yoll, 7' = 3 — /8. Similarly, we have that z, is a strong n.c. point of F
to G, since for every x(t) = ut,

. . A—p, forhA>p/\/8—2
z,G) = inf X2 — pt|| = inf { '

P, 6) \/§+1§/\§5H pl Vati<a<s | p2/4N, ford < p/v8 —2.
So, p(z,G) takes the infimum at A\, = v2 + 1/2p, and p(x,G) = \, — p =
V2/2p. Thus, p(z,G) — p)xo,G) = V2 +1/2u — V2 = 1 = rl|lz — wol|, where
r = /2 — 1/2. By Theorem 3.4, we obtain that (xo,y0) is the strong best
approximation pair of F' and G.

The following example shows that a n.c. point always exists, but strong n.c.
points can fail to exist.

Example 4.9. Denote (1 = {(¢,n) : £&,n € R, [[(§,n)]| = [¢| + |n[}. In £7 space,
let F ={(&mn):&=n} G={(&n):n=02<E<3} It is easy to see
that yo = (2,0) is a n.c. point of G to F. But the best approximation of (2,0)
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from F' is not unique. Thus the nearest cross points of G to F' is not unique.
Therefore a strong n.c. point of G to F' does not exist .

At the end, we shall give an example, which shows that it is possible to find
best approximation pairs which are not strong best approximation pairs.

Example 4.10. In the Euclidean R? space, set F = {(&,n) : €2 +n? < 1},
G={(n):£>2,—-€6+2>n>E—2}. Tt is easy to see that zg = (1,0), yo =
(2,0) is the unique best approximation pair of F' and G. Denote an arbitrary
point of F as x = (cosf,sinf), 0 < § < 2m. Put y = (24 6,0) € G, § > 0.
Then po = p(xo,%0) = 1, p*> = p*(x,y) = (2+ 3 — cosh)? + (6 — sin )%
Setting & — 0, 6 — 0, then p? — pZ is asymptotic to 2(p — po)-. ||z —Hx0|| T
Y—Yo

|sinf], ||y —voll = v/26. Since %g, and %2‘ are not bounded, then
0 0

and % are also not bounded. This means that (g, yo) is not a strong best
approximation pair. However, yq is a strong n.c. point of G to F'.
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