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ABSTRACT

New fixed point and coupled fixed point theorems in partially ordered
v-generalized metric spaces are presented. Since the product of two
v-generalized metric spaces is not in general a v-generalized metric
space, a different approach is needed than in the case of standard metric
spaces.
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1. INTRODUCTION AND PRELIMINARIES

Throughout the paper, the sets of integers, nonnegative integers, and posi-
tive integers are denoted, respectively, by Z, ZT, and N; the sets of real numbers
and nonnegative real numbers are denoted, respectively, by R and R¥.
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1.1. v-generalized metric spaces. There are lots of works done on fixed
point theory by weakening the requirements of the Banach contraction princi-
ple. One direction of these generalizations was introduced by Branciari in [6],
where the triangle inequality was replaced by a so-called polygonal inequality.
In what follows, we briefly recall concepts of v-generalized metric spaces. See
also [3, 8, 11, 19, 20].

Definition 1.1 (Branciari [6]). Let E be a nonempty set and v € N. A
mapping d, : E x E — R is called a v-generalized metric and the pair (F,d,)
is called a v-generalized metric space if the following hold:
(1) dy(z,y) =0 if and only if x = y;
(2) dV(I',y) = d,,(y,:c), for all x,y € E;
(3) dy(x,y) < dy(z,21) + duv(21,22) + -+ dy(z0,y), for each set
{z,2z1,...,20,y} of v+ 2 distinct elements of E.

Clearly, (F,d,) is a metric space if v = 1, i.e., it is a l-generalized metric
space. It is shown in [19], that the topology of a v-generalized metric space
may be non-compatible.

Definition 1.2 ([3]). Let (E, d, ) be a v-generalized metric space. Given k € N,
a sequence {z,} in E is said to be k-Cauchy if

lim Sup{dv(xnaanrlerk) ime Z+} =0.
n—oo
The sequence {z,} is called Cauchy if it is 1-Cauchy.

Cauchy sequences in v-generalized metric spaces were investigated in [3, 6,
20].

Proposition 1.3 ([3, 20]). Let {x,} be a v-Cauchy sequence with distinct
terms in (E,d,). If v is odd, or if v is even and d,(Tn,Tnt2) — 0 as n — oo,
then {x,} is Cauchy.

As shown in [16] and [18], a sequence in a 2-generalized metric space may
converge to more than one point and a convergent sequence may not be a
Cauchy sequence. It is said [3, 20] that a sequence {x,} in E converges to x in
the strong sense if {z,} is Cauchy and {z,,} converges to x. [18, Example 1.1]
shows that there exist convergent sequences that do not converge in the strong
sense. The completeness of v-generalized metric spaces is investigated in [3].

Proposition 1.4 ([20]). Let {z,} and {y.} be sequences in (E,d,) that con-
verge to x and y in the strong sense, respectively. Then
d,/(l’, y) = limp, o0 dy (I'n; yn)

Branciari proved in [6] a generalization of the Banach contraction principle.
Since, as was already said, a v-generalized metric space does not necessarily
have a compatible topology, his proof needed some corrections, see [9, 16, 18,
19, 21]. Proofs of Kannan’s [10] and Ciri¢’s [7] fixed point theorems in v-
generalized metric spaces appear in [20]. The analogue of Proinov’s result from
[15], as an ultimate generalization of the Banach contraction principle in the
setting of v-generalized metric spaces, was proved in [2].
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1.2. Partially ordered spaces and coupled fixed points. Nieto and Ro-
driguez-Lépez initiated in [14] the use of another enrichment of metric space
structure by using additional partial order. A lot of researchers obtained sev-
eral results in such structures. Among them, Bhaskar and Lakshmikantham
started in [5] investigation of so-called coupled fixed points. They proved the
existence of coupled fixed points for contractive mappings in partially ordered
complete metric spaces. These and similar results were later obtained by dif-
ferent methods; see, e.g. [4, 12, 13, 17].

Assume that (F, =) is a partially ordered set and that F': E x E — E is
a mapping. The notions of a coupled fixed point of F and the (strict) mized
monotone property has become standard, so we omit them here. Given a
pair (z,y) of elements in E, the Picard iterates {F™(x,y)} and {F"(y,x)} are
defined, inductively, as follows. Let F°(z,y) = z, F°(y,z) = y, and then, for
nezr,

(1.1) F't (a,y) = F(F"(z,y), F"(y,2)),

F'" (y,z) = F(F"(y,z), F"(x,y)).

In 2012, Berinde and Pacurar [4] presented more general coupled fixed point
theorems in partially ordered metric spaces (E, <, d).

)y —

Theorem 1.5 ([4]). Let (E, <,d) be a complete partially ordered metric space,
and F : Ex E — E be a generalized symmetric Meir-Keeler type mapping, i.e.,
for every e > 0, there exists 6 > 0 such that, for x = u and y < v,
e <d(z,u)+d(y,v) <e+ 6 =
d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) <.

Suppose that

(i) the mapping F is continuous and has the mized strict monotone prop-

erty,
(i) there exist xg,yo € E such that

(1.2)

ro = F(20,%0), %o = F(yo,20), or o= F(x0,%), %o = F(yo,o)
Then F has a coupled fixed point.

1.3. Fixed points of monotone contractions. Fixed point theorems of
Cirié-Matkowski and Proinov types for monotone contractions in partially or-
dered v-generalized metric spaces can be deduced from a sequence of lemmas
and propositions, similarly as it has been done in the setting of (v-generalized)
metric spaces in [1] and [2]. Hence, we just state the respective formulations,
omitting the proofs.

Theorem 1.6. Let (E,=,d,) be a complete partially ordered v-generalized
metric space and T : E — E be a monotone contraction of Cirié¢-Matkowski
type, i.e.,

(1) the mapping T is nondecreasing,

(2) d,(Tx,Ty) < dy(z,y), for x <y (that isx <y and x £ y),
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(3) for every € > 0, there exists § > 0 such that
(x <y,e<dy(z,y) <e+ 5) = d,(Tz,Ty) <e.

Then T has a fized point provided there exists o € E such that xo =< Txg.
Moreover, for any © € E with x < Tz, the sequence {T™x} converges to a fixved
point of T in the strong sense.

We also have a Proinov type fixed point theorem.

Theorem 1.7. Suppose that (E,=<,d,) is a complete partially ordered v-ge-
neralized metric space, and that T : E — FE is sequentially continuous and
asymptotically regqular, i.e.,

lim (d,(T"z, 7" '2) + d, (T2, T""?2)) =0, z € E.

n—oo
For v > 0, define m(z,y) = d,(z,y) +v(dv(z, Tx) + d(y,Ty)). Suppose that
dy(Tz,Ty) <m(z,y), z,y€E z<y,

and that, for any € > 0, there exist § > 0 and N € Zt such that, for all
z,y € F,

(1.3) =y, m(TVze, TVy) <d4+e = d, (T 1z, TN ly) <e.

Then T has a fized point provided there exists o € E such that xo =< Txg.
Moreover, for any x € E with x < Tx, the sequence {T™x} converges to a fized
point of T in the strong sense.

Remark 1.8. Similarly as in various other known fixed point results in ordered
spaces, the presented conditions are not sufficient to conclude that the fixed
point is unique. An additional assumption is needed, and this can be either
that arbitrary two elements of the fixed point set are comparable, or that there
exists a third element, comparable with both of them. We do not go into details
here, leaving them for the case of coupled fixed points in the next section.

1.4. Outline. The next (main) section is devoted to coupled fixed points, and
is divided into three parts. In Subsection 2.1, we let E be a partially ordered
metric space, and investigate the existence of coupled fixed points for different
types of symmetric contractions on . Our technique in this section involves
considering induced metric and order on the set £ = E x E and reducing a
symmetric contraction F' : Ex E — E to a monotone contractionT : £ — £ and
then applying results obtained in Section 1.3 to 7. This technique appears in
several papers. However, we will show that this method is not applicable in the
case of partially ordered v-generalized metric spaces (see further Example 2.2).
Hence, in Subsection 2.2, we shall take a different approach to obtain coupled
fixed point results in such spaces. Finally, in Subsection 2.3, we present a
brief discussion of the uniqueness of coupled fixed points. We conclude by an
illustrative example in the last subsection.
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2. COUPLED FIXED POINTS OF SYMMETRIC CONTRACTIONS

In this section, we present coupled fixed point theorems for symmetric con-
tractions on (v-generalized) metric spaces. We start with the following defini-
tion of symmetric contractions of Ciri¢-Matkowski type.

Definition 2.1. Let (E,=<,d,) be a partially ordered v-generalized metric
space. A mapping F : E X E — FE is called a symmetric contraction of Cirié-
Matkowski type if

(1) for x 2w and y = v, with (z,y) # (u,v),
1) d(Fl@y), F(u,v)) +dy (Fly, 2), F(o,)) < dy(2,0) + dy (3,0),
(2) for every e > 0, there exists § > 0 such that, for x < v and y = v,
e<dy(z,u)+d,(y,v) <e+0=

(2:2) dy (F(z,y), F(u,v)) + dy (F(y, ), F(v,u)) < e.

To avoid repetitive writings and simplify calculations, the following conven-
tion seems to be convenient.

Convention. Let (E, <,d,) be a partially ordered (v-generalized) metric space.
Set £ = E x E and, for all elements x = (z,y) and u = (u,v) of £, define

xCu ifandonlyif z <wandv <y.
Clearly, (£,C) is a partially ordered set. Define p, : £ x £ — RT by
(23) pV(X7u) :dl,(I,’U/)-i-d,/(y,’U), X = (Iay)7u: (’U,,’U).

Obviously, if (E, <,d,) is a (complete) metric space then (£,C, p,) is a (com-
plete) metric space. In general, however, as the following example shows, if E is
a v-generalized metric space (v > 2) then (€, p,) may fail to be a v-generalized
metric space.

Example 2.2 ([8, Example 4.2]). Let £ = {a,b,c} and define d, : ExE — R*
by dv(aab) =4, du(aac) = du(bac) =1, and dV(IL',IL') =0, d,,(x,y) = du(yam)
for all z,y € E. Since four distinct points in £ do not exist, the rectangular
inequality is trivially satisfied. Hence, (E,d,) is a 2-generalized metric space,
which is obviously not a metric space.
Now, consider the mappings p, pmax : € X €& — R defined by
p+(X, u) = dl/(x7 U’) + dl/(y7 U)7
Pmax (X, 1) = max{d,(z,u),d,(y,v)},

where x = (z,y) and u = (u,v). Then, for the quadrilateral
{(aa b)a (ba C)a (aa C)a (Ca C)} in &, we have

p+((a,b),(b,c)) =5>1+1+1

= er((av b)a (av C)) + er((av C)a (C, C)) + er((ca C)a (ba C))a
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and

pmax((a, b), (b, C)) =4>14+1+1
== pmax((a; b)a (aa C)) + pmax((aa C)a (Ca C)) + pmax((ca C)a (ba C)) .

Hence, in both cases, rectangular inequality is not satisfied, and so (£, p4) and
(€, pmax) are not 2-generalized metric spaces.

The following notion of regularity for mappings F' : E x E — FE is needed
in this section.

Definition 2.3. Given z,y € FE, the mapping F : F x E — FE is called
asymptotically reqular at x = (z,y) if the Picard iterates x,, = F™(z,y) and
yn = F™(y, ), defined by (1.1), satisfy the following condition

(2.4) v (X, Xna1) + pu(Xn, Xna2) = 0, Xp = (Tn, Yn)-

Note that, if (E,d,) is a metric space, the summand p, (X, Xn12) in (2.4) is
redundant.

In the case of metric spaces, coupled fixed point results are usually obtained
by considering the induced space (£, C, p,,) and reducing a symmetric contrac-
tion F': E x E — F to a monotone contraction T : £ — £. This strategy, as
Example 2.2 shows, does not work in the case of v-generalized metric spaces.
Hence, we shall take a different approach in this case.

2.1. Coupled fixed points in partially ordered metric spaces. In this
section, we assume that (F, <X,d) is a partially ordered metric space. Given a
mapping F': Ex E— E, defineT : & — & by

(2'5) T'x = (F(.ﬁ,y),F(y,I)), X = (x,y)
The following properties are straightforward.
(i) If F is continuous then T is continuous.
(ii) If F is asymptotically regular in the sense of Definition 2.3, then T is
asymptotically regular in the sense of Theorem 1.7.
(iii) If F has the mixed monotone property, then 7' is nondecreasing on
(€,5).
(iv) If F is a symmetric contraction of Cirié-Matkowski type, then T is a
monotone contraction of Cirié-Matkowski type, in the sense of Theorem
1.6.
(v) F has a (unique) coupled fixed point if and only if 7" has a (unique)
fixed point.

These properties along with the results in Section 1.3 yield the following
coupled fixed point results.
Theorem 2.4. Let (E, <X,d) be a complete partially ordered metric space. Sup-
pose that F : E X E — E has the following properties.
(i) F is continuous and has the mized strict monotone property,
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(ii) F is a symmetric contraction of Ciri¢-Matkowski type,

(iii) there exist xo,yo € E such that xg < F(x0,y0) and yo = F(yo,xo).
Then F has a coupled fixed point.
Proof. Since F' is continuous, T is continuous. Since F' is a symmetric contrac-
tion of Ciri¢-Matkowski type and has the mixed strict monotone property, T
is a monotone contraction of Cirié-Matkowski type. Since zg < F(xo,y0) and
yo = F(yo,x0), we get xg C T'xo with xg = (20, y0). All conditions of Theorem
1.6 are satisfied. Hence T has a fixed point, which in turn implies that F' has
a coupled fixed point. O

Finally, we have the following Proinov type coupled fixed point theorem.

Theorem 2.5. Suppose that (E,=<,d) is a complete partially ordered metric
space, and that F : Ex E — E satisfies conditions (i)-(ii) of Theorem 1.5. For
v >0, definem : € x & — RT by (here x = (x,y), u= (u,v))

26) m(x, u) = d(z, u) +d(y,v) +(d(z, F(z,y)) + d(y, Fy, z)))
+ y(d(u, F(u,v)) + d(v, F(v,u))).
Suppose that
(2.7)  d(F(z,y),F(u,v)) + d(F(y,z), F(v,u)) < m(x,u), xCux#u,
and that, for any € > 0, there exists § > 0 such that, for x C u,
(2.8) m(x,u) <d+e—= d(F(x,y), F(u, v)) + cl(F(y,Jc)7 F(v, u)) <e.
If F is asymptotically reqular, then F has a coupled fized point.
Proof. Tt is easily seen that

m(x,u) = py(x,u) + 7(pv (x,T%) + py(u, Tu)).
The assumptions of the theorem imply that

po(Tx,Tu) < m(x,u), xCu,x#u.

and that, for any € > 0, there exists § > 0 such that, for x C u,
(2.9) m(x,u) < d+e= p,(Tx,Tu) <e.

Hence T is a monotone contraction of Cirié-Matkowski type on (€, p,) that
satisfies all conditions of Theorem 1.7. Hence T has a fixed point which, in
turn, implies that that F' has a coupled fixed point. O

2.2. Coupled fixed points in partially ordered v-generalized metric
spaces. In this subsection, we assume that (F, <,d, ) is a partially ordered v-
generalized metric space. As Example 2.2 shows, the induced space (£,C, p,)
may not be a partially ordered v-generalized metric space. Hence, we take a
different approach to get coupled fixed point theorems. When we call a mapping
F : E x E — E continuous (since, in general, we do not have a topological
structure in &), we mean that F(z,,y,) — F(z,y) in E whenever {z,} and
{yn} are sequences in F such that x,, — x and y,, — y.
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Lemma 2.6. Let {z,} and {y,} be two sequences in a v-generalized metric
space (E,d,) and let X, = (Tn,yn). The following statements are equivalent.

(i) Both {zn} and {yn} are v-Cauchy sequences.
(i) lim sup{pu(Xn,Xpnt14my) :m € ZT} = 0.
n—o0
Proof. This follows easily from Definition 1.2 and the following simple inequal-
ities.
max{sup{d, (T, Tni1tmv) : m € Z"},sup{d, (Yn, Ynt141my) : m € ZT1}}
< Sup{dy(xn, xn+1+mu) + dV(yna yn+1+m1/) me ZJr}
= sup{pv (Xn, Xnt14mp)m € Z}
< sup{dy (Tn, Tnt14my) : m € ZT} + sup{du (Yn, Ynt14mw) 1 m € ZT}.
O
Lemma 2.7. Suppose that {x,} and {y,} are sequences in a v-generalized
metric space (E,d,) satisfying (2.4), each of which consists of mutually distinct

elements. Suppose that, for every e > 0 and for any two subsequences {x,, }

and {xq, }, if imsup p,(xp,,Xq,) < € then, for some N,
1—00

pV(XPiJrlequl) <e (i=>N).
Then both {xn} and {yn} are Cauchy sequences.

Proof. First, we show that both {z,} and {y,} are v-Cauchy. Towards a
contradiction, assume that, for example, {2, } is not v-Cauchy. Then condition
(2.6) of Lemma 2.6 fails to hold. Therefore, for some € > 0, we have

(2.10) Vek>1, In >k, sup{p,(Xn,Xnt14mv) :mEZT} > e

Condition p, (X, Xn+1) — 0 implies the existence of a sequence {k;} of positive
integers such that k;_1 < k; and

(2.11) Pv(XnyXnt1) < €/i (n > k).

For each k;, by (2.10), there exist n; > k; + 1 and m; > 0 such that
Pv(Xn; s X 414m,v) > € By (2.11), pu(%p,,Xp,41) < €. Hence, we must have
m; > 1. Let m; be the smallest number with this property so that
Pv(Xn;y Xn; +14miv—v) < €. Take p; = n; —1 and ¢; = n; +m;v. Then, for every
1> 1, we get ¢; > p; > ki, and

(2'12) pu(xpi-i-l’x%-i-l) > €

(213) pV(XPiJrlanHrl*V) <e

Since both {z,} and {y,} consist of mutually different elements, property (3)
in Definition 1.1 shows that, for every ¢ > 1,

dy(p, Tq,) < du(Tp,, Tp,41) + du(Tp 41, Tgi41-1)

+ du(Tg;+1-0, Tgi42-0) + -+ du(Tgi—1, Tg, ),
A (Ypis Yai) < du(Ypi» Ypi+1) + do (Ypi+15 Ygi+1-0)

+ dv(Ygi+1-vs Yait2—v) + -+ du(Ygqi—1, Vg, )-
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The above two inequalities along with (2.11) and (2.13) imply that p, (xp,, Xq,) <

2ve/i+ ¢, for all ¢ > 1, from which we get limsup p, (xp,, X4, ) < €. This along
i— 00
with (2.12) violate our assumption. Hence both {z,} and {y,} are v-Cauchy.
Finally, the assumption p,(x,,X,t+2) — 0 as n — oo implies that
dy(Zp, Tni2) = 0 and dy, (Yn, Yynt+2) — 0 as n — oo. Proposition 1.3 now shows
that both {z,} and {y,} are Cauchy sequences. O

The following is a Ciri¢-Matkowski type coupled fixed point theorem in par-
tially ordered v-generalized metric spaces.

Theorem 2.8. Let (E,=<,d,) be a complete partially ordered v-generalized
metric space. If F : ExX E — E is a symmetric contraction of Cirié-Matkowski
type satisfying conditions (i)-(ii) of Theorem 1.5, then F has a coupled fized
point.

Proof. Suppose that (1.2) holds for xg = (z¢,y0) and let x,, = (zy,yn) be the
Picard iterates of F' at xo defined by (1.1). Note that x, C x4 if p < ¢. In fact,
Xn, = T"Xg, n > 1, where T is defined by (2.5). An argument similar to that
of [2, Theorem 3.4] shows that p, (Xpn,Xn+1) + pv(Xn, Xnt+2) — 0.

Now, let ¢ > 0 and assume that limsup p,(xp,,X4) < €. Since F is a

11— 00

symmetric contraction of Ciri¢-Matkowski type, by (2.2), there exists § > 0
such that

P<¢q, €< pu(Xp,Xg) <+ €= pu(Xpt1,Xg41) < €
By [1, Lemma 3.1], there is N € N, such that
pV(XPiJrlequl) <e (i>N).
Now, Lemma 2.7 shows that the sequences {z,} and {y,} are both Cauchy
sequences. Since F is complete, there exist z and y in E such that z,, — = and

Yn — y. Since F is continuous, we conclude that F(x,y) = z and F(y,z) =y,
so that (z,y) is a coupled fixed point. O

The following is a Proinov type coupled fixed point result in the setting of
partially ordered r-generalized metric spaces.

Theorem 2.9. Let (E,=<,d,) be a complete partially ordered v-generalized
metric space. Given F : E x E — E, definem : £ x &€ — R* by (2.6), and
assume that (2.8) hold. If F is asymptotically reqular and satisfies conditions
(i)-(ii) of Theorem 1.5, then F has a coupled fized point.

Proof. Suppose that (1.2) holds for xg = (z0,y0) and let x,, = (x5, yn) be the
Picard iterates of F' at x¢ defined by (1.1). Note that x, C x4 if p < ¢g. Since
F' is asymptotically regular, we have

(214) pV(Xn, Xn+1) + PV(Xn, Xn+2) — 0.
Let {xp,} and {x4,} be two subsequences of {x, }. Then

m(xpi7XQi) = pV(Xpi ’ X‘h‘) + 7(pl/(xpi7xpi+1) =+ pD(XQi7XQi+1))'

© AGT, UPV, 2018 Appl. Gen. Topol. 19, no. 2 | 197



M. Abtahi, Z. Kadelburg and S. Radenovié¢

Since p, (Xn, Xnt1) — 0, we get
(2.15) lim sup m(xy,, Xq,) = limsup p, (Xp,, Xq,)-
1—00 1—00
Note that by (2.14) we get d,(xn, Znt+1) — 0 and dy, (Yn, Ynt1) — 0. Also,
by the condition (1.2) and the strict mixed monotone property of F', we have
that the sequences {x,} and {y,} consist of mutually distinct terms.

Now, let € > 0 and assume that limsup p,(x,,,X,,) < €. The equality in
i—00
(2.15) implies that limsupm(zyp,,zq,) < €. By (2.8), there exists § > 0 such
1— 00

that, for p < ¢,
m(x,,Xq) < 0+ € = p,(Xp+1,Xg+1) < €.
By [1, Lemma 3.1], there is N € N, such that

pv(Xpi41,%Xg,41) <€ (1> N).

All conditions of Lemma 2.7 are fulfilled and so the sequences {z,, } and {y,}
are both Cauchy sequences. Since FE is complete, there exist x and y in F such
that 2, — « and y, — y. Since F is continuous, we conclude that F(x,y) =z
and F(y,z) =y, so that (z,y) is a coupled fixed point. O

2.3. Uniqueness. In order to obtain the uniqueness of coupled fixed point in
the previous results, we need some additional assumption. We formulate it just
in the case of Theorem 2.8.

Proposition 2.10. Let (E, <,d,) and F be as in Theorem 2.8 and let CFixz(F)
be the set of coupled fixed points of F'. Then any two comparable elements of
CFix(F) (in the sense of order C) are equal. In particular, if all the elements
of CFixz(F) are comparable, then this set reduces to a singleton.

Proof. Suppose, to the contrary, that there exist two distinct coupled fixed
points (z,y) and (u,v) of F which are comparable, e.g., (x,y) C (u,v) and
(x,y) # (u,v). Then by (2.1) we get that

dy(z,y) + dy (u,v) < dy(2,y) + dy(u,v),

a contradiction. O

2.4. Illustrative examples. The following is a very easy example illustrating
a possible use of Theorem 2.8.

Example 2.11. Let (F,d,) be the space defined in Example 2.2. Introduce
an order < on F by a < a, b = b, b < a and ¢ =X ¢. Consider a mapping
F:ExE — E given by F(x,z) = a, for all x € E, F(a,b) = F(b,a) = a,
and F(z,y) = ¢ otherwise. It is easy to see that all conditions of Theorem 2.8
are satisfied. In particular, the only nontrivial case when conditions (2.1) and
(2.2) have to be checked (i.e., when & < u, y = v and (z,y) # (u,v)) is when
(z,y) = (a,a) and (u,v) = (b,a). It is easily seen that both of them are then
satisfied.
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Example 2.12. Consider the following 2-generalized metric space, which is a
slight modification of the space considered in [18, Example 1.1]. Let E = AUB,
with A ={0,2}, B = (0, 1], and define d, : E x E — [0, +00) by

0, ifz=y
1, ifx#yand ({z,y} C Aor {z,y} C B)

dy s = ’
(9) y, ifxeAyeB

z, ifxe B,ye A

Take the usual order < on E. Then (E, <,d,) is a complete, partially ordered,
2-generalized metric space which is not a metric space. Note that if we define p,
on & = EX E by (2.3), then (£, p,) is not a 2-generalized metric space. Indeed,
if we take the points (0,0), (b1,0), (b1,b2), (2,2) from & (here, 0 < by, by < 1),
we have

pv((0,0),(2,2)) = d,(0,2) +dy(0,2) =1 + 1 =2,
v ((0,0), (b1,0)) = d,,(0,b1) + d,,(0,0) = by,
((bl, 0), (b1,b2)) = dy(b1,b1) + d,,(0,b2) = ba,
Pu((bl7b2)7( 12)) = dy(b1,2) + du(b2,2) = b1 + bo

Hence, if 2b; + 2b2 < 2, we have

py((O, O)a (27 2)) > pv((07 O)a (bla O)) + pl/((bla 0)7 (bla b2)) + pl/((bla b2)a (27 2))
Consider now the mapping F': E x E — FE given by

T —

Flry)=q 2 '
0, if x <y.

ifx >y

The conditions (i)-(ii) of Theorem 1.5 are easy to check (for example, the second
one is satisfied for g = 2 and yo = 0). In order to check the condition (2.8),
consider the mapping m given by

m(x,u) = dV(CL',U) + du(ya )
+ dv(va(Iay)) + d ( (ya )) +dV(U,F(U,U)) erl,(’u,F(v,u)),
for x = (z,y), u = (u,v) (i.e., take y =1). ForuC x (i.e., u <z, y < v) and,

for example, 1 > x > u > v > y > 0 (other possible cases can be treated in a
similar way), we have

m(x, w) = dy (@,u) + dy (3,0) + dy (2, 52 ) + du(y,0) + do (u,
=14+14+1+y+14+v=44+y+v,

hence m(x,u) < 0 + € implies that ¢ >4 +y+v —0 > 1 (if § < 3). On the
other hand

dy(F(z,y), F(u,v))+d, (F(y,x), F(v,u)) = d( 2y7

and the condition (2.8) is satisfied.

;v) +d,(v,0)

u—v
2

)+, (0,0) =1 <,
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Thus, all the conditions of Theorem 2.9 are fulfilled and we conclude that F'

has a (unique) coupled fixed point (which is (0, 0)).
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