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A generalized reflection method is proposed for determining the hydrodynamic resistance matrix of a rigid 
particle translating in a confined Stokesian fluid, by reducing its estimate to the solution of two simpler 
problems: (i) the singular expansion of the hydrodynamic variables due to the particle motion in the free 
space, represented by the Faxén operator associated with the particle geometry, and (ii) the determination of 
the Green function associated with the specific channel geometry. This approach extends the Stokeslet 
approximation to a Faxén approximation that is reliable to ratios of the particles characteristic length ݈ to the 
characteristic distance ݀ from the walls higher than the existing literature approximations, the error of which is 
order of Oሺሺ݈/dሻସሻ. Given the solution of the two above mentioned subproblems, the proposed method applies 
to any particle and channel geometry. The application to prolate spheroidal particles translating parallel to a 
plane is discussed and compared against numerical simulations. 

1. Introduction

The drag force acting on a spherical rigid particle moving with velocity ܃ in a Newtonian unconstrained fluid at 
low Reynolds numbers is provided by the celebrated Stokes law 6πμr୮܃, where is the fluid viscosity and r୮ the 
particle radius. However, a great deal of applications involve particles possessing generic geometries and flow 
systems confined by rigid walls. Typical applications concern separation in microfluidics devices (Adrover et 
al., 2019), chromatography (Edam et al., 2011), hydrodynamic chromatography (Adrover et al., 2018), 
haemodynamics (Goldsmith and Skalak, 1975), the modelling complex fluids (Happel and Brenner 2012) and, 
in principle, any low-Reynolds number hydrodynamic problem in which the characteristic length of the device 
(L) is comparable with the characteristic linear particle size (Happel and Brenner, 2012). The main effect of a 
confined hydrodynamics as regards the interaction with a moving rigid particle is that the drag forces become 
position dependent and increase either as ݈ → L or as the distance ݀ of the particle to the walls decreases. 
This poses interesting transport issues as, owing to the fluctuation-dissipation theorem in isothermal 
conditions, the effective transport parameters (diffusivity tensor) do depend on particle position within the 
hydrodynamic device. Closed-form expressions for the drag forces have been determined only in a handful of 
axial-symmetric cases, such for a sphere near a plane (Brenner, 1961), or at the center of a cylindrical 
channel (Haberman and Sayre, 1958). However, also in these simple cases, the exact functional dependence 
on the particle position is not available. Explicit approximated relations can be derived only under certain 
assumptions, e.g., whenever the particle distance to the walls is much greater than the characteristic linear 
particle size. These approximations involve the determination of the lower-order terms in the expansion of the 
solution in series of ݈/d, in which the error is order of Oሺሺ݈/dሻଷሻ. 
A pioneering work on the drag forces in confined geometries has been carried out by Lorentz in the case of a 
sphere near a plane by using a method of images in order to determine the lower-order terms of the exact 
solution. Subsequently, Faxén, see (Happel and Brenner, 2012), analyzed the problem of a sphere between 
two parallel planes by considering two special geometrical configurations: where the sphere is placed at the 
midpoint and at the quarter distance from one of the plates.  
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The problem of a sphere moving in a cylindrical channel has been addressed by several authors see e.g. 
(Hasimoto, 1976). As regards non-spherical particles, attention has been focused on slender bodies (Barta 
and Liron, 1988), whereas few contributions have considered ellipsoids (Wakiya, 1957).  
A reflection method of general applicability has been developed by Brenner (Brenner, 1962), with the aid of 
which a general expression for the drag forces, correct up to terms Oሺ݈/dሻ, has been obtained (Cox and 
Brenner, 1967). Nevertheless, a general relation, explicit with respect to the geometric parameters of the 
particle and of channel and correct up to higher-order terms in l/d is still not available.  
In this work we propose a new approach, based on the reflection method, for determining the forces acting on 
a rigid particle within a confined geometry from the solution of two simpler problems: i) the general Faxén 
operator, associated with the motion of the body in the free space (unbounded case), and ii) the Green's 
function of the Stokes flow within the channel under consideration in the absence of the particle, in the 
presence of an impulsive perturbation. 
This approach applies under the hypothesis that d ≫ ݈ and proves to be correct up to terms order of  Oሺሺ݈/dሻଷሻ. The two above mentioned sub-problems, upon which the present approach is based, are significantly 
easier to tackle than the original problem of a rigid particle within a constrained geometry, and their solutions 
are, in many cases, available in the literature, at least in series expansion to the desired degree of accuracy. 
Due to space limitations of the present communication, the derivation of the method is only briefly outlined. A 
complete derivation can be found in (Procopio and Giona, 2021). As a case study we consider the estimate of 
the drag acting on a prolate spheroid translating parallel to a rigid plane in three different configurations, 
comparing the theoretical results to the numerical hydrodynamic simulations. 

2. The reflection method

To begin with, let us briefly review the basic steps in the reflection method (Brenner, 1962). This method is 
grounded on the linearity of the Stokes problem for an incompressible flow μ∇ଶܞሺܠሻ − ∇pሺܠሻ = 0 ,   ∇ ⋅ ሻܠሺܞ = 0  (1) 

where ܞሺܠሻ and pሺܠሻ are the velocity pressure fields at ܠ within the flow domain. No-slip conditions apply both 
at the external particle surface S୮, moving at velocity ܃ and at fixed solid walls S୵ of the domain ܞሺܠሻ = 0   for   ܠ ∈ S୵ , ሻܠሺܞ   = 0   for   ܠ ∈ S୮ (2)

Owing to the linearity of the Stokes problem, the solution for the velocity and pressure fields can be expressed 
as the superposition of a countable system of fields ܞ = ሺଵሻܞ + ሺଶሻܞ + ⋯ ሺ୧ሻܞ + ⋯ ,   p = pሺଵሻ + pሺଶሻ + ⋯ + pሺ୧ሻ + ⋯ (3)

such that: (i) the first field is due to the motion of the particle in an unbounded domain (free space) with 
ሺଵሻܞ  = ܠ for ܃ ∈ S୮ (ii) any even velocity field cancels the preceding one in the expansion at the walls S୵, and 
(iii) any odd field cancels the preceding one at the particle surface S୮  ܞሺଶ୧ሻ = ܠ   ሺଶ୧ିଵሻ   forܞ− ∈ S୵ , ሺଶ୧ାଵሻܞ  = ܠ   ሺଶ୧ሻ   forܞ− ∈ S୮ (4)i = 1,2... As a consequence, the total stress tensor ો admits the analogous series expansion 

ો = ોሺଵሻ + ોሺଶሻ + ⋯ + ોሺ୧ሻ + ⋯ , ોሺ୧ሻ = pሺ୧ሻ۷ − μ  ሺ౟ሻ൯౪ଶܞ∇ሺ౟ሻା൫ܞ∇ (5)

۷ being the identity matrix, so that the drag force acting on the particle becomes  

 ۴ = − ׬ ોୗ౦ ⋅ d܁ = ۴ሺଵሻ + ۴ሺଶሻ + ⋯ + ۴ሺ୧ሻ + ⋯  (6) 
Owing to that properties that the even fields are smooth on the surface of the particle and that the stress 
tensor is divergence-free (by definition of the Stokes flow), it is possible to show, using the Gauss divergence 
theorem, that their contribution to the total force is vanishing, 

  ۴ሺଶ୧ሻ = − ׬ ોሺଶ୧ሻୗ౦ ⋅ d܁ = − ׬ ∇୚౦ ⋅ ોሺଶ୧ሻdV = 0  (7) 
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V୮ being the particle domain, and thus ۴ = ۴ሺଵሻ + ۴ሺଷሻ + ⋯ + ۴ሺଶ୧ାଵሻ + ⋯ (8)

3. Estimate of the forces

This paragraph provides a relatively simple way to estimate the forces entering eq. (8) from the solution of two 
simpler problems. Below, the conceptual steps in the formulation of the method are outlined, leaving all the 
(lengthy) calculations to (Procopio and Giona, 2021). We make use of the typical notation used in Stokesian 
mechanics as developed e.g., in classical monographs in the field (Kim and Karrila, 2005).  
The drag force acting on the particle moving in an unbounded fluid depends linearly both on the viscosity and 
on its velocity ܃. Therefore, the force related to the unbounded problem ۴ሺଵሻ can be expressed as ۴ሺଵሻ = −8πμ܀ ⋅ ܃ (9)

where ܀ represents the resistance matrix which depends solely on the particle geometry. 
On the other hand, the force ۴ሺଷሻ, which is of order Oሺሺ݈/dሻଷሻ, is that experienced by the particle at a point ܠ଴ 
as it were immersed within the field ܞሺଶሻ. This is because at the surface of the particle ܞሺଷሻ + ሺଶሻܞ = ૙. 
Therefore, we can use the generalized Faxén theorem (Kim, 1985) to expressed ۴ሺଷሻ ۴ሺଷሻ = −8πμ ऐ़૙,़ ⋅ ሺଶሻܞ (10)

where ऐ़૙,़ is an integro-differential operator referred to as the generalized Faxén operator (Kim and Karrila, 
2013), which, applied to a field ܞሺܠሻ returns the components of the force experienced by a body placed at ܠ଴. 
As shown by Kim (Kim, 1985), the Faxén operator corresponds to the operator that once applied to the poles 
of the Oseen's tensor ܁ሺܠ, ૆ሻ, returns the velocity field of the unbounded problem, i.e., ܞሺଵሻሺܠሻ = ܃ ⋅ ऐ૆૙,૆ ⋅ ,ܠሺ܁ ૆ሻ (11)

as the Oseen's tensor ܁ሺܠ, ૆ሻ represents the Green's function of the unbounded Stokes problem ∇ଶ܁ሺܠ, ૆ሻ − ,ܠሺ۾∇ ૆ሻ = −8πμ۷δሺܠ − ૆ሻ ,  ∇ ⋅ ,ܠሺ܁ ૆ሻ = ૙ (12)

see (Happel and Brenner, 2012). As known (Pozrikidis, 1992), any solution of a Stokes problem in a domain 
can be expressed in terms of singularities placed outside the domain. Specifically, the Green's function with a 
given domain with boundaries S୵ can be written as the sum of the free-space Oseen's tensor plus a 
contribution ܄ሺܠ, ૆ሻ due to these singularities ۵ሺܠ, ૆ሻ = ,ܠሺ܁ ૆ሻ + ,ܠሺ܄ ૆ሻ (13)

where ܄ሺܠ, ૆ሻ is such that ܄ሺܠ, ૆ሻ = ,ܠሺ܁− ૆ሻ   for   ܠ ∈ S୵ (14)

and it is singular at poles outside flow domain and regular inside. It is possible to show (Procopio and Giona, 
2021), that ۴ሺଷሻ can be expressed as ۴ሺଷሻ = હ ⋅ ۴ሺଵሻ (15)

where the operator is given by 

હ =  ऐ़૙,़ ⋅ ൬ऐ૆ᇲ૙,૆ ⋅ ,ܠሺ܄ ૆ሻ൰୲ ⋅ ଵ (16)ି܀

where ࣈ’଴ are the poles of ܄ሺܠ, ૆ሻ. Thus, the operator ࢻ can be obtained from the knowledge of the unbounded 
Stokes problem for the rigid particle (which provide the expression for the Faxen's operator and for ܀) and of 
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the Green's function ۵ሺܠ, ૆ሻ associated with the constrained geometry. Under the hypothesis that d ≫ l, the 
iterative application of the reflection method provides the following approximate relation (Procopio and Giona, 
2021) ۴ሺଶ୧ାଷሻ ≈ હ ⋅ ۴ሺଶ୧ାଵሻ (17)

In this way, the substitution into the series expansion for the drag force yields the following compact result ۴ = −8πμૃ ⋅ ⋅ ܀ ܃ (18)
where 

 ૃ = ଵଵିહ  (19) 

3.1. A case study: spheroidal particles near a plane 

The theory outlined in the previous paragraph, and specifically eqs. (18)-(19), can be tested in a non trivial 
case represented by the motion of a spheroidal particle close to a plane. Let h be the distance between the 
plane and the centroid of the spheroidal particle. We consider a prolate spheroid, geometrically described by 
equation  

  ୶మ௔మ + ୷మା୸మ௕మ = 0  (20) 

where ܽ and ܾ are the half-lenghts of the major and minor axes respectively.  Given the eccentricity ݁ of the 
spheroid,  ܽ and  ܾ are related by ܾ = ܽ√1 − ݁ଶ while the focal length equals ܿ = ܽ ݁. The Faxén operator for 
this class of spheroids can be found in the literature (Kim and Karrila, 2013) and takes the form  

ऐ़૙,़ = 2܀  න dܠො୑బଵ
ିଵ ቈ1 + ൫1 − ො୑బଶܠ ൯ሺ1 − ݁ଶሻ∇ܠොଶ4݁ ቉ 

(21)
where the integration variable  ܠො୑బ is the dimensionless coordinate spanning the major axis centered at the 
position ܠ଴. In this case the resistance matrix can be expressed as ܀ = 2cۯሺ݁ሻ, where ۯሺ݁ሻ is a symmetric 
matrix, depending exclusively on the eccentricity and possessing an eigenvalue 

A୑ሺ݁ሻ = ݁ଷ−2݁ + ሺ1 + ݁ଶሻ logሾሺ1 + ݁ሻ/ሺ1 − ݁ሻሿ
(22)

related to the motion along the major axis, and the double eigenvalue 

A௠ሺ݁ሻ = − 2݁ଷ−2݁ + ሺ1 − 3݁ଶሻ logሾሺ1 + ݁ሻ/ሺ1 − ݁ሻሿ
(23) 

associated with the motion along the minor axis. 
The regular part of the Green's function tensor ܄ሺܠ, ૆ሻ for the Stokes problem confined by a plane with normal ܖ directed towards the fluid is (Blake, 1971) 

,ܠሺ܄ ૆ሻ = ,ܠሺ܁− ૆ሻ + 2h ۸ ⋅ ൬ܖ ⋅ ∇૆܁ሺܠ, ૆ሻ + ୦ଶ ∇૆ଶ܁ሺܠ, ૆ሻ൰ (24)

where ۸ = ۷ − ܖ2 ⋅ ଴ܠ ୲. Therefore, by applying equation (16) atܖ = −૆’଴ = hܖ, the matrix હ entering eq. (18) 
can be evaluated for any orientation and translation of the spheroid. 
Three particular configurations are considered, where the spheroid can move parallel to the plane, thus with ܃ ⊥ ୑బܠ) the major axis of the spheroid is orientated along the direction of the motion (a) :ܖ ∥  the major (b) ,(܃
axis is orientated along the normal of the plane (ܠ୑బ ∥  the major axis is orientated perpendicular to both (c) ,(ܖ
the direction of the motion and the normal ( ܠ୑బ ⊥ ,܃  .( ܖ
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Figure 1: Panel (a): Normalized velocity field coplanar to the normal to the plane and the velocity of the 
spheroid moving in the configuration (a). Panel (b): Dimensionless drag acting on the spheroid in the 
configuration (a) for several values of the eccentricity deriving from theoretical prediction (lines) and from FEM 
numerical simulation (symbols). 

For any of these configurations, it is possible to define the dimensionless drag λ୨ = F୨/ሺ8πμaUሻ with j = a, b, c, 
where the drag forces F୨ can be evaluated by applying the theory developed in the previous section. It is 
possible to provide closed-form expressions for λ୨ as a function of the geometric parameters of each 
configuration, but the analytic expressions are not reported for the sake of length limitations of the present 
communication. In order to check the theoretical results, we have performed FEM numerical simulations by 
means of the software Comsol Multiphysics 5.5. Figure 1 panel (a) shows the velocity profile obtained 
numerically in the configuration (a). Figure 1 panel (b) shows the comparison between the values of λୟ 
obtained by the equation (18) and the numerical simulation for some values of the eccentricity. A satisfactory 
agreement between the theoretical approach proposed and hydrodynamic simulations can be observed. 
Analogous results have been obtained for λୠ and λୡ, but not reported for space limitations. With the aid of 
these results, it is possible evaluate which configuration (amongst cases a, b and c) experiences a minor drag, 
i.e., which of the three configuration is the most energetically advantageous.  
As shown in Figure 2 panel (a), where the dimensionless drags are plotted as function of ݄/ܽ, the most 
advantageous configuration, at a given distance between the centroid and the plane, is always the 
configuration (a), which is also the most favourable configuration in unbounded conditions since the equivalent 
hydrodynamics radius is the half-length of the minor axis.  

Figure 2: Dimensionless drag acting on a spheroid as a function of the normalized distance of the centroid to 
the plane ݄/ܽ (panel a) and of the gap ߜ/ܽ (panel b) in the three configurations (a) (solid lines), (b) (dashed 
lines) and (c) (dot-dashed lines) for two different values of the eccentricity. 

The other two configurations, that are equivalent in unbounded conditions, provide almost the same drag 
especially for small values of eccentricity ݁. However, configuration (c) experiences slightly less resistance 
than configuration (b) and this becomes evident only for values of ݁ ≈ 1  and ݄ ≈ ܽ. 
On the other hand, if the dimensionless drag forces are compared respect to the same gap δ between the 
surface of the spheroid and the plane results provide a slightly different interpretation. In this case, the fluid 
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volume confined by configurations (a) and (c) is always greater than in case (b). Therefore, as depicted in 
Figure 2 panel (b) the configuration experiencing greatest drag is case (b) for any value of  ߜ/ܽ , whereas the 
most advantageous one is case (a) for high values of ߜ/ܽ and case (c) for spheroids very close to the plane.  

4. Conclusions

In this contribution, we have proposed a method to reduce the estimate of the resistance matrix for a rigid 
particle in a confined geometry to the solution of two simpler problems, related to the geometry of the particle 
(in unbounded conditions), and to the geometry of the hydrodynamic device in the presence of a pointwise 
forcing. As a case study the drag acting on a prolate spheroidal particle moving parallel to a plane in three 
different configurations has been considered, and the theoretical predictions agree perfectly with numerical 
simulations for any value of the eccentricity of the spheroid. Moreover, the theoretical predictions are accurate 
up to terms of Oሺሺ݈/dሻଷሻ, while the existing literature provide extimate accurate up to Oሺ݈/dሻ. A further 
extension of the method can be performed in order to include rigid rotations and torques acting on rigid 
particles.  
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