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A two-dimensional axial-symmetric isothermal model, based on full coupling between mass and momentum 
transport, has been developed to describe the separation of a binary gaseous mixture in a packed bed 
membrane module. Steady-state conditions have been studied. The gaseous mixture to be separated enters 
an annular gap between two co-axial cylinders. The inner wall of the outer cylinder is impermeable to both 
components, whereas a membrane, with infinite selectivity towards one of the components, is supported onto 
the outer wall of the inner cylinder. A radial flux of the permeating components is therefore present. The main 
focus was on the determination of the influence of radial convection on the performance of the separator, 
which has been analysed in terms of three dimensionless groups. Different transport regimes could be 
identified, corresponding to different values of the dimensionless groups. The impact of radial convection has 
been assessed by comparing model predictions with those of a fully uncoupled one-dimensional model. A 
discrepancy up to 20% of the recovery has been observed in industrially relevant ranges of the parameters. 

1. Introduction 

Integration of reaction and separation in a single unit may bring to significant increases in the efficiency of 
many chemical processes (Giaconia et al., 2013). Membrane reactors have been studied experimentally 
(Santucci et al., 2011) and models have been widely presented in literature. In most models the radial 
component of velocity is neglected, without a quantitative analysis of the errors caused by this assumption. 
This is found for example in Godini et al. (2014), who studied ethylene production, and in Jin et al. (2000), who 
studied partial oxidation of methane. As pointed out by Nekhamkina and Sheintuch (2014), these errors may 
concern the evaluation of both the velocity profiles in the reactor and the total recovery of the permeating 
component. A more accurate model may therefore be necessary to understand the system’s behaviour, and to 
carry out an efficient optimization of reactor design. Studies in this direction will become increasingly important 
as higher permeance membranes are developed.  
In the present work a simple gas separation is studied as a basis for membrane reactor modelling. A two-
dimensional model is developed in which the coupling between mass and momentum transport is considered. 
The results obtained are compared with a simpler model, where fluid-dynamics are decoupled from transport 
of the permeating species. Model predictions are compared to determine the cases in which the simplified 
model describes the behaviour of the reactor accurately enough.  

2. Model Development 

A 2D axial-symmetric isothermal steady-state model has been developed to describe the separation of a 
binary gaseous mixture. The shell and tube configuration described above is often found when dealing with 
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hydrogen permeable membranes, consisting of a thin Pd layer on a ceramic support. In the present case the 
separation of a hydrogen/methane mixture is considered. The two components will be referred to with the 
subscripts h and m, respectively. The symbol ∇ will represent the two-dimensional gradient operator in the 
radial and axial coordinates. 

2.1 Model Equations 

Gas separation is usually carried out in empty tube modules, in which the motion of the gas may be described 
by the Navier-Stokes equation. Since the objective of this work is to set the basis for membrane reactor 
modelling, the presence of granular packing has been considered, and motion of the fluid has been described 
through Darcy’s equation: 
 v = ߤߢ− ∇ܲ   (1) 

 

where v is the mass average gas velocity, ߢ is the bed permeability, ߤ is the viscosity of the gaseous mixture, 
and P the pressure. At steady state conditions, the overall mass balance is: 
 ∇ ∙ ሺߩvሻ = 0 (2) 
  
where ߩ is the mass density of the mixture.  
By substituting Eq(2) into Eq(1), and if the bed permeability and gas viscosity are considered to be constant 
throughout the module, the continuity equation may be re-written as: 
 ∇ ∙ ሺߩ∇ܲሻ = 0 (3) 
 

If ideal behaviour is assumed for the gaseous mixture, its density may be expressed as: 
ߩ  = ݂ሺ߱ሻ ோ் , with  

ଵሺఠሻ = ఠௐ + ଵିఠௐ  (4) 

 

where ߱ and ܹ indicate the mass fraction and the molecular weight, respectively, of the i-th component. 
Substituting Eq.(4) into Eq.(3) gives: 
 ∇ ∙ ሺ݂ܲ∇ܲሻ = 0 (5) 
 

Eq(5) highlights the fact that even in isothermal conditions, the pressure distribution within the packed bed is 
influenced by gas composition through the factor f. The pressure distribution, in turn, determines the velocity 
profile through Darcy’s equation.  
The mass balance equation for the permeating component has been written in terms of mass fraction, 
considering convective and dispersive mechanisms in both the radial and the axial directions: 
 ଵோ் ∇ ∙ ቀ− ఓ ݂ܲ߱∇ܲ − ݂ܲ॰ ∙ ∇߱ቁ = 0; where ॰ = ൬ࣞ 00 ࣞ௭௭൰ (6) 

 
 

is the effective dispersion tensor, generally non-isotropic. Dispersion coefficients account for two phenomena: 
molecular diffusion and convection due to the movement of fluid particles through the intricate geometry of the 
packed bed. Obviously, in a two-component system the continuity equation, Eq(5), and mass balance of one 
component, Eq(6), fully define the problem. 
 

2.2 Boundary Conditions 

The continuity and mass balance equations presented above have been solved by assuming the membrane 
on the inner wall of the annular section is permeable only to component h. Hydrogen permeation through Pd 
membranes involves the following steps: 
 

1. Molecular transport from the bulk of the gas to the gas layer adjacent to the membrane surface; 
2. Dissociative adsorption of hydrogen onto the membrane surface; 
3. Transition of atomic H from the surface to the bulk; 
4. Atomic diffusion through the bulk; 
5. Transition from the bulk to the surface of the permeate side; 
6. Recombinative desorption from the surface; 
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7. Gas transport away from the surface to the bulk of the gas. 
 
For clean membranes, operating at temperatures above 300°C and with a Pd layer thickness down to 1μm, it 
has been found that diffusion of H atoms through the bulk of the membrane is rate-limiting (Ward and Dao, 
1999). In these conditions Sievert’s law applies, and hydrogen flux through the membrane is evaluated as: 
ܬ  = ߜ߶ ቆඥ ܲ − ට ܲቇ = ℙ ቆඥ ܲ − ට ܲቇ 

(8) 

 
where ߶ is the intrinsic permeability of the membrane, ߜ is its thickness, ℙ is the overall permeability, Ph is 
the partial pressure of hydrogen in the retentate side, and ܲ is the partial pressure of hydrogen in the 

permeate side. In the development of this model, ܲ has been always assumed to be equal to zero. 
Boundary conditions are therefore written as: 
 ߱|௭ୀ = ߱	   ;    ܞ|௭ୀ =  ௭ (9)ݒ

  డఠడ௭ ቚ௭ୀ = 0   ;   ܲ|௭ୀ = ܲ (10) 

  ∇ω ∙ ୀோమ|ܖ = 0   ;   ∇P ∙ ୀோమ|ܖ = 0 (11) 
  ൬−߱ߤߢ݂ܲ∇ܲ − ݂ܲ॰ ∙ ∇߱൰ ∙ ฬୀோభܖ = ܴܶℙ൫ඥ݂߱ܲ/ ܹ൯ (12) 

  ൬−ߤߢ ݂ܲ∇ܲ൰ ∙ ฬୀோభܖ = ܴܶℙ൫ඥ݂߱ܲ/ ܹ൯ (13) 

 
Where n is a unit vector normal to the cylindrical surface and directed inwards. 

 

 

2.3 Dimensionless Formulation 

The equations reported above may be re-written in terms of dimensionless variables. This allows the 
identification of characteristic groups, which aid in the comprehension of the mechanisms governing the 
system performance. The following dimensionless variables have been chosen: 
ܞ  =  ௭ݒܞ
ݎ̃  = ோభ   ;   ̃ݖ = ௭ோభ 

 ሚ݂ = ݂ܹ 

 ෨ܲ = ೆ   with   ܲ = ఓ௩బோభ  

 
With such substitutions, the continuity and mass balance equations become: 
 ∇෩ ∙ ൫ ሚ݂ ෨ܲ∇෩ ෨ܲ൯ = 0 (14) 

  ∇෩ ∙ ൬ ሚ݂ ෨ܲ߱∇෩ ෨ܲ − 1ܲ݁ ሚ݂ ෨ܲ॰෩ ∙ ∇෩߱൰ = 0 
(15) 

 

where ∇෩ is the dimensionless operator and the Peclet number, Pe, represents the ratio between the 
characteristic times of diffusion and convection and is defined as: 
 ܲ݁ = ௭ܴଵࣞݒ  

(16) 
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Boundary conditions in the dimensionless form become: 
 ߱|௭ୀ = ߱	   ;   ܞ|௭ୀ = 1 (17) 

  డఠడ௭ ቚ௭ୀ/ோభ = 0   ;   ෨ܲห௭ୀ/ோభ = ߙ with   ߙ = ಽೆ = ܲ ఓ௩బோభ (18) 

  ∇෩ω ∙ ห̃ୀோమ/ோభܖ = 0   ;   ∇෩P ∙ ห̃ୀோమ/ோభܖ = 0 (19) 

  ቀ߱∇෩ ෨ܲ + ଵ ॰෩ ∙ ∇෩߱ቁ ∙ ቚ̃ୀଵܖ = ටఠሚ෨ߛ−     with  ߛ = ℙௐ ܴܶ ቀఓோభ ቁିଵ/ଶ ሺݒ௭ሻିଷ/ଶ (20) 

  ∇෩ ෨ܲ ∙ ห̃ୀଵܖ = ඨ߱ሚ݂ߛ− ෨ܲ (21) 

 

The behaviour of the system is described as a function of the two characteristic groups introduced in Eqs(18) 
and (20): ߙ and ߛ. The dimensionless formulation expressed by Eqs(14) through (21) is henceforth referred to 
as “fully-coupled model” (FCM). When membrane permeability is low, the rate of recovery may not be 
significantly affected by the radial velocity component. In many cases of practical interest the macroscopic 
quantities, rather than the exact velocity profiles, need to be known. In certain conditions, such quantities may 
be evaluated through the use of a simpler model, in which the radial component of velocity is neglected. 
Furthermore, if fሚ is considered constant and equal to its value at the inlet of the reactor, the fluid-dynamic 
problem becomes one-dimensional, whereas and mass transport is described by convection in the axial 
direction only and diffusion in both the radial and axial directions. The two problems therefore become fully 
uncoupled and the continuity and mass balance equations become: 
 ሚ݂ ݖ߲߲̃ ቆ ෨߲ܲ ෨߲ܲ̃ݖ ቇ = 0 

(22) 

  ሚ݂∇ ∙ ൬ ෨ܲ߱∇෩ ෨ܲ − 1ܲ݁ ෨ܲ॰෩ ∙ ∇෩߱൰ = 0 
 

(23) 

The boundary conditions are the same as those reported in Eqs(17) and (22), whereas the pressure condition 
in correspondence of the membrane becomes: 
 ∇෩ ෨ܲ ∙ ห̃ୀଵܖ = 0 (24) 

In what follows, this simplified model is referred to as “fully-uncoupled model” (FUM). 

2.4 Results and discussion 

Model simulations have been carried out in a wide range of parameters using the finite elements solver 
COMSOL Multiphysics. The number of mesh elements has been increased until no difference in the solutions 
obtained with a finer mesh was observed. This resulted in a problem in the order of five hundred thousand 
degrees of freedom. Computations times remained below one hour per run on a parallel six-processor 
machine regardless of parameters adopted for the specific simulation run. 
The main results are shown in Figures 1-3. In these Figures all of the variables are reported in their 
dimensionless form. Figure 1(a) shows the dimensionless permeate flow rate evaluated with the complete 
model, for Pe = 10 and two different values of γ (1 and 10) as a function of the operating pressure, defined by 
α. The continuous lines have been drawn as reference and their slopes are equal to 0.5 and 1.The slope of 
the curves changes with decreasing permeability, going from 1 to 0.5 as γ decreases. This suggests a 
transition between a condition in which permeation is controlled by mass transport within the packed bed, to 
one in which permeation through the membrane is the rate-limiting process. Figure 1(b) shows a comparison 
between the values of recovery obtained with the two different models, as a function of γ for two different 
values of α and Pe=10. Recovery is defined as the ratio between the flow rates of the permeating component 
across the membrane and at the inlet of the reactor. It is evident that the simplified model underestimates the 
recovery by about 20% when high values of γ are considered.  
In Figures 2(a) and 2(b) a comparison between radial concentration profiles obtained with the two models is 
reported (points: FCM, continuous line: FUM). The curves refer to different axial positions (upper curve: ̃ݖ = 2, 
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lower curve: ̃ݖ = 10), evaluated at α=5x103, Pe=10, and two values of γ (1 and 10). In the first case, the 
profiles obtained are very similar and the low radial gradient indicates that that membrane permeability is 
controlling. For the higher value of γ the profiles obtained with the two models present significant differences, 
particularly at increasing distances from the membrane. It is reasonable to expect that this discrepancy may 
become even more important in non-isothermal conditions or when chemical reactions are present. The high 
radial concentration gradient also indicates that in the situation depicted the process is controlled by mass 
transfer within the packed bed. 
In Figures 3(a) and 3(b) the radial dimensionless velocity profiles in different axial positions (uppermost curve: ̃ݖ = 10, lowermost curve: ̃ݖ = 0.2) for two different values of Pe are shown. In both cases, the value of the 
axial component of dimensionless velocity varies by less than 2% throughout the reactor and is of the order of 
1, having chosen the inlet velocity as the characteristic quantity for the dimensionless formulation. It may be 
seen that when the characteristic time of dispersion is high compared to that of convection, the radial 
component of velocity may reach a value up to 12% of the axial component. Note that radial velocity is 
negative because it is directed towards the inner radius. 
 
a) b) 

 

Figure 1: (a) Permeate flow rate evaluated with the FCM as a function of α for γ = 1 (lower) and 10 (upper); (b) 
Recovery evaluated as a function of γ for α=5x102 (lower) and 5x103 (upper) – comparison between FUM 
(continuous) and FCM (dotted) 

a) b) 

 

Figure 2: Radial concentration profiles evaluated with the FCM (points) and FUM (continuous line) for different 
axial positions. Results have been obtained with α=5x103, Pe=10, and γ (a) 1 and (b) 10 

a) b) 
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Figure 3: Radial dimensionless velocity profiles evaluated with the FCM for α=5x102, γ=10, Pe (a) 1 and (b) 10 

3. Conclusions 

The object of this work is to investigate the effect of different modeling approaches for predicting the 
performance of a membrane gas separation module presenting infinite selectivity towards one of the 
components.  A packed-bed, co-axial cylinder geometry, where the membrane is supported onto the inner 
cylinder is considered. Results stemming from a detailed model, where full coupling between mass and 
momentum transport  is enforced, are compared and contrasted to those obtained through a simplified 
approach, where the influence of the mass leakage through the membrane is neglected as regards the 
solution of the fluid dynamic problem. Significant differences are observed between model predictions both in 
terms of overall separator performance and qualitative structure of the concentration profiles. It is found that 
separation efficiency is always under-predicted when the  coupling between mass and momentum transport is 
neglected. This finding is consistent with the observation that the fully coupled solution displays a radial 
velocity profile always  directed towards the membrane which provides an independent transport mechanism 
superimposed to radial  (effective) dispersion. 
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