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ABSTRACT. In this study, experimental and numerical results of compact tension shear (CTS) specimen and a 
new specimen type under in-plane mixed mode (Mode-I/II) loading conditions are compared with existing in-
plane mixed mode fracture criteria to investigate and understand the nature of fracture behavior properly. The 
material used in numerical and experimental analyses is Al 7075-T651 aluminum machined from rolled plates in 
the L-T rolling direction (crack plane is perpendicular to the rolling direction). In Part 1 of the study, results 
from numerical and experimental analyses are given. Having computed the mixed mode stress intensity factors 
from the numerical analyses, fracture loads are predicted and compared with different mixed mode-I/II fracture 
criteria. The experimental and numerical results show that many criteria are in good agreement with each other 
for predominately mode I to moderate mixed mode conditions. However, existing criteria increasingly differ 
from the experimental measurements for highly mode-II conditions. Using the computational and experimental 
results obtained, improved empirical mixed mode I/II fracture criteria for fracture condition and angle are also 
proposed. 
  
KEYWORDS. Fracture; Mixed Mode; Mode-I/II; Compact Tension Shear; Fracture Criteria. 
 
 
 
INTRODUCTION  
 

lthough many fracture mechanics problems seen in practice can adequately be analyzed by taking into account 
mode-I conditions, there are still many problems that are subjected to mixed mode loading, for which mode-I 
analysis approaches are not sufficient. The mode mixity of the problem can be due to orientation of an initial 

defect existing in the structure due to imperfections or processes such as manufacturing operations. Another source of 
mixed mode loading on the crack is due to the nature of loads that exist on the structure. For such situations, analyses of 
the cracked structure under mixed mode loads and related criteria for fracture conditions are needed. The most basic type 
of mixed mode fracture is mode-I/II, in which both mode-I (opening) and mode-II (shearing) loads act on the crack tip. 
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There are various studies that exist in the literature for mixed mode-I/II fracture. One of the most common fracture 
criterion for in-plane mixed mode problems is maximum tangential (circumferential) stress (MTS), which was proposed by 
Erdogan and Sih [1]. This criterion assumes that, crack propagation starts from the crack tip radially when the tangential 
stress reaches a maximum value and exceeds a critical value or if an equivalent stress intensity factor (Keq) reaches the 
fracture toughness (KIC) propagation becomes unstable and fracture occurs. In this criterion Keq and crack deflection angle 
are given by: 
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Another common fracture criterion developed by Sih [2], is minimum strain energy density criterion. It is based on the 
elastic energy density. According to this criterion crack extends in the direction of minimum strain energy density factor 
and if the minimum strain energy density factor reaches a critical value, which depends on material, crack becomes 
unstable. Substituting the stress intensity factor, kI and kII into the following equations crack deflection angle, θ, can be 
obtained: 
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Nuismer [3] and Hussain [4] expressed the maximum energy release rate criterion according to the Griffith’s theory [5] in 
several different forms. According to this criterion, crack propagates in the direction that strain energy release rate is 
maximum and crack becomes unstable if the maximum strain energy release rate exceeds a critical value. Crack deflection 
angles obtained from maximum circumferential stress criterion and maximum strain energy release rate criterion are the 
same. Consequently, the results of crack deflection angles according to Erdogan and Sih, and Nuismer and Hussain 
criterion are identical.  
Koo and Choy [6] developed the maximum tangential strain criterion proposed by Chang [7] and expressed a new 
criterion called maximum tangential strain energy density criterion. Initial crack growth occurs in the direction of 
maximum tangential strain energy density factor and if the factor reaches a critical value crack initiation occurs. The 
tangential strain energy density factor C and coefficients are defined by: 
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where 3-4=ߢν for plane strain and ߢ=(3-ν)/(1+ ν) for plane stress conditions, ν is Poisson's ratio and μ is shear modulus. 
Then the crack initiation angle θ can be obtained by:  
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For the prediction of fracture limit the determination of equivalent stress intensity factor (SIF) is essential. Several criteria 
exist to compute the equivalent SIF. One of them is Erdogan and Sih criterion. An equivalent SIF was given in Eq. (1). 
Pook [8] developed an in plane mixed mode criterion and proposed the following Eq. (8) that equivalent SIF can be 
obtained from the equation with substituting the KI and KII SIF.  
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Tanaka [9] introduced the concept of the equivalent SIF for mixed mode conditions and the equivalent SIF was defined 
by: 
 

1
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Another criterion developed for in plane mixed mode-I/II problems is Richard criterion [10, 11]. Richard proposed an 
equivalent SIF and crack deflection angle formulation and verified the formulations by a large number of experiments 
[12]. According to this criterion, if the proposed equivalent SIF exceeds a critical value, unstable crack growth occurs. The 
equivalent SIF and crack deflection angle were given by: 
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α1 is a material parameter describes the ratio of KIC/KIIC and generally taken as 1.155. 
In this study, fracture experiments of CTS specimen and a new type of specimen called T-specimen, which has smaller 
dimensions and requires less material, are conducted to check the validity of some of the existing criteria for mixed mode-
I/II fracture conditions and to develop a further refined mode-I/II fracture criterion. In Part 1 of the study, details and 
results of the finite element models including fracture submodels of CTS specimen and description of the test procedure 
for CTS and T-specimens are given. The outline of this paper is as follows: In the next section, experimental results of 
CTS and T-specimen are given. This is followed by comparisons of the experimental results with existing criteria and 
development of an improved mode-I/II fracture criteria.  
 
 
EXPERIMENTAL RESULTS OF MODE-I/II FRACTURE TESTS  
 

his section deals with experimental results of mode-I/II fracture tests of CTS and T-specimen. In the first sub-
section, experimental results of CTS specimen are given in terms of fracture loads, crack lengths and crack 
deflection angles for all tests under different loading angles. The second sub-section contains experimental results 

of T-specimen under different loading angles performed. 
 
Results of CTS Specimen Experiments 
In this sub-section, results from the in-plane mixed mode fracture tests of CTS specimen are presented for different 
loading angles. In Part 1 of this article, details of the experimental set-up, including materials and equipment used, 
specimen preparation and testing procedure, are explained. Tab. 1 summarizes different cases tested. Critical fracture 
loads are determined by load-displacement curves and crack deflection angles are measured from the fracture surfaces. 
Also, a 25 mm-thick CTS specimen is tested for 30° loading angle and its results are given in the table. 
 
 
 

T 
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Specimen No 
Specimen 

Type 
Loading 
Angle (°) 

Thickness 
(mm) 

Crack 
Length 
(mm) 

Pre-crack 
Load 
(kN) 

EXPERIMENTAL 
Critical 

Load (kN) 
Crack 

Deflection 
Angle (°) 

LT-01-150814-01 CTS 0 10.00 46.50 6.5 11.38 0.00 

LT-01-251214-01 CTS 15 10.07 46.07 6.5 26.11 -9.41 

LT-01-251214-02 CTS 15 10.06 45.96 6.5 26.68 -8.75 

LT-01-150814-02 CTS 30 9.60 45.08 6.5 27.52 -26.85 

LT-01-150814-03 CTS 30 10.10 44.94 6.5 28.59 -25.36 

LT-01-150814-04 CTS 30 10.20 45.03 6.5 29.57 -26.42 

LT-01-090215-01 CTS 30 25.00 46.51 6.5 60.23 -26.57 

LT-01-150814-06 CTS 45 10.13 44.95 6.5 35.61 -35.71 

LT-01-150814-07 CTS 45 10.17 44.75 6.5 33.00 -36.03 

LT-01-220814-11 CTS 45 10.13 45.40 6.5 35.60 -36.54 

LT-01-150814-09 CTS 60 10.16 44.93 6.5 46.25 -41.18 

LT-01-150814-10 CTS 60 10.15 45.22 6.5 46.90 -41.11 

LT-01-150814-12 CTS 60 10.18 45.20 6.5 45.71 - 

LT-01-251214-03 CTS 75 10.10 46.38 6.5 62.73 -50.66 

LT-01-150814-04 CTS 75 10.14 45.24 6.5 68.07 -53.64 
 

Table 1: Experimental results of CTS specimen obtained from the mixed mode fracture tests. 
 
Results of T-Specimen Experiments 
Tab. 2 summarizes experimental studies of 25 mm-thick T-specimen performed under different loading cases. As 
mentioned in Part 1 of this paper that loading requirements of 25 mm-thick T-specimens under all loading cases are lower 
than 10 mm-thick CTS specimens.  
 

Specimen No 
Specimen 

Type 
Loading 
Angle (°) 

Thickness 
(mm) 

Crack 
Length 
(mm) 

Pre-crack 
Load 
(kN) 

EXPERIMENTAL 

Critical 
Load (kN) 

Crack Deflection 
Angle (°) 

T-LT-01-251214-01 T 0 24.87 26.03 10.5 19.60 0.00 

T-LT-01-180115-12 T 15 25.00 26.93 10.5 19.80 -11.73 

T-LT-01-180115-13 T 15 24.98 26.34 10.5 19.70 -9.34 

T-LT-01-180115-14 T 30 24.98 26.21 10.5 23.07 -21.95 

T-LT-01-180115-15 T 30 25.00 26.90 10.5 20.64 -18.07 

T-LT-01-251214-02 T 45 25.00 25.24 10.5 28.09 -26.26 

T-LT-01-251214-03 T 45 25.01 25.46 10.5 29.21 -24.15 

T-LT-01-251214-04 T 60 24.96 27.13 10.5 33.59 -33.69 

T-LT-01-090215-18 T 60 25.00 26.58 10.5 34.76 -36.41 

T-LT-01-180115-17 T 75 25.03 26.89 10.5 54.31 -50.19 

T-LT-01-220215-22 T 75 24.96 26.70 10.5 55.04 -53.17 
 

Table 2: Experimental results of T specimen obtained from the mixed mode fracture tests. 
 



 

O. Demir et alii, Frattura ed Integrità Strutturale, 35 (2016) 340-349; DOI: 10.3221/IGF-ESIS.35.39                                                                   
 

344 
 

 
MODE-I/II FRACTURE CRITERION DEVELOPMENT 
 

n this section, development of a mixed mode-I/II fracture criterion by making use of SIFs from finite element 
models and experimental results and comparisons with other existing criteria are presented. In the first sub-section, 
details of mode-I/II fracture criterion development is presented.  In the second sub-section, comparisons of 

developed and some of the existing mode-I/II fracture criteria in terms of fracture loads are presented. This is followed 
by comparisons of the developed criterion with other criteria in the literature in terms of crack deflection angles. 
 
Procedure for Mode-I/II Fracture Criterion Development 
In an effort to develop an improved empirical mixed mode-I/II fracture criterion, mixed mode SIFs obtained from 
detailed finite element models of CTS specimen and fracture results from the tests for different loading angles are used. 
These data are used in a regression analysis using DatafitTM [13], from which the empirical mixed mode-I/II fracture 
criterion formula is determined by performing regression analysis (curve fitting). 
 
Comparisons of Mode-I/II Fracture Criteria In Terms of Fracture Loads 
In this subsection, the predicted fracture load values from the developed criterion are compared with other existing 
criteria in the literature. Applying the method mentioned above, equivalent stress intensity factor (Keq) in the developed 
criterion is defined by: 
 

2 3
eq I II II IIK a (b K ) (c / K ) (d / K ) (e / K )                                         (12) 

 
This equation is developed by using CTS specimen data obtained for 15°, 30°, 45°, 60° and 75° loading cases. 0° loading 
case data is excluded to develop the improved in-plane mixed mode-I/II equivalent SIF equation. Coefficients in Eq. (12) 
are given in Tab. 3. 
 

a b c d e 

3.0731 1.0311 -7.3269 5.7100 -1.4163 
 

Table 3: Coefficients of developed equivalent SIF equation (CTS specimen data used). 
 

Experimental loads and predicted fracture loads obtained from the developed criterion for the CTS specimen along with 
other existing criteria in the literature for different loading cases are given in Tab. 4. The results are also plotted and 
shown in Fig. 1.  
It can be seen from the Fig. 1 that for Erdogan and Sih, Richard and Pook criteria, divergence occurs after 45° loading 
case and increases with increasing loading angle. Tanaka criterion is good agreement with the experimental results up to 
60° loading case but the criterion does not produce accurate result for 75° loading case. Critical load values obtained from 
the developed criterion and experimental results are almost identical with an average error rate of 2.8% for all loading 
angles performed.  
Experimental and predicted T-specimen fracture load values obtained from the developed criterion along with other 
existing criteria in the literature for different loading cases are given in Tab. 5. Critical load values of T-specimen 
according to developed criterion are acquired by substituting mixed mode SIFs obtained from detailed finite element 
analyses of T-specimen for different loading angles in the equivalent SIF equation developed by using aonly CTS 
specimen data.  
Comparisons of experimental and predicted critical fracture load values of T-specimen are presented in Fig. 2. As can be 
seen in the figure, all criteria are in good agreement with the experimental results up to 60° loading case. Divergence 
occurs after 60° loading case for existing criteria. Critical load values obtained from the developed criterion and 
experimental results are almost identical with an average error rate of 5.5% for all loading angles performed. Thus, 
criterion is validated with T-specimen fracture results. Furthermore, T-specimen is also proposed as a new specimen type, 
since its experimental results are validated with the developed and existing criteria.  
 
 
 
 

I 
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Specimen No 
Loading 
Angle 

(°) 

CRITICAL LOAD VALUES (kN) 
Richard   

[10] 
Erdogan 
and Sih   

[1] 

Pook      
[8] 

Tanaka    
[9] 

Developed 
Criterion  

Experimental 
Results 

LT-01-150814-01 0 12.24 12.24 12.24 12.24 - 11.38 

LT-01-251214-01 15 23.66 23.64 23.64 23.92 26.38 26.11 

LT-01-251214-02 15 23.78 23.75 23.75 24.04 26.41 26.68 

LT-01-150814-02 30 26.83 26.68 26.69 28.20 27.05 27.52 

LT-01-150814-03 30 28.45 28.30 28.30 29.89 28.62 28.59 

LT-01-150814-04 30 28.63 28.48 28.48 30.10 28.86 29.57 

LT-01-090215-01 30 62.20 61.88 61.89 65.29 63.02 60.23 

LT-01-150814-06 45 32.05 31.70 31.70 35.86 34.96 35.61 

LT-01-150814-07 45 32.40 32.06 32.05 36.14 35.27 33.00 

LT-01-220814-11 45 30.94 30.60 30.60 34.61 33.57 35.60 

LT-01-150814-09 60 37.78 37.20 37.17 42.36 46.23 46.25 

LT-01-150814-10 60 36.86 36.29 36.26 41.28 44.86 46.90 

LT-01-150814-12 60 37.03 36.45 36.42 41.46 45.08 45.71 

LT-01-251214-03 75 40.92 40.39 40.32 37.29 63.37 62.73 

LT-01-150814-04 75 45.01 44.34 44.36 40.89 72.84 68.07 
 

 

Table 4: Experimental and predicted CTS specimen fracture load values obtained from the developed criterion with other existing 
criteria in the literature. 
 
 
 

 
 

Figure 1: Comparisons of experimental and predicted CTS specimen fracture loads.  
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Specimen No 
Loading 
Angle 

(°) 

CRITICAL LOAD VALUES (kN) 
Richard   

[10] 
Erdogan 
and Sih   

[1] 

Pook      
[8] 

Tanaka    
[9] 

Developed 
Criterion  

Experimental 
Results 

T-LT-01-251214-01 0 21.01 21.01 21.01 21.01 - 19.60 

T-LT-01-180115-12 15 20.21 20.19 20.20 20.36 19.67 19.80 

T-LT-01-180115-13 15 20.46 20.44 20.44 20.60 19.92 19.70 

T-LT-01-180115-14 30 22.22 22.15 22.16 22.81 21.24 23.07 

T-LT-01-180115-15 30 21.88 21.82 21.82 22.51 20.88 20.64 

T-LT-01-251214-02 45 27.05 26.86 26.86 29.01 25.87 28.09 

T-LT-01-251214-03 45 26.75 26.56 26.56 28.62 25.56 29.21 

T-LT-01-251214-04 60 30.89 30.50 30.49 35.10 30.98 33.59 

T-LT-01-090215-18 60 32.20 31.81 31.81 36.46 32.06 34.76 

T-LT-01-180115-17 75 43.93 43.24 43.19 46.07 52.14 54.31 

T-LT-01-220215-22 75 43.97 43.29 43.23 45.89 52.50 55.04 
 

Table 5: Experimental and predicted T-specimen fracture loads obtained from the developed criterion along with other existing 
criteria in the literature. 

 

 
 

Figure 2: Comparisons of experimental and predicted T-specimen fracture load values.  
 
Comparisons of Mode-I/II Fracture Criteria In Terms of Crack Deflection Angle 
In this subsection, the predicted crack deflection angles from the developed criterion are compared with other existing 
criteria in the literature. In an effort to develop an improved empirical mode-I/II crack deflection angle equation, mixed 
mode SIFs obtained from detailed finite element models of CTS and T-specimen and crack deflection angles obtained 
from the experiments for different loading angles are used.  Developed crack deflection angle equation is given by: 
 
 2 3 4 5 2 3 4 5

0 ln( ) ln( ) ln( ) ln( ) ln( )I I I I I II II II II IIa b K c K d K e K f K gK hK iK jK kK              (13) 
 
0° loading case data is excluded as is the case with the development of equivalent SIF equation to develop the improved 
in-plane mixed mode-I/II crack deflection angle equation. Coefficients in Eq. (13) are given in Tab. 6. 
 
 

      a b c d e f g h i j k 

-0.7907 2.0365 -3.4144 2.2844 -0.5928 0.0465 1.1736 -2.6539 1.8244 -0.5330 0.0565 
 

Table 6: Coefficients of developed crack deflection angle equation. 
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Experimental and predicted CTS specimen crack deflection angles obtained from the developed criterion with other 
existing criteria in the literature for different loading cases are given in Tab. 7. Comparison of this data is also presented as 
a graph in Fig. 3. 
 

Specimen No 
Loading 
Angle 

(°) 

CRACK DEFLECTION ANGLES (°) 
Erdogan 
and Sih 

[1] 

Richard 
[10] 

Sih [2]  Nuismer 
[3] 

Hussain 
[4] 

Koo 
and 

Choy [6] 

Developed 
Criterion 

Experimental 
Results 

LT-01-150814-01 0 0.00 0.00 0.00 0.00 0.00 0.00 - 0.00 

LT-01-251214-01 15 -10.28 -12.44 -10.20 -10.28 -10.28 -4.99 -10.49 -9.41 

LT-01-251214-02 15 -10.37 -12.54 -10.29 -10.37 -10.37 -5.04 -10.67 -8.75 

LT-01-150814-02 30 -21.86 -24.36 -21.22 -21.86 -21.86 -12.78 -24.97 -26.85 

LT-01-150814-03 30 -21.72 -24.22 -20.22 -21.72 -21.72 -11.86 -24.70 -25.36 

LT-01-150814-04 30 -21.87 -24.37 -21.24 -21.87 -21.87 -12.79 -24.94 -26.42 

LT-01-090215-01 30 -21.52 -24.02 -20.91 -21.52 -21.52 -12.49 -25.47 -26.57 

LT-01-150814-06 45 -33.64 -35.91 -32.08 -33.64 -33.64 -27.82 -37.03 -35.71 

LT-01-150814-07 45 -33.03 -35.31 -31.51 -33.03 -33.03 -26.82 -36.21 -36.03 

LT-01-220814-11 45 -33.64 -35.90 -32.07 -33.64 -33.64 -27.82 -37.89 -36.54 

LT-01-150814-09 60 -46.00 -48.75 -44.37 -46.00 -46.00 -47.82 -41.03 -41.18 

LT-01-150814-10 60 -46.13 -48.90 -44.52 -46.13 -46.13 -48.01 -41.79 -41.11 

LT-01-150814-12 60 -46.14 -48.91 -44.53 -46.14 -46.14 -48.01 -41.75 - 

LT-01-251214-03 75 -58.39 -63.16 -60.71 -58.39 -58.39 -60.45 -49.48 -50.66 

LT-01-150814-04 75 -58.53 -63.33 -60.94 -58.53 -58.53 -60.55 -54.50 -53.64 
 

Table 7: Comparison of the predicted crack deflection angles using the developed criterion and comparison with other existing criteria 
in the literature. 
 
It can be seen from the Fig. 3 that all criteria show a similar tendency for all loading cases except Koo and Choy criterion. 
When compared with experimental results, crack deflection angles obtained from the criteria, except Koo and Choy 
criterion, show a similar tendency up to 60° loading case and divergence occurs after 60° loading case for all criteria. Crack 
deflection angle values obtained from the developed criterion and experimental results are almost identical with an average 
error rate of 5.13% for all loading angles performed.  
 

 
 

Figure 3: Comparisons of experimental and predicted crack deflection angles - CTS specimen.  
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In Tab. 8, for the T-specimen experimental and predicted crack deflection angles obtained from the developed criterion 
using the CTS specimen data and predictions of other existing criteria in the literature for different loading cases are given.  
 

Specimen No Loading 
Angle (°) 

CRACK DEFLECTION ANGLES (°) 
Erdogan 
and Sih 

[1] 

Richard 
[10] 

Sih [2]  Nuismer 
[3] 

Hussain 
[4] 

Koo 
and 

Choy [6] 

Developed 
Criterion 

Experimental 
Results 

T-LT-01-251214-01 0 0.00 0.00 0.00 0.00 0.00 0.00 - 0.00 

T-LT-01-180115-12 15 -8.55 -10.52 -8.50 -8.55 -8.55 -4.09 -10.94 -11.73 

T-LT-01-180115-13 15 -8.33 -10.27 -8.29 -8.33 -8.33 -3.98 -9.38 -9.34 

T-LT-01-180115-14 30 -15.90 -18.39 -15.63 -15.90 -15.90 -8.28 -19.99 -21.95 

T-LT-01-180115-15 30 -16.45 -18.95 -16.15 -16.45 -16.45 -8.64 -20.76 -18.07 

T-LT-01-251214-02 45 -25.84 -28.25 -24.90 -25.84 -25.84 -16.77 -24.56 -26.26 

T-LT-01-251214-03 45 -25.40 -27.83 -24.50 -25.40 -25.40 -16.29 -24.18 -24.15 

T-LT-01-251214-04 60 -37.31 -39.59 -35.54 -37.31 -37.31 -34.12 -35.32 -33.69 

T-LT-01-090215-18 60 -36.24 -38.51 -34.52 -36.24 -36.24 -32.26 -37.42 -36.41 

T-LT-01-180115-17 75 -51.38 -54.85 -50.73 -51.38 -51.38 -54.33 -46.97 -50.19 

T-LT-01-220215-22 75 -51.69 -55.20 -51.12 -51.69 -51.69 -54.65 -46.39 -52.06 
 

Table 8: Comparison of the predicted crack deflection angles using the developed criterion and comparison with other existing criteria 
in the literature, T-specimen. 
 
Comparison of experimental and predicted crack deflection angles for the T-specimen are presented in Fig. 4. As can be 
seen in the figure, all criteria show a similar tendency with each other and experimental results for all loading cases, except 
Koo and Choy criterion. Crack deflection angle values obtained from the developed criterion and experimental results are 
very close with an average error of 6.25% for all loading angles studied. 
 

 
 

Figure 4: Comparisons of experimental and predicted crack deflection angles - T-specimen. 
 
 
CONCLUSIONS 
 

n this study, fracture experiments of CTS specimen and a new type of specimen, called T-specimen, which has 
smaller dimensions and requires less material were conducted to check the validity of some of the existing criteria for 
mixed mode-I/II fracture conditions and to develop a further refined mode-I/II fracture criterion. A new improved 

empirical mixed mode-I/II criteria for onset of fracture and deflection angle were proposed and comparisons of the 
developed and existing mode-I/II fracture criteria in terms of fracture loads and crack deflection angles were presented. 
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Fracture load results showed that many criteria are in good agreement with each other for predominately mode I to 
moderate mixed mode conditions, but that the existing criteria increasingly differ from the experimental measurements for 
highly mode-II conditions. 
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