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ABSTRACT. Europe has a number of ancient riveted metallic bridges, constructed 
during the second half of the 19th century up to the middle of the 20th century, which 
are still in operation. In this paper, a unified approach is presented to generate 
probabilistic S-N curves to be applied to structural components, accounting for 
uncertainties in material properties. The approach is particularly demonstrated for a 
plate with a circular hole, made of puddle iron from the Portuguese Eiffel Bridge. 
This paper presents an extension of the local strain-based fatigue crack propagation 
model proposed by Noroozi et al. The latter model is applied to derive the 
probabilistic fatigue crack propagation field (p-S-Np field). The probabilistic fatigue 
crack initiation field (p-S-Ni field) is determined using a notch elastoplastic approach, 
to calculate the fatigue failure of the first elementary material block ahead of the 
notch root. 
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INTRODUCTION  
 

he majority of fatigue models proposed in the literature are deterministic. Their application for design purposes 
requires additional safety margins defined with supplementary statistical arguments in order to allow the 
establishment of an appropriate safe design. In this paper, a probabilistic approach is applied to generate 

probabilistic S-N curves for notched details such as a notched plate (plate with circular hole) made of puddle iron from 
the Eiffel bridge, based on local strain fatigue approaches [1]. The plate with a circular hole is of interest since it shows 
similitudes with the riveted plates. Their study allows a better understanding of the fatigue behaviour of riveted joints. The 
model applied in this paper is an extension of the fatigue crack propagation model proposed by Noroozi et al. [2-4] which 
is based on a local strain approach to fatigue. The latter model, named as UniGrow model, is a fatigue crack propagation 
model based on residual stress considerations [2,3]. The selected model is applied in this paper to derive a probabilistic 
fatigue crack propagation field (p-S-Np field) for a detail tested under stress control and a null stress R-ratio. The fatigue 
crack propagation is considered a damaging process consisting on continuous crack initializations over adjacent material 
representative elements of a size, ρ*. Based on pure fatigue crack growth data, the material representative element size, ρ*, 
was previously estimated as can be consulted in references [5-9]. Probabilistic fatigue crack initiation fields (p-S-Ni fields) 
are determined using an elastoplastic approach together with the material p-SWT-N fields. Predicted global p-S-N fields 
(combination of fatigue crack initiation and propagation phases) are compared with experimental S-N fatigue data for the 
notched plate, with a circular hole, made of puddle iron from the Eiffel bridge [10].  
 
 
GENERAL PROCEDURE TO GENERATE P–S–N–R FIELDS FOR NOTCHED DETAILS 
 
Description of the procedure 

he procedure proposed by Correia et al. [1] to derive probabilistic S–N–R fields for notched structural details or 
mechanical components is based on the assumption that crack path is discretized into elementary material blocks 
of length ρ*, placed along the assumed crack path (see Fig. 1). The process is then pictured according to the 

following steps:  
1. Estimation of the p–SWT–N or p–εa–N material fields, as described in next section, using experimental fatigue data 
from smooth specimens. These probabilistic fields will be the basis of the proposed model to evaluate the probabilistic 
S–N fields of the notched details. The selection of the damage parameter (SWT: Smith-Watson-Topper or εa: strain 
amplitude) will depend on material/detail sensitivity to the mean stress or stress ratio. 
2. Estimation of the elementary material block size, ρ*, using fatigue crack propagation data from fatigue crack 
propagation tests as for example using CT specimens, following the procedure by Noroozi et al. [2,3]. The elementary 
material block size is estimated using an iterative optimization procedure in order to result a good fit of the 
experimental fatigue crack propagation data, for several stress ratios, within the estimated S-N field. 
3. Elastoplastic analysis of the uncracked detail in order to evaluate the average local stresses and strains at the first 
element block size ahead of the notch root. This step was performed in this research, using the finite element method 
(see Fig. 2). 
4. Application of the p–SWT–N or p–εa–N fields to derive the p–S–Ni–R field representative of the macroscopic crack 
initiation, in the structural detail/mechanical component, which corresponds to the failure of the first elementary 
material block in the notch root. 
5. Application of a modified version of the UniGrow model to evaluate the fatigue crack propagation in the structural 
detail, using the elementary material block size computed previously on step 2. The residual stress field required in the 
UniGrow model is computed in this paper using elastoplastic finite element analysis. 
6. Computation of the p–S–Np–R field corresponding to the fatigue crack propagation in the notched 
detail/mechanical component (see Fig. 3). 
7. Combination of probabilistic fields from steps 4 and 6 to evaluate the global p–S–Nf–R field for the detail under 
analysis. 

The procedures adopted to compute the probabilistic S–Ni–R and S–Np–R fields, for structural details are summarized in 
Figs. 2 and 3, respectively [1,5]. 

T 

T 
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Figure 1: Representative material blocks along the postulated crack propagation path of a notched detail. 

 

 
 

Figure 2: Procedure for the estimation of the probabilistic fatigue crack initiation field for notched geometries. 
 
Additional considerations on the application of the UniGrow model 
The UniGrow model was proposed by Noroozi et al. [2] to compute the elastoplastic stresses and strains at the elementary 
material blocks ahead of the crack tip, and was further developed in the current study, particularly in what concerns the 
determination of the number of cycles to failure of the elementary material blocks, in the fatigue crack propagation 
regime, according to the following procedure: 

i) The stress intensity factors are determined for the detail under investigation using linear elastic finite element analysis 
and the J-integral method. 
ii) The original procedure for the computation of the residual stress distribution consisted in the following actions: 

a) Elastic stress fields ahead of the crack tip are estimated using analytical solutions for a crack with a tip radius, ρ*, 
and using the stress intensity factors solutions from analytical formulae. 
b) The actual elastoplastic stresses and strains, ahead of the crack tip, are computed using Neuber’s or Glinka’s 
approach [11,12]. 
c) The residual stress distribution ahead of the crack tip is computed using the maximum actual elastoplastic 
stresses resulting at the end of the first load reversal and the subsequent cyclic elastoplastic stress range, σr =σmax -
σ. 
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Figure 3. Procedure for the estimation of the probabilistic fatigue crack propagation fields for the notched geometries. 
 

In this study, sub-steps a), b) and c) were replaced by an elastoplastic finite element analysis in order to allow the direct 
computation of the residual stress fields to be performed. 
iii) The residual stress distribution computed ahead of the crack tip is assumed to be applied on the crack faces, behind 
the crack tip, in a symmetric way with respect to the crack tip. The residual stress intensity factor, Kr, is then computed 
using the weight function method according to the following general expression [13]: 
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To this purpose, the weight function m(x,a) was computed for the cracked detail under consideration using the following 
expression [10]: 
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where H=E (Young's modulus) for generalized plane stress, and H=E/(1-v2) for plane strain, v being the Poisson's ratio; 
KI is the stress intensity factor and uy is the corresponding crack opening displacement. In this research the weight 
functions were computed using a linear elastic finite element model for the cracked geometries. 
iv) The applied stress intensity factor (maximum and range values) is corrected using the residual stress intensity value, 
resulting in the total effective values, Kmax,tot and Ktot [2,3]. For positive applied stress ratios, Kmax,tot and Ktot may be 
computed as follows: 
 

, ,max tot max applied r

tot applied r

K K K

K K K

 

   
          (3) 

 

where Kr takes a negative value corresponding to the compressive stress field. This residual stress correction makes the 
crack propagation model sensitive to the stress ratio effects. In fact, the compressive stresses decrease with increasing 
stress ratio. Consequently, the total stress intensity factors tend to the corresponding applied stress intensity factor. For 
lower stress ratios, the total stress intensity factors will be lower than the applied ones. This step, corresponding to the 
original proposal of Noroozi et al. [2] was followed in this study. 
v) Using the total values of the stress intensity factors, the above steps ii.a) and ii.b) are applied to determine the updated 
values of the actual maximum stress and actual strain range for the material representative elements. Then, Smith-Watson-
Topper (SWT)-N [14] or Morrow’s relations [15] are applied to compute the number of cycles required for the material 
representative element to fail. For materials with the stress propagation rates more sensitivity to the stress ratio, Smith-
Watson-Topper (SWT)-N [14] should be used; otherwise, Morrow’s relation [15] may be adequate. Morrow’s equation 
considered here corresponds to the superposition of Basquin [16] and Coffin-Manson relations [17,18] without any mean 
stress correction. 
The UniGrow crack propagation model will be applied to compute the number of cycles required to propagate an initial 
crack at the notch root of a detail until the critical dimension, responsible for the collapse of the component, is achieved. 
In this research, it is postulated that the crack initiation corresponds to the development of a crack with a size equal to the 
elementary material block dimension, ρ*. In addition to the number of cycles required to propagate the crack, the number 
of cycles required to initiate a crack of a size equal to the elementary material block, ρ*, will be also computed using a local 
approach. For this purpose, an elastoplastic stress/strain analysis will be carried out for the uncracked geometry to derive 
the average stress/strains at the first elementary material block ahead of the notch root (see Fig. 2). 
 
 
PROBABILISTIC εa-N AND SWT-N FIELDS 
 

oth crack initiation and crack propagation simulations are based on a fatigue damage relation, which is required to 
compute the number of cycles to fail the elementary material block. In this paper, probabilistic fatigue models are 
proposed rather than the deterministic SWT-N or εa-N models defined by references [14] or [15], respectively. 

Castillo and Fernández-Canteli [19] proposed a probabilistic εa-N field, based on the Weibull distribution, which allows 
the correlation of the experimental strain-life data. Besides the original p-εa-N field proposed by Castillo and Fernández-
Canteli [19], a generalization of the probabilistic field is proposed in this paper, using an alternative damage parameter. In 
particular, the SWT (=σmax.εa) damage parameter, proposed by Smith-Watson-Topper [14] to account for mean stress 
effects on fatigue life, was used to generate an alternative probabilistic field, sensitive to mean stress effects. Any 
combination of maximum stress and strain amplitude that leads to the same SWT parameter should predicts the same 
fatigue life. The SWT-N and εa-N fields exhibit similar characteristics. Therefore, the p-εa-N field proposed by Castillo and 
Fernández-Canteli may be extended to represent the P-SWT-N field as follows: 
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where SWT0 is the fatigue limit defined in terms of the SWT parameter. The new probabilistic field is illustrated in the Fig. 
4. 
 

 
Figure 4: Percentile curves representing the relationship between the dimensionless lifetime, Nf

*, and the damage parameter, SWT*. 
 
The threshold parameters log (N0)=B and log(0)=C of the p--N model or log(N0)=B and log(SWT0)=C of the p-SWT-N 
model may be estimated using a constrained least squares method. In turn, the Weibull parameters, β, λ and δ, are 
estimated by the maximum likelihood method. More details about the parameters identification procedure can be found in 
reference [19]. 
 
 
EXPERIMENTAL FATIGUE DATA OF THE PUDDLE IRON AND NOTCHED DETAIL FROM THE EIFFEL BRIDGE 
 

he puddle iron from the Portuguese Eiffel bridge is considered in this study. The Eiffel bridge was designed by 
Gustave Eiffel and was inaugurated in 1878 (see Fig. 5). The fatigue behaviour of the material from the Eiffel 
bridge was determined based on fatigue tests of smooth specimens and fatigue crack propagation tests. The 

fatigue tests of smooth specimens were carried out according to the ASTM E606 standard [20], under strain controlled 
conditions and are summarized in Tabs. 1 and 2. 
 

 
 

Figure 5: Riveted metallic Eiffel bridge in Viana do Castelo (Portugal). 
 

The fatigue crack propagation tests were performed using CT specimens, in accordance with the procedures of the ASTM 
E647 standard [21], under load controlled conditions. CT specimens from the Eiffel bridge were defined with a width, 
W=40 mm, and a thickness, B=4.5 mm. The fatigue crack propagation tests were performed for stress R-ratios, R=0.1 
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and R=0.5. The experimental fatigue data is plotted in Fig. 6, along with the regression lines, for each stress R-ratio, which 
were defined according to the Paris’s law [22]. The fatigue crack propagation data of the material from the Eiffel bridge 
shows important scatter due to the significant amount of heterogeneities that characterizes the puddle irons [23]. Details 
about the properties evaluation can be found in reference [24]. 
 

 

E (GPa)   uf  (MPa) yf  (MPa) K’ (MPa) n’ 

193.11 0.30 342.0 292.0 645.95 0.0946 

 

Table 1: Monotonic and cyclic elastoplastic properties of the material from the Eiffel bridge. 
 
 

'
f  (MPa) b  '

f  c 

602.5 -0.0778 0.1595 -0.7972 

 

Table 2: Morrow constants of the material from the Eiffel bridge. 
 
The observation of the Fig. 6b) reveals that the material fatigue crack propagation rates are sensitive to the stress ratio. 
Due to this result, the fatigue crack propagation rates for this material will be modelled using the UniGrow model based on 
the SWT damage parameter.  
Using the experimental fatigue data from the smooth specimens, the p-εa-N and p-SWT-N fields of the material from the 
Eiffel bridge were evaluated and presented in Figs. 7 and 8, respectively. The constants of the Weibull field are also 
included in the figures, in particular the threshold constants (B and C) and the Weibull parameters (β, λ and δ). The 
Weibull field shows a hyperbolic behaviour with the horizontal asymptote representing the fatigue limit of the material. 
A plate with a circular hole, made of puddle iron from the Eiffel bridge, as illustrated in Fig. 9, was considered in this 
investigation. This geometry was fatigue tested under remote stress controlled conditions, for stress R-ratio equal to 0. 
The S-N results presented in this sub-section were obtained using fatigue tests of specimens subjected to load controlled 
conditions, for stress R-ratio equal to 0, and performed on a servo-hydraulic machine rated to 100kN at test frequencies, f, 
ranging between 5 and 10Hz. A total of 15 specimens were tested. The respective fatigue data can be found in Fig. 10 
[10]. The stress range plotted in Fig. 10 corresponds to the net stress range computed at the central section of the plate. 
The p-SWT-N field will be used to model the fatigue crack initiation and propagation fields for the notched structural 
detail. 
 
 

  
a) b) 

 

Figure 6: Fatigue crack propagation data of the material from the Eiffel bridge for distinct stress ratios: a) experimental data; b) trend 
lines for each stress R-ratio. 
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Figure 7: p-εa-N field for the material from the Eiffel bridge. 

 
 

 
Figure 8: p-SWT-N field for the material from the Eiffel bridge. 

 
 

 
Figure 9: Plate made of puddle iron from the Eiffel bridge with a circular hole (dimensions in mm). 
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Figure 10: S-N data of the plate with a circular hole made of puddle iron from the Eiffel bridge. 

 
 
PREDICTION OF THE PROBABILISTIC S-N FIELD FOR A NOTCHED DETAIL 
 

n this section the probabilistic S-N field of the notched detail is computed. The total number of cycles to failure is 
assumed to follow the following split relation: 
 

f i pN N N             (5) 

 
The crack initiation corresponds to the initiation of a crack of a size equal to the elementary material block size, *. The 
number of crack propagation cycles corresponds to the number of cycles required to propagate the initial crack with the 
size of the elementary material block until failure, i.e. unstable crack propagation. The crack initiation is modelled using 
the p-SWT-N field, due to the sensitivity of the material to the stress ratio, which is visible on the fatigue crack 
propagation rates. The crack propagation will be performed using the so-called UniGrow model, using probabilistic fatigue 
damage fields. The value of the elementary material block size, ρ*=12×10-4m, was estimated in the reference [9], using 
fatigue crack propagation data from CT specimens. 
 
Finite element analysis of the notched detail 
A 2D finite element model of the notched detail was proposed, using ANSYS® code [25]. Fig. 11 illustrates a typical finite 
element mesh of the detail, with and without a crack. This mesh exhibits a crack on the left side of the notch. In the 
practice, cracks started at both sides of the notch root and propagated symmetrically in the plate.  Taking into account the 
existing symmetry planes, only ¼ of the geometry is modelled. Plane stress quadratic triangular elements were used in the 
analysis due to the limited specimen thickness. The PLANE 181 elements were used in the analysis of the notch plate 
from the Eiffel bridge. A highly refined mesh at the crack tip region was used in order to model the crack tip notch radius, 
ρ* (see magnification in Fig. 11). The von Mises yield criterion with multilinear kinematic hardening, was used in 
simulations aiming an estimation of the residual stresses. The plasticity model was fitted to the stabilized cyclic curve of 
the material, see Fig. 12. 
 
Prediction of the probabilistic S-Ni-R field 
The p-SWT-N model is used to predict the fatigue crack initiation (failure of the first elementary material block) at the 
notch root of the detail – according to the procedure illustrated in Fig. 2. An elastoplastic finite element analysis was used 
to compute the stress/strain history at the notch root. In order to facilitate the strain amplitude computation, loading 
followed by unloading steps were simulated using a plasticity model identified with the stabilised cyclic stress-strain curve 
of the material. Fig. 13 shows the p-S-Ni field corresponding to the fatigue crack initiation for the detail, for R=0.0. The 
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analysis of the figure reveals that fatigue crack initiation is dominant, since it gives already a good description of the S-N 
fatigue data of the detail. 
 
 

 
a)  

 
b) 

 
c) 

 
Figure 11: Finite element mesh of the plate with a circular hole: a) ¼ of the finite element mesh of the structural retail; b) without 
crack; c) with a side crack and tip notch radius of 1200μm. 
 
 

 
Figure 12: Cyclic curve of the material from Eiffel bridge. 

 
Figure 13: p-S-Ni field for the structural detail made of 
material from the Eiffel bridge. 

 
Prediction of the probabilistic S-Np-R field 
The procedure adopted to compute the probabilistic S-Np field for the notched plate is illustrated in the Fig. 3. A value of 
the elementary material block size, ρ*=12×10-4m, was previously estimated using an independent identification based on 
pure fatigue crack propagation data (see reference [9] for details). Finite element models of the detail were used to 
perform elastoplastic stress analyses aiming the computation of the residual stresses. In addition, linear elastic finite 
element models were used to compute the weight functions required for the residual stress intensity factor computation as 
well as the stress intensity factor solutions for the notched geometry. The stress intensity factors were determined based 
on a linear-elastic finite element analysis using the J-integral method. Fig. 14 presents the stress intensity factor evolution 
with the crack length for a unit remote stress, which was used to determine the Kapplied. Fig. 15 presents the elastoplastic 
stress distribution along the y direction, ahead of the crack tip, and obtained at the end of the first load reversal using an 
elastoplastic finite element analysis. Fig. 16 presents the residual stress distribution along the y direction ahead of the crack 
tip, resulting from the elastoplastic finite element analysis. These residual stresses were computed after loading-unloading 
steps. High compressive stresses are observed at the vicinity of the crack tip. The residual stress intensity factor, Kr, was 
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determined using the weight functions technique as proposed by Eq. (1) and Eq. (2) and using results from linear elastic 
finite element analysis. Those weight functions allow the residual stress intensity factor, Kr, to be computed. Fig. 17 shows 
the evolution of Kr with the applied stress intensity factor range. The resulting data shows a good linear correlation. 
The p-S-Np field of the structural detail was calculated for R=0 using the p-SWT-N field of the material from the Eiffel 
bridge together with the UniGrow model proposed by Noroozi et al. [2], and assuming ρ*=12×10-4m (see reference [9]). 
The use of the p-SWT-N field of the material from the Eiffel bridge to model the fatigue crack propagation is justified by 
the fact that the material showed a crack propagation rate sensitivity to stress ratio effects as argued in Reference [9]. Fig. 
18 illustrates the p-S-Np field obtained for the structural detail under consideration. The comparison of the experimental 
fatigue data with the crack propagation field shows that the crack propagation, despite not negligible, is not the dominant 
damage process, at least for low stress ranges/ high fatigue lives. 
 
 

  
 

Figure 14: Stress intensity factors as a function of the crack 
length, for a unit load (elastic analysis). 

 

Figure 15: Elastoplastic stress distributions along y (load) 
direction for the notched plate, for crack size equal to 2.25 mm. 
 
 

  
 

Figure 16: Residual stress distributions for the notched plate for 
crack size equal to 2.25mm. 

 

Figure 17: Residual stress intensity factor as a function of the 
applied stress intensity factor range for the notched plate. 

 
 
Prediction of the probabilistic S-Nf-R field 
The combined crack initiation and crack propagation S-N fields were computed for the notched plate, using Eq. (5). Fig. 
19 presents the combined (superimposed) results. The analysis of the resulting S-N field highlights the accuracy of the 
proposed methodology. The experimental fatigue data falls inside the 5%-95% failure probability band. The unified 
approach proposed by Correia et al. [1] seems to give fairly promising predictions for notched components [10], in this 
case a plate with a circular hole. 
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Figure 18: p-S-Np field obtained for the notched plate made of material from the Eiffel bridge. 

 
 

 
Figure 19: p-S-Nf field obtained for the notched plate made of material from Eiffel bridge. 
 
 
CONCLUSIONS 
 

 unified approach to derive probabilistic S-N fields proposed by Correia et al. [1] for structural details taking into 
account both crack initiation and crack propagation was applied in this paper. This approach combines finite 
element analyses with the UniGrow model and probabilistic fatigue damage fields of the base material. One key 

parameter in this approach is the definition of the elementary material block size, which was identified using an 
independent procedure based on pure fatigue crack propagation data. The predicted p-S-Ni field for fatigue crack 
initiation on the structural detail, based on the p-SWT-N model and elastoplastic finite element analysis provided a good 
agreement with the experimental results, for R=0. The adaptation of the UniGrow model allowed to reproduce 
satisfactorily crack propagation prediction using residual compressive stress estimation, based on elastoplastic finite 
element analysis of the notched detail, and the p-SWT-N damage model. In this study, and for the plate with the circular 
hole the crack initiation was the dominating fatigue damaging process, while the fatigue crack propagation exerts a small 
influence on global predictions of the P-S-N field, mainly in the high-cycle fatigue regime. The procedure proposed to 
derive the probabilistic S-N curves for structural details shows satisfactory results and proved to be quite efficient since it 
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can be used to reduce the need for extensive testing of structural components. Only small-scale testing data is required, 
fundamentally fatigue data from smooth specimens will be enough. In addition, the representative material block size 
needs to be calibrated for the material and for that purpose the use of pure fatigue crack propagation data will be the most 
adequate choice. 
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