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ABSTRACT. A complete set of eigensolutions is constructed for different 
variants of circular conical bodies: homogeneous cone with one lateral surface 
(solid cone), homogeneous cone with two lateral surfaces (hollow cone) and 
composite cone for different boundary conditions on the lateral surface. It 
has been shown that the constructed eigensolutions can be readily applied for 
estimation of the character of stress singularity at the vertices of conical 
bodies. The character of stress singularity at the vertex of the solid and hollow 
cones for different boundary conditions on the lateral surfaces has been 
defined by direct numerical simulations. Numerical results obtained for solid, 
hollow and compose cones under different boundary conditions on the lateral 
surfaces are discussed.  
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INTRODUCTION  
 

ne of the main findings of the classical elasticity theory is the possibility of existence of singular solutions due to 
the occurrence of infinite stresses at the points of surface non-smoothness, changes in the type of boundary 
conditions, contact of different materials and inside the body at the points of contact of dissimilar materials. An 

example of theoretical justification of this statement can be found in Kondratiev (1967), where it was shown that the 
solutions to the equations of the linear theory of elasticity in the vicinity of angular points can be expressed as 
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or can be written in a more complicated form involving logarithmic components in the case of multiple spectrum points 

n . Here r  is the distance to the angular point, nf  is the function of an angular distribution of the stress field    in the 
vicinity of an angular point, which in 2D case depends on one polar angular variable  , 0c  , and in 3D case - on two 
spherical coordinates , , 1 / 2с    .  
Such a representation of the problem solution suggests that if there are n  with Re 1n  , the stresses tend to infinity at 
r  tends to zero. One of the trends in the construction of the solutions of form (1) concerns the analysis of regions with 
specific configuration. In two-dimensional problems these are plane wedges. For almost half-a century history of studying 
these problems the researchers have investigated nearly all types of wedge-shaped bodies: homogeneous, composite, 
isotropic, anisotropic, etc. In [2-3] the authors give an extended review of the literature concerning the construction and 
analysis of singular solutions in two-dimensional problems of the theory of elasticity. 
In three-dimensional problems one can differentiate between two types of regions: an edge of a 3D wedge (an edge is not 
necessarily rectilinear, the wedge angle can vary along the edge) and a vertex of a polyhedral wedge or a cone. The results 
of some publications have disengaged further interest in the problems of the first class. In these articles (for example, in 
[4]) it has been shown that the solution of the plane and anti-plane problems for wedges obtained in the planes 
perpendicular to the edge of a 3D wedge defines the type of stress singularity at the edge points, through which the plane 
passes. 
In recent years, considerable attention has been focused on studying the stress singularity at the vertices of polyhedral 
wedges or cones. These problems are solved by different algorithms of the finite element method, the boundary elements 
method or by applying the Mellin transformation to the two-dimensional boundary integral equations. Out of numerous 
papers, which have used the concepts of these numerical methods, one should set aside papers [5-12]. 
As in the other branches of the elasticity theory, the analytical methods are of considerable importance both for numerical 
simulation and testing of numerical methods. In three-dimensional problems the analytical methods are generally applied 
to circular cones. One of the pioneering works in this field Bazant and Keer [13] is concerned with the stress singularity 
problem for a solid cone under axisymmetric deformation and torsion, for which the boundary conditions are specified in 
terms of displacement and stresses. A detailed theoretical analysis of the construction of axisymmetric solutions for elastic 
cone is given in [14]. The method of construction of singular and regular solutions to the Laplace and Navier-Stokes 
equations written for the axisymmetric domain is described in [15]. The idea of the method is the expansion of the desired 
solution in the Fourier series in the cyclic coordinate for axisymmetric coordinate systems, which is followed by the 
numerical solution of a sequence of two-dimensional problems for series coefficients. 
In the papers that followed the above cited studies, the analytical solutions were constructed for some particular 
problems. For example, in [16-17] the authors presented the results for a composite cone under axisymmetric 
deformation. In this case, a composite cone is a body composed of two embedded cones, which have a common contact 
surface. The solutions were obtained for the perfect bonding and frictionless slip conditions. The axisymmetric problem 
for a circular cone made of transversally isotropic material was considered in [18]. A rather complete list of papers dealing 
with the investigation of circular cones by the analytical methods can be found in review article [3]. 
The most comprehensive research on this topic was carried out in [19], in which the authors constructed the analytical 
solution for a solid circular cone and presented numerical data on the character of stress singularity at the vertex of a 
circular solid cone with the boundary conditions at the lateral surface specified in terms of the displacements and stresses.  
Compared to the known results, the present work presents a full spectrum of analytical eigensolutions, which allow 
constructing the solutions not only for a homogeneous isotropic cone but also for other types of isotropic cone, as for 
example, for hollow and composite cones for different boundary conditions on the lateral surfaces. 

 
 

MATHEMATICAL STATEMENT OF THE PROBLEM OF CONSTRUCTING EIGENSOLUTIONS FOR SEMI-
INFINITE CIRCULARCONICAL BODIES 
 

onsider a homogeneous circular cone (Fig. 1a), the vertex of which coincides with the center of spherical 
coordinates , ,r   ,  and the base is perpendicular to the axis 0  . The volume occupied by the cone is defined 

as 1 00 , , 0 2r            , and its boundary is defined by the coordinate surfaces  1 0,     . C 
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The case when 1 0  corresponds to a solid cone. 
 

 
 

Figure 1: Hollow cone (a); composite cone (b). 
 
We state the problem of constructing eigensolutions, which will satisfy the homogeneous equations of equilibrium  

 
(1 ) 0S grad div rot rot  u u          (2) 

 
(here 1/1 2S n= - , n  is Poisson's ratio, u is the displacement vector) 
and homogeneous boundary conditions at the surfaces 1 0,q q q q= = for displacements 

 
0, 0, 0ru u u   

          
(3) 

 
and stresses 
 

0, 0, 0r                (4) 

 
or mixed boundary conditions, which in the context of solid mechanics correspond to a perfect- 
slip boundary condition at the lateral surface 
 

0, 0, 0ru               (5) 

 
For the examined body of revolution and boundary conditions (3)-(5), the eigensolutions can be represented as a Fourier 
series [20] in the circumferential coordinate   
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      (6) 

 
Here the dependence on the radius is expressed according to (1), , ,ru u u  -are the components of the displacement 

vector along the , ,r   -axes, , ,r      are the components of the stress tensor,   is the characteristic index. 
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If 1 0  , the region under consideration is bounded by only one coordinate surface 0  , and at 0   is assumed to 
meet the regularity conditions 

 
/ 0, 0, 0ru u u              (7) 

 
In the framework of the proposed problem formulation we can consider a composite cone occupying a region 

(1) (2)V V V  , where a subregion (1)V  (subregion ( 2)V ) is made of the material with the shear modulus (1)  ( ( 2 ) ) 

and Poisson’s ratio (1)  ( ( 2) ) and its geometry is defined by the relations 0 r   , 0 2   , 2 0     

( 1 2    ) (Fig. 1b). In particular cases 1 and 0 can be equal to 0  and  , respectively. For a composite cone  

eigensolutions (6) are constructed for each subregion. At the contact line 2   we can prescribe perfect bonding 
conditions 

 
(1) ( 2 ) (1) ( 2 ) (1) ( 2 ), , ;r ru u u u u u      (1) ( 2 ) (1) ( 2 ) (1) ( 2 ), ,r r                 (8) 

 
or perfect slip conditions 

 
(1) ( 2 ) (1) ( 2 ) (1) ( 2 ) (1) ( 2 ); , 0r ru u                 

      
(9) 

 

Upon substituting Eqns. (6) into the equilibrium Eqn. (2) and going to a new independent variable (1 cos )/2x    [20] 
we obtain the following equations for each harmonic of the Fourier series:  
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Here we introduce the following notation: 

 
       1 22 1 1 2 / 2 1 , 3 4 /(2 1),     H H              

 
         1 2 32 1 / 1 2 , 1 , 2 4 4 / 1 2 .G G G                

 
Using (6) we can reduce boundary conditions (3)-(5) and regularity conditions (7) to condition for 
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displacements 
 

( ) ( ) ( )0 ,     0 ,     0 ,     k k ku x v x w x= = =     (13) 
 
stresses 
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                                                                    (14) 
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CONSTRUCTION OF PARTIAL SOLUTION FOR ZEROTH HARMONIC OF THE FOURIER SERIES 

 
 solution for zeroth harmonic of the Fourier series is considered separately, because it does not follow explicitly 
from the algorithm for construction of partial solutions to the system of differential Eqns. (10)-(12) for any  

0k  . At 0k   there are two problems: axisymmetric rotation and axisymmetric deformation. In the first 
problem, the component of the displacement vector 0w  is defined by Eqn. (12). In the problem of axisymmetric 

deformation the components of the displacement vector 0 0,u v  are defined by Eqns. (10), (11). 

The solutions for the function 0w  are constructed in the form of the generalized power series 
 

   
0

0

m
m

m

w x R x 






             (16) 

 
where mR  are the coefficients of the series,   is the characteristic index.  
The possibility of constructing a solution in the form of (16) was proved in [21]. For Eqn. (12) the point 0x   is a regular 
singular point. In this case, one of the partial solutions is written as a power series (16), for which the range of 
convergence lies in the interval 0 1x  , because the value 1x   is the zero of the high-order derivative. function closest 
to the point 0x  .  
The coefficients of the series mR and the characteristic index    are found by substituting (16) into (12). Setting to zero 

the expressions with like powers of x  , yields a recurrence relation for mR : 
 

       
  

1

2

2 2 1 2 2 1 4 1 2 2 1 1
4 2 1 0,( =0, if 0 )   

m m

m m

m m R m m R
m m R R m

     
   





             
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(17) 

 
From the condition of existence of non-zero solution for 0R we obtain the characteristic equation: 

 
(2 1)(2 1) 0              (18) 

 
for which 1 1/2   and 2 1/2    are the roots.  
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According to the theory of differential equations [21], there always exists a solution in the form of a generalized power 
series (16), that fits the largest root 1 . Substituting the value of the root 1 into (17), we obtain a recurrence relation for 

(1)
mR  
 

 
 

  
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2 2
(1) (1) (1) (1)
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2 2 1 2 2 3 2
,  0,  1

1 4 1m m m
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m m m m
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 

      
   

 
  (19) 

 
Here in after, the superscript will denote the number of the partial solution. 
After completing these transformations we obtain the first partial solution for Eqn. (12) represented as a generalized 
power series  

 

 
1

(1) (1) 2
0

0

m

m
m

w x R x
   
 



 
 
  

          (20) 

 
A quantity that plays an important part in the construction of the second, linearly independent partial solution in the form 
of the generalized power series is the difference in the roots of the characteristic equation [21], i.e. the number 

1 2 1     . If the number g  is not a positive integer there exists a second, linearly independent solution in the form 
of the generalized power series (16). However, if   is a positive integer, the existence of the second partial solution in the 
general case in the form of a generalized power series (16) is not assured.  This is exactly the case we have, because 

1 2 1.      
To eliminate this ambiguity, we use an approach, which is based on a subsequent reduction of the initial differential 
equation and retention of a certain number of series terms.  

The performance of this technique is illustrated by way of constructing the second particular solution  ( 2)
0w x  to Eqn. 

(12) at 0k  , which corresponds to axisymmetric deformation. 
Eqn. (12) at 0k  takes the following form: 
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   (21) 

 
The construction of the second particular solution proceeds as follows. At the first stage using the obtained  first 

particular solution  (1)
0w x  (20) we reduce the second order differential Eqns. (21) to the first order equation replacing 

the desired solution in Eqn. (21) by the relation [21] 
 

   (1)
0 0 ( )w x w x F x dx            (22) 

 
where ( )F x is a new unknown function. 
Upon this substitution we obtain the linear first-order differential equation for 
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For this equation we can also construct a solution [21] for F(x) in the form of a generalized power series 
 

( )

0

( ) m
m

m

F x N x 






             (25) 

 
In the traditional approach, the coefficients  mN  and index  of this series are determined by substituting (25) into Eqn. 

(23). By setting the expressions of the same power of x  equal to zero we can obtain the recurrence relations for mN  and 

from the condition of the existence of zero solution for 0N  we get the characteristic equation, determining the index  . 
However, it should be noted that practical implementation of this procedure presents considerable difficulties, because the 
expressions in front of the function ( )F x and its derivatives in Eqn. (23) will appear in the form of in finite series. 
Moreover, the fact that that after construction of series (25) it will be necessary to proceed to the solution ( )0w x  through 
the relation (22), implies that analytical transformations of infinite series will become increasingly complex. 
In this regard, we suggest using an algorithm, which allows us to circumvent the above difficulties in the construction of a 
particular solution. To illustrate our ides we will apply the proposed algorithm to Eqn. (23). 
1. At the first stage we define the form of the characteristic equation for the index . For this purpose, we retain in the 
series (25) only the first term with the coefficient 0N , and in the expressions (24) in front of the function ( )F x and its 
derivatives in Eqn. (23) we retain only the lowest powers of the variable x , which, however are not less than the order of 
the highest derivative (in this case, for Eqn. (23) this is the first order). After these manipulations the coefficients (24) take 
the following form: 
 

(1) 1/2
1 0

(1) 1/2 (1) 3/2 2 (1) 1/2 (1) 1/2
0 0 1 0 1

( ) (1 )

( ) (1 2 )( ) 2( )(1/2 3/2 ).

P x x x R x

P x x R x R x x x R x R x

 

     
   (26) 

 
2. Upon substituting relations (25) and (26), in which we retain only the first term with the coefficient 0N  , into Eqn. (23) 
and setting to zero the expression with the lowest power of  x  , we obtain 
 

0 ( 2) 0N               (27) 
 
From (27) it follows that the characteristic index 2   . With a knowledge of this index we can formally represent the 
structure of the solution for ( )F x : 
 

2 1 0
0 1 2 3( ) ...F x N x N x N x N x             (28) 

 
Using the obtained solution (28), we can find a formal representation of the second particular solution for   0w x  based 

on the relation (22). In this case the number of the series terms retained in the series (28) and (20) should be no less than 
  (namely, no less than 2). Substitution of these segments of the series into relation (22) yields 

 

 
3

(1) ( 2 ) ( 2 ) (1/2)
0

0

( ) ( ) ln( )m m
m

w x F x dx R x T x x


            (29) 

 
Thus, after generalization of this form of relation to the infinite number of terms we obtain the following form of the 
second particular solution: 
 

      1/2( 2 ) ( 2 ) ( 2 )
0

0

lnm m
m

x R T x x




             (30) 

 

In this expression the coefficients ( 2 )
mR , ( 2 )

mT  are still to be defined. 
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3. Substituting relation (30) into the initial differential Eqn. (21) and equating to zero the expressions with the same 

powers of x , we obtain the recurrence relations for determination of the coefficients ( 2 )
mR , ( 2 )

mT   
 

  
 

  
 

2
( 2) ( 2) ( 2)

1 2

1 2 3 2 3 2 2 5 2

1 4 1m m m

m m m m
T T T

m m m m

   
 

          
   

 
 

  
 

 
 

  
 

 
 

2
( 2) 2 ( 2) ( 2 )

1 1

( 2) ( 2 )
2 2

1 2 31 2 4 5

1 1 1

2 3 2 2 5 2 2 2

4 1 1

m m m m

m m

m mm m
R T R T

m m m m m m

m m m
R T

m m m m

 

 

 

 

         
  

    
 

 

    (31) 

 ( 2) ( 2) ( 2) ( 2)
0 1 0 1( 1,       1,     1 ,      1,      1)m T T R R         

 
The proposed algorithm is valid for the linear ordinary differential equations of any order. 
Hence, the proposed method allows us to define step by step the types of the generalized power series for all partial 
solutions of the initial differential equation and in all partial solutions to set apart the regular from irregular solutions (in 
our case for 0x  ). Such a capability of the method is rather essential for constructing solutions to particular problems, 
for example, for hollow and composite cones.  

The form of the obtained solutions (1) ( 2 )
0 0 , w w  suggests that (1)

0w  is a regular solution, and (2)
0w  is irregular solution at 

0x  . 

A general solution to differential Eqn. (12) takes the following form: 

 

     (1) ( 2)
0 1 0 2 0w x C w x C w x            (32) 

 

where 1C , 2C  are the constants defined by the prescribed combination of the boundary conditions (3) - (5). 
To construct partial solutions to Eqns. (10), (11), corresponding to the axisymmetric deformation, we need to solve this 
system for 0v    
 

 
 

 
 
             3 2

2 0 0 0
0 3 22

1 1
4 2 2 1

1 2

x x S d u x d u x du x
v x x x x S

S dxdx dx  

              
 (33) 

 

and with respect to the function 0u , which yields a differential equation of the fourth order 
 

( )
( )

( )( )
( )

( )( )( )[ ]
( )

( )( )
( ) ( )( )( ) ( )

4 3 2
22 0 0 0

4 3 2

20
0

1 1 4 8 2 2 3 2 1

2 2 2 1 1 2 0

d u x d u x d u x
x x x x x x x

dx dx dx
du x

x u x
dx

a a

a a a a a a

- - - - + - + - - + -

- + - - + - + =
 (34) 

 

This equation is the differential equation with a regular singular point. Therefore, the linearly independent partial solutions 
can be represented in the form of convergent generalized power series. Using the above procedure for constructing such 

series, we obtain four partial solutions (1) ( 2 ) (3) (4 )
0 0 0 0, , , u u u u written as  

 

     

           

1(1) (1) (2) (2)
0 0

0 0

1(3) (3) (3) (4 ) (4 ) (4 )
0 0

0 0

 ,                        ,

ln ,      ln ,

m m
m m

m m

m m
m m m m

m m

u x A x u x A x

u x A B x x u x A B x x

 


 

 


 

       

         

 

 
   (35) 
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where the coefficients (1) ( 2 ) ( 3) ( 4 ) (3) (4 ) ,  ,  ,  ,  ,    m m m m m mA A A A B B  are determined from the recurrence relations available on E-
resource (www. icmm.ru/compcoeff) and can be calculated using the suggested options. For this purposes, it is necessary 
to input the number of terms of a series m , Poisson's ratio  , the number of harmonics k  and the desired  , which can 
be either complex or real. 

Substituting (35) into (33), we obtain partial solutions (1) ( 2 ) (3) ( 4 )
0 0 0 0, , , v v v v  for the function 0v  

 

( )
( )

( )[ ]( )

( )
( )

( )[ ]( )

( )
( )

( )[ ]( )
( )

( )( )

( )
( )

( )[ ]( )
( )( ) ( )

(1) (1)
0 2

0

(2) (2)
0 2

0

(3) (3) (3)
0 2

0

(4) 1(4) (4)
0 2

0

1
,

1 2

1
,

1 2

1 1
ln ,

1 2

1
ln

1 2

m
m

m

m
m

m

m
m m

m

m
m m

m

x x
v x P x

S

x x
v x P x

S

x x S
v x P D x x

xS

x x
v x P D x x

S

a a a

a a a

a a a

a a a

¥

=

¥

=

¥

=

¥
-

=

- é ù= ê úë û- - +

- é ù= ê úë û- - +

ì üï ï- + é ùï ï= + +í ýê úï ïë û- - + ï ïî þ

ì- é ù= + ⋅ê úë û- - +

å

å

å

å ,
üï ïï ïí ýï ïï ïî þ

   (36) 

 

where the coefficients (1) (2) (3) (4) (3) (4) ,  ,  ,  ,  ,    m m m m m mP P P P D D  are available on E-resource (www. icmm.ru/compcoeff)  and 
can be calculated ibidem. 
A general solution for 0u  and 0v  can be written as  

 

         
         

(1) ( 2 ) (3) (4 )
0 1 0 2 0 3 0 4 0

(1) ( 2) (3) (4 )
0 1 0 2 0 3 0 4 0

,u x C u x C u x C u x C u x

v x C v x C v x C v x C v x

       

       
     (37) 

 
where 1 2 3 4, , ,C C C C  are the constants defined by the prescribed combination of boundary conditions (3) - (5). 

 
 

CONSTRUCTION OF PARTIAL SOLUTION FOR NONZEROTH HARMONICS OF THE FOURIER SERIES 
 

he construction of partial solutions to Eqns. (10)-(12) involves some transformations [21], which yield a system of 
two differential equations with respect to ,  k kw v  
 

                   

                       

4 3 2

4 3 2 1 04 3 2

2 3 2

2 0 3 2 1 02 3 2

0k k k k
k

k k k k
k k

d w x d w x d w x dw x
f x f x f x f x f x w x

dxdx dx dx

d v x d w x d w x dw x
x x v x x x x x w x

dxdx dx dx
     

    

    

 (38) 

 
where 0 1 2 3 4 0 2 0 1 2 3,   ,   ,   ,   ,  ,  ,  ,  ,  ,  f f f f f        are given by 
 

            2 22
0

1 1
1 1 2 3 2 1 1 1 1

2 16
f x x x x x k k k               

 

            2 22
0

1 1
1 1 2 3 2 1 1 1 1

2 16
f x x x x x k k k               

 

       2 2
1

1 1
1 2 1 4 3 1

2 2
f x x x x x x k             

T 
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      22 2 2
2

1
1 4 18 1 13

2
f x x x x x k            
         3 43 4

3 46 1 2 1 1f x x x x f x x x           (39) 

          

      

      

         

22 2
0 2

2
0

2 2
1

2 3
2 3

2 3

1
1 1 1 ; 1

4
2 11

4 1 1 1
2

11
4 4 1 1

2

1 1
5 2 1 2

x x x k x x x

x
x x x x k

k
x

x x x x k
k

x x
x x x x x

k k

   

  

  

 

      


       

       

 
   

 

 
Moreover, the results of these transformations is a set of equations, which relate the function ku  to the functions ,   k kw v  
and their derivatives 

 

( )
( )

( ) ( )
( )

( )
( )

( )2
2

2

1
4 1 4 2 1

2 1 2 2
k k

k

x x d w x dw x
u x x x x x

x x k S S dxdxa

ì- ïï= - + - -íï- + + ïî  

( )( ) ( ) ( ) ( )
( )

( )( ) ( )24 1 1 1 1 2 1 2 1 2k
k k

dv x
x x k S w x kSx x k x S v x

dx
a a

üé ùïïé ù- - + + + + - - + - +ê úýê úë û ïê úë ûïþ
 (40) 

 
Eqn. (38) is independent of (39) and represents a linear differential equation of the fourth order with respect to the 
function kw . Eqn. (39) can be considered as a differential equation of the second order with respect to the function kv  

with right –hand side depending on kw . Such a peculiarity of the differential Eqns. (28) and the obtained relation (30) 

allows us to determine the sequence of constructing partial solutions for functions ,  ,  k k kw v u . The hang of this sequence 

can be outlines as follows. First, from the solution of Eqn. (38) we obtain four partiсular solutions (1) ( 2 ) ( 3) ( 4 ),  ,  ,  k k k kw w w w , 
written as 

 

   

         

1 1
(1) (1) ( 2 ) ( 2 )2 2

0 0

1 1
(3) (3) (3) (4 ) (4 ) (4 )2 2

0 0

, ,

ln , ln

k k
m m

k m k m
m m

k k
m m

k m m k m m
m m

w x A x w x A x

w x A B x x w x A B x x

         
   

 
         

   

 

   
    
      
   
      
      

 

 
  (41) 

  

where the coefficients 
(1) ( 2) (3) (4 ) (3) (4 ),   ,   ,   ,   ,   m m m m m mA A A A B B  can be determined and calculated E-resource (www. 

icmm.ru/compcoeff). 

Then substituting the obtained particular solutions (1) ( 2 ) ( 3) ( 4 ),  ,  ,  k k k kw w w w  into the right-hand side of Eqn. (28. b) and 

solving it as an inhomogeneous equation we arrive at four partial solutions (1) ( 2 ) (3) ( 4 ), , ,k k k kv v v v , which can be written as 
 

( ) ( )

1 1
(1) (2)(1) (2)2 2

0 0

, ,
k k

m m

m mk k
m m

v x P x v x P x
æ ö æ ö+ -÷ ÷¥ ¥ç ç+ +÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

= =

é ù é ù
ê ú ê ú= =ê ú ê ú
ê ú ê ú
ë û ë û

å å

( ) ( )

1
(3) (3) (3) 2

0

ln ,
k

m

m mk
m

v x P D x x
æ ö- ÷¥ ç - ÷ç ÷÷çè ø

=

ì üï ïï ïï ïé ù= +í ýê úë ûï ïï ïï ïî þ
å       (42) 
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( ) ( )

1
(4) (4) (4) 2

0

ln ,
k

m

m mk
m

v x P D x x
æ ö+ ÷¥ ç - ÷ç ÷÷çè ø

=

ì üï ïï ïï ïé ù= +í ýê úë ûï ïï ïï ïî þ
å  

 

where the coefficients 
(1) ( 2) (3) (4 ) (3) (4 ),  ,  ,  ,  ,  m m m m m mP P P P D D  can be determined and calculated E-resource (www. 

icmm.ru/compcoeff). 

Then, solving Eqns. (39) as a homogeneous one, we find two more partial solutions (5) (6),  k kv v . The form of this 
differential equation indicates that the point 0x   is a regular singular point. The construction of partial solutions in the 
form of the generalized power series is accomplished in the framework of the proposed approach. The obtained partial 
solutions are expressed as 

 

 
1

(5) (5) 2

0

,
k

m

k m
m

v x P x
   

 



 
 
  

     
1

(6) (6) (6) 2

0

ln
k

m

k m m
m

v x P D x x
   

 



 
  
  

   (43)

 
 

where the coefficients 
(5) (6) (6), ,m m mP P D  can be determined and calculated E-resource (www. icmm.ru/compcoeff). 

At the next stage, we use the partial solutions (1) ( 2 ) (3) (4 ),  ,  ,   k k k kw w w w , (1) ( 2 ) (3) (4 ) (5) (6),  ,  ,  ,  ,  k k k k k kv v v v v v  and the obtained 

relation (40) to derive six partial solutions (1) ( 2 ) (3) (4 ) (5) (6),  ,  ,  ,  ,  k k k k k ku u u u u u , which are expressed as 
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where the coefficients 
(1) ( 2) (3) (4 ) (5) (6) (3) (4 ) (6),  ,  ,  ,  ,  ,  ,  ,  m m m m m m m m mE E E E E E G G G  for any value of 0m   can be determined 

and calculated E-resource (www. icmm.ru/compcoeff). 
The general solutions for ,  ,  k k ku v w  are given by 

 

             
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v x C v x C v x C v x C v x C v x C v x
v x C v x C v x C v x C v x C v x C v x
w x C w

           
           
           
         ) ( 2) (3) (4 )

2 3 4k k kx C w x C w x C w x     
  (45) 
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where 1 2 3 4 5 6, , , , ,C C C C C C  are the constants defined by the prescribed combination of boundary conditions (3) –( 5). 
 
 
EXAMPLE OF CALCULATION OF CHARACTERISTIC INDICES FOR CONICAL BODIES 
 

he general solutions obtained for 0k   and 1k   under the prescribed combination of the boundary conditions 
were used to construct a homogeneous system of algebraic equations with respect to constants iC  for the 
examined conical body. The coefficients of this system of equations depend on the vertex angles of conical 

bodies, elastic characteristics of the materials and characteristic index  . The indices  , defining the character of stress 
singularity at the vertices of conical bodies are calculated from the condition of the existence of non-zero solution to the 
system of linear algebraic equations.   

 
Solid cone 
Let us consider a solid cone ( 00 , 0 , 0r          ). For this case, in general solutions (32), (37), (45) it is 
necessary to retain terms with particular solutions (15) at 0x   (or 0  ).  
Subject to this condition the solutions take the following form: 
 
axisymmetric rotation ( 0k  ) 

 

   (1) (1)
0 0 0w x C w x            (46) 

 
axisymmetric deformation ( 0k  ) 
 

     
     

(1) (1) ( 2 ) ( 2)
0 0 0 0 0

(1) (1) ( 2) ( 2)
0 0 0 0 0

,u x C u x C u x

v x C v x C v x

   

   
        (47) 

 
non-axisymmetric deformation ( 0k  ) 

 

       
       
     

(1) (1) ( 2 ) ( 2 ) (5) (5)

(1) (1) ( 2 ) ( 2 ) (5) (5)

(1) (1) ( 2 ) ( 2 )

k k k k k k k

k k k k k k k

k k k k k

u x C u x C u x C u x

v x C v x C v x C v x

w x C w x C w x

     

     

   

      (48) 

 
The substitution of these solutions in one of the boundary conditions (3)–(5) at 0q q=  yields a system of linear 

homogeneous algebraic equations for the unknown quantities, (1) ( 2 ) (1) ( 2 ) (5)
0 0, , , ,k k kC C C C C , which have the following 

representation:  
 
axisymmetric rotation ( 0k  ) 
 

(1) (1,1)
0 0 0C             (49) 

 
axisymmetric deformation ( 0k  ) 
 

(1) (1,1) ( 2 ) (1,2 )
0 0 0 0

(1) ( 2,1) ( 2 ) ( 2,2 )
0 0 0 0

0,

0.

C C

C C

   

   
         (50) 

 
non-axisymmetric deformation  ( 0k  ) 
 

T 
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(1) (1,1) ( 2 ) (1,2 ) (5) (1,5)

(1) ( 2,1) ( 2 ) ( 2,2 ) (5) ( 2,5)

(1) (5,1) ( 2 ) (5,2 ) (5) (5,5)

0,

0,

0.

k k k k k k

k k k k k k

k k k k k k

C C C

C C C

C C C

     

     

     

       (51) 

 

A particular form of the coefficients (1,1)
0 , (1,1)

0 , (1,2 )
0 , ( 2,1)

0 , ( 2,2 )
0 , (1,1)

k , … (5,5)
k  will be specified by the selected 

boundary conditions, but in any case these coefficients will depend on the finite series determining the form of particular 

solutions (1)
0w ,  (1) (1) ( 2 ) ( 2 )

0 0 0 0, , ,u u  , (1) (1) (1) ( 2 ) ( 2 ) ( 2 ) (5) (5), , , , , , ,k k k k k k k ku w u w u    the cone angle, the elastic characteristics of the 
material and the sought-for characteristic index  . 
The condition for the existence of nontrivial solutions to the systems of the algebraic Eqns. (49) - (51) are written as 

 
(1,1)

0 0             (52) 
 

(1,1) (1,2)
0 0

( 2,1) ( 2,2)
0 0

det 0
     
   

         (53) 

 
(1,1) (1,2 ) (1,5)
0 0 0

( 2,1) ( 2,2 ) ( 2,5)
0 0 0

(5,1) (5,2 ) (5,5)
0 0 0

det 0

   
      
     

        (54) 

 
From these relations we obtain the values of the characteristic indices  for each of the examined cases (axisymmetric 
rotation, axisymmetric deformation and non-axisymmetric deformation).  
When implementing numerically the algorithm for evaluation of the characteristic indices one should bear in mind that the 
number of terms in the series of constructed particular solutions (20), (30), (35), (36), (41) – (44) is selected in such a way 
that a subsequent increase in their number do not change the values of the characteristic indices in the third decimal place. 
It should be noted that the most “unfavorable” cases required the retention of 300-400 series terms. Fig. 2 presents the 
values of Re 1n  , determining singular solutions for a solid cone under the boundary conditions expressed in terms of 
displacements and stresses. The values given on the graphs are identical to the data presented in [19].  
 

 
Figure 2: Re 1n   as a function of the vertex angle of the solid cone with boundary conditions on the lateral surface for 
displacements (a) and stresses (b) (▲ - 0k  ,●- 1k  ,■ - 2k  ).   
 
It should be noted that the singular solutions for a solid cone under the boundary conditions in terms of stresses take 
place for the zeroth, first and second harmonics of the Fourier series and under the boundary conditions in terms of 
displacements- for the zeroth and first harmonics of the Fourier series.  
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All results in this paper were obtained for a material with Poisson’s ratio 0.3  . 
Fig. 3 displays new data on the character of stress singularity at the vertex of the solid cone for the perfect-slip boundary 
conditions at the lateral surface. Here singular solutions occur at the zeroth first and second harmonics of the Fourier 
series and at the angle 0  less than 180°. 

 

 
Figure 3: Re 1n   as a function of the vertex angle of the solid cone under the perfect slip boundary conditions on the lateral surface 
(▲ - 0k  ,●- 1k  ,■ - 2k  ). 
 
 

 
Figure 4:  Variation Re 1n   with the angle 0  at fixed values of the angle 1  

of the hollow cone under zero-stress boundary 
conditions on the lateral surface (▲ - 0k  ,●- 1k  ,■ - 2k  ). 
 
The algorithm for evaluation of the characteristic indices described above was applied to a hollow cone with two conical 
boundary surfaces 0 

 and 1  subject to different homogeneous boundary conditions (13) - (15). Note that in 
search for a solution to this problem we had to use a full set of particular solutions 

( (1) ( 2 )
0 0, ,w w (1) (1) ( 2 ) ( 2 ) (3) (3) (4 ) (4 )

0 0 0 0 0 0 0 0, , , , , , , ,u u u u    (1) (1) (1), , ,k k ku w (1) (1) (1) ( 2 ) ( 2 ) ( 2 ) (3) (3) (3), , , , , , , , ,k k k k k k k k ku w u w u w   (4 ) (4 ) (4 ), , ,k k ku w
(5) (5) (6) (6), , ,k k k ku u  ) defined by relations (20), (30), (35), (36), (41) - (44). Since the number of particular solutions doubled, 

the order of determinants (52) - (54) doubled, too. 
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Fig. 4 shows the dependence of the eigenvalues Re 1n   on the cone angle formed by the external surface 0  at 

different values of the internal cone angle 1 . The conical surfaces meet zero boundary conditions for stresses. Here the 
solid line corresponds to real eigenvalues and the dashed line - to complex eigenvalues.  
In Fig. 5, the dependence of eigenvalues Re 1n   on 0  is plotted for two values of the internal cone angle for the case 
when the conical surfaces meet zero boundary conditions for displacements.  

 

 
Figure 5:  Variation Re 1n   with the angle 0  at fixed values of the angle 1  

(▲ - 0k  ,●- 1k  ) of the hollow cone under zero-
stress boundary conditions on the lateral surface.   
 
For a hollow cone different combinations of the boundary conditions can be realized at the internal and external conical 
surfaces. We have considered two variants. In the first case, the internal surface meets the zero-stress boundary conditions 
and the external surface – the condition of zero displacements. In the second case the condition of zero displacements is 
prescribed on the internal surface and on the internal surface – the condition of zero stresses.  
The variation of the stress singularity index Re 1n   with the cone angle 0  formed by the external surface at different 
values of the internal cone angle is shown in Fig. 6. The eigenvalues, at which singular stresses occur, are observed at the 
values of 0  higher than 80˚. 

 

 
Figure 6: Re 1n   as a function of 0  for different values of the cone angle 1  at zero stresses on the internal surface and zero 
displacements on the external lateral surfaces (▲ - 0k  ,●- 1k  ,■ - 2k  ). 

 
For the second variant of the boundary conditions the dependence of the values of Re 1n   on 0  is shown in Fig. 7.  
 
Composite cone 
In the case of a composite cone the algorithm for computation of characteristic indices presented in subparagraph “Solid 
cone” can be applied to different versions of a composite cone. First we consider a composite cone with a single 
boundary conical surface 0   and contact boundary 2  . A solution to this problem is found by using regular 

particular solutions for the internal sub-domain  1 2(0 , , 0 2 )r            and non-regular particular 

solutions defined by relations ((20), (30), (35), (36), (41) - (44)) for the external sub-domain 2 0(0 , ,r        
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0 2 )   . As second case we consider a composite cone with two boundary conical surfaces, and contact boundary. In 
this case, it is necessary to use a full set of particular 

( (1) ( 2 )
0 0, ,w w (1) (1) ( 2 ) ( 2 ) (3) (3) (4 ) (4 )

0 0 0 0 0 0 0 0, , , , , , , ,u u u u    (1) (1) (1), , ,k k ku w (1) (1) (1) ( 2 ) ( 2 ) ( 2 ) (3) (3) (3), , , , , , , , ,k k k k k k k k ku w u w u w   (4 ) (4 ) (4 ), , ,k k ku w  
(5) (5) (6) (6), , ,k k k ku u  ) defined by relations ((20), (30), (35), (36), (41)-(44)) both for the internal and external sub-domains. 

 

 
Figure 7: Re 1n   as a function of 0  for different values of the cone angle 1  of the hollow cone at zero displacements on the 
internal surface and zero stresses on the external lateral surfaces (▲ - 0k  ,●- 1k  ,■ - 2k  ). 

 
 

 
Figure 8:  Re 1n   at different values of 1 2log( / )G G   for 2 0 1 260 , 120 , 0.3         (a). Re 1n  at different values of   

Poison`s coefficient for 1 2,   for 2 060 , 120     (b). (▲ - 0k  ,●- 1k  ,■ - 2k  ). 

 
As an example, let us consider a composite cone with zero stress conditions on the external lateral boundary surface and 
perfect contact conditions on the boundary between different cone parts made of dissimilar materials. Fig. 8a shows 
variation Re 1n   of with the ratio between shear modules of different materials 1 2/G G . The dependence of eigenvalues 

on Poisson's ratio for 1 2/ 1G G  is given in Fig. 8b. Solid lines denote eigenvalues  for 1 0.3   as a function of 2  and 

dash and dot lines denote eigenvalues for 2 0.3   as a function of 1 . 
Of particular interest is a composite cone with the internal singular point. In this case, two types of conditions can be 
prescribed at the boundary between two different materials 2   (perfect bonding condition (8) or frictionless slip 
conditions (9). The stress singularity indices shown in Fig. 9 correspond to condition (8) for different shear modules ratios 
of different cone layers. It has been found that at the internal singular point the condition of stress singularity is realized at 

any ratio between shear modules of the inner and outer cones, except for the trivial case of 2 90   . 
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Figure 9:  Variation of Re 1n   with 1 2log( / )G G   in condition of perfect contact between two different materials at 

2 1 260 , 0.3     . (▲ - 0k  ,●- 1k  ,■ - 2k  ). 

 
 
CONCLUSION 
 

e have considered the analytical method of constructing eigensolutions for circular cones. It has been shown 
that the proposed analytical relations can be used to construct solutions and to evaluate the character of stress 
singularity for different conical bodies (solid, composite) and different types of boundary conditions on the 

lateral surfaces and contact surface of dissimilar materials. The numerical results presented in this paper provide 
information about the character of singular stresses at the vertex of a solid cone for displacement, stress and combined 
boundary conditions and at the vertex of a hollow cone for different boundary conditions on the internal and external 
lateral surfaces. 
The importance of the theoretical output of this research is that the obtained analytical solutions provide full information 
about singular solutions for different types of circular conical bodies made of isotropic elastic materials. All formulas and 
options for calculation, allowing readers to obtain independently numerical results for the problems considered in the 
paper, can be found on E-resource (www. icmm.ru/compcoeff). 
The results of this work may have considerable practical implications in various fields. Recent advances in the 
development of computational methods extend the possibilities of the in-depth analysis of the stress state, so that present 
computations of real objects provide a great deal of information on the stresses in the vicinity of singular points, which 
are often the stress concentrator zones. A search for effective ways of reducing the level of stress concentration, for 
example, by changing the geometry in the vicinity of singular points leads to the conclusion that the variants close to 
optimal are related with the character of singular solutions [22]. Such conclusions have found commercial applications, for 
example, for the development of techniques allowing engineers to increase the strength of adhesive or glue [23-25]. In this 
respect, the results presented in the paper can be used to find an appropriate variant of reducing the level of stress 
concentration in the vicinity of non-smooth points on the surface of three-dimensional elastic bodies. The obtained 
information has its own practical value since it allows us to estimate the character of stress behavior at the vertices of 
different conical natural objects and engineering structures. Moreover, the available data on the indices of stress singularity 
open up new possibilities for construction of singular finite elements [22]. 
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