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ABSTRACT. 2024 aluminum alloy is a common aeronautic material. During 
operations, construction elements made of aluminum alloys undertake 
complex cyclic loadings. Therefore, it is important to estimate the influence 
of these loadings on the durability of the material. Hereby, multiaxial fatigue 
tests with the same amplitude values of the second invariant of the stress 
deviator tensor are conducted, and test data are analyzed. The modified Sines 
method is utilized to predict fatigue experimental data. Results show that the 
model is accurate enough to fatigue behavior prediction of 2024 aluminum 
alloy.  
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INTRODUCTION  
 

uring operations the greatest number of critical components of construction elements undertake complex cyclic 
loadings, thus the estimation of their influence on the durability of metal materials is a problem to be solved [1-
4]. Also, the need in studying fatigue processes under complex stress state brought a number of experimental 

works in this area, which used specialized equipment and methods of multiaxial loading. 
The main loading conditions referred to the literature when studying multiaxial fatigue are biaxial tension of cross-shaped 
specimens, tension with torsion and bending with torsion of cylindrical specimens. Meanwhile, attention is paid not only to 
the proportional cyclic loading but also to more complex modes with phase shifting, different frequencies and other 
characteristics [5-9]. Apart from testing standard hourglass and tubular specimens, one can also test weld joint specimens 
[10, 11], specimens with grooves [12] and other stress raisers [13]. 
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There are a large number of factors that can influence the fatigue behavior of materials under the multiaxial influence. These 
include the change in the ratio of stress amplitudes [14-16], the phase angle between the modes of influence [14-17], the 
ratio of loading frequencies [18-19], average stresses in the cycle [20-24] and others. Moreover, real structures have a complex 
geometry and consequently stress raisers that might influence the fatigue resistance. Also, notches are a reason of inherent 
multiaxiality [25]. In this case, even if the loading is uniaxial, the stress or strain fields in the vicinity of stress or strain raiser 
are multiaxial.  
For different materials, different dependencies of fatigue behavior on loading factors can be observed. For example, an 
increase in the mean stress leads to a decrease in fatigue strength. This effect is quite strong for brittle materials (e.g. cast 
iron) both in axial and in torsion [26]. However, this effect is lower in torsion than in axial for ductile materials such as steels 
and aluminum alloys [27]. 
Nowadays, there are different criteria of multiaxial fatigue that can be used to describe the regularities of the fatigue behavior 
of various materials. These approaches can be classified as energy-based, based on a critical plane and static criteria. Also, 
probabilistic fatigue models should be noted that allow taking into account different sources of uncertainty in prediction 
such as material properties and microstructures (e.g. large inclusions or defects) or geometrical features of structures. The 
most frequently mentioned models in the literature include the Fatemi - Socie [28], Smith - Watson - Topper [29], Brown - 
Miller [30], Crossland [31], Sines [22], generalized strain energy/amplitude [32] methods and various their modifications [20, 
27, 33, 34]. Some reviews of multiaxial criteria are presented in works [35, 36]. All these approaches might be more or less 
accurate for various materials at different loading paths, therefore it is important to validate multiaxial fatigue models in 
particular cases. In addition, it is also important to check the applicability of models for notched and cracked bodies. 
In previous work, the Marin, modified Crossland and Sines models were compared by using non-proportional fatigue test 
data (with superimposed static mean stress) of 2024 aluminum alloy [37]. As a result, it was shown that the modified Sines 
method described the experimental data in the most accurate way. The present work is aimed at checking the modified Sines 
method by means of biaxial fatigue data of the 2024 aluminum alloy at the different ratio of stress amplitudes, angle of 
phase shift between the modes of influence and ratio of frequencies of biaxial (tension-compression and torsion) influences. 

 
 

EXPERIMENTS  
 
Material and specimen 

xperimental studies to assess the durability of metallic materials under multiaxial cyclic loading were carried out on 
samples of the 2024 aluminum alloy, manufactured taking into account the requirements of GOST 25.502. The 
2024 alloy is one of the main structural materials in aviation, astronautics and other areas of mechanical engineering 

and is often used in various tests for fatigue life [38-41]. 
The chemical composition of the alloy consists of Cu 4.28, Mg 1.48, Mn 0.75, Fe 0.28, Si 0.29, Zn 0.12, Ni 0.009, Ti 0.06, 
Cr 0.017, Pb 0.05. Mechanical properties for the material are listed in Tab. 1. Fatigue tests were performed on hourglass 
specimens. The specimen geometry is shown in Fig. 1. The specimens are designed in accordance with recommendations 
of national standard GOST 25.502. Stresses used in calculating were in accordance with the minimum cross-section of 
specimen. 

 

Property Symbol 2024 aluminum alloy Unit 

0.2% Tensile yield strength σy 336 MPa 

0.3% Torsional yield strength τy 153 MPa 

Modulus of elasticity E 75.4 GPa 

Shear modulus G 30.0 GPa 

Shear fatigue strength coefficient τ'f 445 MPa 

Shear fatigue strength exponent b0 -0.0765  

Fatigue strength coefficient σ'f 1290 MPa 

Fatigue strength exponent b -0.1254  
 

Table 1: Mechanical properties of 2024 aluminum alloy. 
 

E 
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Figure 1: Specimen geometry (in mm). 

 

Experimental procedure and results 
All tests were carried out in the Instron ElectroPuls E10000 at room temperature in the Center of Experimental Mechanics 
(Russia). The ElectroPuls E10000 Linear-Torsion is an all-electric test instrument with a dynamic linear load capacity of 
±10 kN and a dynamic torque capacity of ±100 Nm. More information you can find in [21]. 
As part of the work, fatigue tests were carried out to determine the durability of the 2024 aluminum alloy at various values 
of the ratio of stress amplitudes, the angle of phase shift between the modes of influence and the ratio of the frequencies 
of biaxial loading. Thus, the study concentrates on uniaxial under tension-compression or torsion and multiaxial loading 
situations involving mixtures of tension-compression and torsion (out-of-plane shear): mode I and mode III in the 
terminology of fracture mechanics.The loading conditions and the results of the experiments are shown in Tab. 2. In all 
experiments, the amplitude of equivalent von Mises stress, σMa = (σa2 + 3τa2)1/2, was the same. The average number of cycles 

before failure was determined by the formula 
( )

=


= 1

1
log

50 10

n

i

i

N
n
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The fatigue curves obtained in tension-compression and torsion for an aluminum alloy have different slope angles [14, 20, 
42], that is, the ratio σa(Ni) / τa(Ni) is not constant. This means that for the same values of the stress amplitude, σMa, the 
number of cycles before failure can be different. The results presented in this article do not contradict the above. Thus, 
from Tab. 2 (loadings 1-15) it can be seen that with proportional loadings with the same values of the stress amplitude, σMa, 
with an increase in the angle between the normal and share axes, the average number of cycles before failure increases 
almost in 3 times. 
Nex is the experimental fatigue life, Npr is the predicted fatigue life according to the Sines++ model, τa is the amplitude of 
share stress, σa is the amplitude of normal stress, φ is the phase shift angle between loading modes, υτ is the frequency of 
loading in the shear mode, υσ is loading frequency in the normal mode. 
If we plot the fatigue curves obtained in tension-compression and torsion, in the form of the dependence of the amplitude 
on the number of cycles before failure σMa(N), then the curves intersect at the point where σa(N1) = √3τa(N1). This is the 
only point where the number of cycles to failure will be constant for the same amplitude values , σMa, for proportional 
loadings. 
The data from Tab. 2 (loads 5-8 and 16-23) show the dependence of the number of cycles to failure on the phase angle 
between the loading modes. With an increase in the phase shift angle from 0 to 45 degrees, an increase in the number of 
cycles is observed by about 1.4 times, with an increase to 90 degrees, a return to approximately the original values is observed. 
The results, available in the literature, show different patterns. Thus, in [17, 38, 42], with an increase in the phase shift angle, 
a decrease in the number of cycles was observed, in [14], an increase, and in [20], no significant changes were observed. It 
should be noted that the alloys presented in [14, 17, 20, 38, 42] were similar in composition, but differed in heat treatment. 
The final part of the study was aimed at studying the effect of changing the frequency ratio of biaxial loading on fatigue life. 
For loadings 5-8 and 24-28 from Tab. 2, it can be seen that in one cycle a load with the same maximum values of the second 
invariant of the stress deviator tensor acts on the sample, but the loading paths are different (for 24-28 from Tab. 2, the 
path is more complicated). Due to the complication of the type of impact, there is a decrease in the number of cycles to 
destruction by about 2.3 times. 
Fig. 2 shows typical photographs of fractures of fractured specimens for different loading cycles. Fatigue tests for uniaxial 
tension-compression (Fig. 2 a) are characterized by a complex fracture with sections located at angles of 90° and 45° to the 
sample axis. Tests for proportional tension-compression with torsion are characterized by a complex fracture, located at an 
angle of about 45° to the sample axis (Fig. 2 b, τa = 116 MPa, σa = 180 MPa) and about 80-90° to the sample axis (Fig. 2 c, 
τa = 147 MPa, σa = 90 MPa). In pure torsion, the fracture is perpendicular to the rod axis (Fig. 2 d). With a phase shift of 
90°, 45° and loading with different frequencies of the normal and tangential components, complex fractures are observed, 
shown in Figs. 2 e-g. 
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No. 
Loading 

path 
Loading path 

scheme 
τа, 

MPa 

σа, 
MPa 

φ, deg 
υτ, 

Hz 

υσ, 

Hz 

σMа, 
MPa 

Nex, cyc N50, cyc Npr, cyc 

1 

Uniaxial 

 

0 270 0 0 30 270 135,143 120,073 130,057 

2 0 270 0 0 30 270 74,913   

3 0 270 0 0 30 270 137,680   

4 0 270 0 0 30 270 149,129   

5 

In-phase 1 

 

116 180 0 10 10 270 131,981 137,472 171,892 

6 116 180 0 10 10 270 108,475   

7 116 180 0 10 10 270 126,773   

8 116 180 0 10 10 270 196,782   

9 

In-phase 2 

 

147 90 0 10 10 270 169,777 205,848 252,640 

10 147 90 0 10 10 270 200,086   

11 147 90 0 10 10 270 256,769   

12 

Torsion 

 

156 0 0 10 0 270 328,000 358,041 451,253 

13 156 0 0 10 0 270 350,437   

14 156 0 0 10 0 270 491,539   

15 156 0 0 10 0 270 290,863   

16 

90 OP 

 

116 180 90 10 10 270 122,679 117,035 171,892 

17 116 180 90 10 10 270 153,960   

18 116 180 90 10 10 270 96,749   

19 116 180 90 10 10 270 102,668   

20 

45 OP 

 

116 180 45 10 10 270 241,930 196,996 171,892 

21 116 180 45 10 10 270 144,247   

22 116 180 45 10 10 270 192,814   

23 116 180 45 10 10 270 223,818   

24** 

3 FR 

 

116 180 0 10 30 270 33,488* 60,318* 99,242* 

25 116 180 0 10 30 270 100,039*   

26 116 180 0 10 30 270 82,689*   

27 116 180 0 10 30 270 56,810*   

28 116 180 0 10 30 270 50,736*   
 

Table 2: Summary of fatigue tests. (For loadings 24-28, cycles were counted in a tangential mode; Test result No. 24 is outside the ±2-
factor error). 
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Figure 2: Specimens after fatigue failure. 
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In the article [37], the authors considered multiaxial fatigue models and compared them based on the results of biaxial non-
proportional tests with a constant component of the shear and normal loading axes. Among the models, the most accurate 
is the modified Sines++ model. This model allows to take into account the beneficial effect of the mean compressive axial 
stresses, the higher mean stress effect in the axial direction compared with the torsion case and different slopes of the S-N 
curves under tension-compression and torsion. Simplistically, the model can be represented as follows: 
 

( ) ( )+ + + 
2 2

2 2 1 1 1a m m aA I B I CI DI        (1) 

 

( ) ( ) ( ) ( )        = − + − + − + + +
2 2 2

2 2 21
2 11 22 22 33 11 33 12 23 136

6a a a a a a a a a aI    (2) 

 

( ) ( ) ( ) ( )        = − + − + − + + +
2 2 2

2 2 21
2 11 22 22 33 11 33 12 23 136

6m m m m m m m m m mI   (3) 

 

  = + +1 11 22 33m m m mI           (4) 

 

  = + +1 11 22 33a a a aI           (5) 

 
where I2a and I2m are the amplitude and the mean value of the second invariant of the stress deviator tensor, I1m and I1a are 
the amplitude and the mean value of the first invariant of the stress tensor. 
The model parameters A, B, C and D were determined as follows: 
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where Neq is the equivalent fatigue life, Nσ and Nτ are values of the predicted fatigue life (normal and shear axis), σu is the 
ultimate tensile strength, τu is the shear strength, τ'f is the shear fatigue strength coefficient, b0 is the shear fatigue strength 
exponent, σ'f is the fatigue strength coefficient, b is the fatigue strength exponent, υσ and υτ are load frequencies for normal 
and shear axis. 
Discovering the number of cycles to failure using the Sines ++ model is an iterative process. In this regard, a program was 
developed in Python software: https://github.com/yanicen1/multiaxial-fatigue-modified-model-Sines-. The prediction 
results are shown in Tab. 2 and Fig. 3. In addition, the standard error was calculated using the formula: 
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pr ex
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         (8) 

 
where n is a number of tests. 
According to the results of the study, only 1 experimental point out of 28 (or 3.6%) lies outside the ±2-factor error and not 
a single point outside the ±3-factor error. The standard error was 0.175 or ±1.5 factors (±50 %). It should be noted that 
although the model describes the experimental data quite well, it does not describe the change in the number of cycles when 
changing the values of the phase shift angle between loading modes, i.e. the predicted number of cycles remains constant 
(see Tab. 2, loading No. 5-8 and 16-23). However, for the 2024 alloy, this dependence is not essential, which allows the 
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Sines ++ model to achieve high accuracy. It is also worth noting that it was proposed to use the equivalent number of cycles 
Neq to describe the fatigue behavior of the material at different loading frequencies. 
 

 
 

Figure 3: Comparison of model prediction with experimental results 
 
Lastly, it should be noted that for notched bodies modes II and III at the crack tip cannot exist in isolation (for a Poisson’s 
ratio greater than zero): mode II causes mode III and vice versa. These modes are named coupled modes [43, 44]. According 
to that, considered in this research multiaxial loads might also induce coupled modes. Thus, one should pay attention to this 
problem in the future dealing with such loads when modes I and III applied in combinations. 
 
 

CONCLUSIONS 

 
n the current study, the multiaxial fatigue study was performed to assess the effect of different loading schemes on the 
fatigue life of the 2024 aluminum alloy under the condition of the same amplitude of the second invariant of the stress 
deviator tensor in all tests. In the experiments, the phase shift angle between the modes of influence, the ratio of the 

stress amplitudes of the normal and shear axes, and the ratio of the frequencies of the normal and shear loading axes were 
varied. As a result, the following conclusions can be summarized from the current research:  
1. The loading paths might influence significantly the fatigue life results even if the amplitude of the second invariant of the 
stress deviator tensor is maintained the same in all tests. 
2. A modified Sines fatigue model is proposed for multiaxial fatigue analysis, in which additional material parameters are 
introduced to describe the patterns of the fatigue behavior observed for the 2024 aluminum alloy. 
3. A program for using the modified Sines model is presented that allows determining the number of cycles to failure by 
means of loading path parameters. 
4. For all performed fatigue tests, the modified Sines model demonstrates good fatigue life predictions: only 1 experimental 
point lies outside the ±2-factor error and not a single point outside the ±3-factor error. 
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