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ABSTRACT. This work deals with the coupling between a periodic
homogenization procedure, and a damage process occurring in a
Representative Volume Element (RVE) of inclusion composite matetials.  ciaion: Benyahi, K, Bouafia, Y., Kachi,
We mainly seek, on the one hand to determine the effective mechanical MS., Benakli, S, Hamri, A, Periodic
. . . . homogenization and damage evolution in
properties according to the different volume fractions, and forms of gyp "composice material with inclusion
inclusions for a composite with inclusions at the macroscopic level. On the Frattura ed Integrita Strutturale, 58 (2021)
. 319-343.
other hand, to explore the rupture mechanisms that can take place at the
microstructure level. To do this; the first step is to propose a periodic Received: 18.07.2021
h o d di he h ed hamica] Accepted: 11.09.2021
omogenization procedure, to predict the homogenized mechanical p prcied 01102021
characteristics of an inclusion composite. This homogenization procedure is
. . . Copyright: © 2021 This i
applied to the theory based on finite element analysis, by the Abaqus oo &t = o e By a0,
calculation code. The inclusions are modeled by a random object modeler, which permits unrestricted use, distribution,
d th iodic h . . hod is i 1 db h . and reproduction in any medium, provided
and the periodic homogenization method 1s implemente y python scripts. . original author and source are credited.
It is then a matter of introducing the damage into the problem of
homogenization, that is to say; once the homogenized characteristics are
assessed in the absence of the damage initiated, by microcracks and micro
cavitations. It is then possible to introduce damage models, by a subroutine
(Umat) in the Abaqus calculation code. The verifications carried out focused
on RVE of composite materials with inclusions.

KEYWORDS. Periodic homogenization; Elastic; Modeling; Inclusion;
Damage.

INTRODUCTION

he term "homogenization" is a process of calculating effective mechanical propetties, and the term "localization"
is used to determine stress and local strain (Suquet [1]). The first idea when using a homogenization procedure, it
is necessary to apply the law of mixtures. Which postulates that the homogenized elastic modulus are the means of
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the elastic modulus of different constituents, weighted by their volume fractions. This method is rather easy to use but not
very rigorous, in order, to make an approach allowing to appreciate the effective mechanical properties. Many analytical
homogenization models, making it possible to predict the effective mechanical elasticity properties of a two-phase
heterogeneous material. From those of its different constituents are proposed in the literature, those that have received
the most attention are the diagrams diluted, Mori-Tanaka, self-consistent and Eshelby's solution [2-4]. However, these
analytical or semi-analytical homogenization models, did not make it possible to go back to the local properties of the
desired solution. As the complexity of the various microscopic phenomena, gave rise to more recent resolution methods.
Nowadays, there are several micromechanical methods. The research having been carried out for the analysis, and
prediction of the overall behavior of composite materials, and can be summarized as follows.

Michel et al. [5] proposed two different families of numerical methods to solve the problem. The first method is based on
the finite element method, by implementing periodicity conditions either by a control of strains or of stresses. The second
numerical method is based on fast Fourier transforms (FFT). Which could be an alternative to the finite element method,
for the micromechanical analyzes of representative solid elements with periodicity conditions. Sun et al. [6] proposed a
procedure for predicting the elastic constant of the composite from the RVE, using the principles of strain energy
equivalence. The average strain and stress for RVE are defined using Gauss's theorem and energy equivalence principles,
and the full set of elastic constants for a unidirectional composite has been obtained. The appropriate stresses on the RVE
under various loads were determined from the conditions of symmetry and periodicity. Xia et al. [7] proposed a method
of micromechanical Finite Element Method (FEM) analysis applied to unidirectional, and right-angle laminates subjected
to multiaxial loading conditions. On the basis of the general conditions of periodicity stated by Suquet [1]. They presented
an explicit form of boundary conditions suitable for Finite Element Method (FEM) analyzes, of parallelepipedic RVE
models subjected to multiaxial loads.

Several theoretical models have been proposed for determining the effective properties of composite materials. And the
research that has been conducted to improve our understanding, of periodic homogenization is summarized below.
Yvonnet et al. [08] proposed a method for evaluating the higher-order tensors of an efficient general anisotropic strain-
gradient (Mindlin) model, by a homogenization technique to determine the effective parameters. This proposed method
uses finite element calculations on RVEs based on the principle of superposition. Jakabcin and Seppecher [09] studied the
applicability of these formulas for highly contrasted structures. The study is cartied out on structures of which the limiting
energy is already known and compares the energies given by the convergence results, the corrective formulas and by a
direct numerical simulation of the complete structure. Guinovart-Diaz et al. [10] proposed an analytical method of
asymptotic homogenization (AHM) to the calculation of the effective elastic stiffnesses of a composite reinforced with
fibers, with an imperfect contact between the matrix, and the fibers for parallelogram-like arrangement of fibers. Savvas et
al. [11] proposed a simulation of the homogenization of random heterogeneous media with arbitrarily shaped inclusions.
This study is carried out by modeling with the extended finite element method (XFEM), coupled with Monte Carlo
simulation (MCS). And where, the influence of the inclusion shape on the effective properties of random media was
studied. Tsalis et al. [12] proposed a method for the introduction of the admissible strain fields of materials, with
generalized periodicity and present their properties. Tsalis, et al. [13] presented an analytical homogenization technique of
elastic composites, with generalized periodicity to explain the effect of microstructure nonlinearity on effective properties.
Wu et al. [14] used a method to reduce computational cost, and obtain more accurate approximations to predict the
effective thermos-mechanical properties of random heterogeneous materials. By Richardson's extrapolation technique
using smaller cell domains, and without the need for calculations in a larger cell domain. Godin [15] proposed an explicit
formula to calculate the effective properties tensor of a periodic lattice of two-phase dielectric tubes embedded in a host
matrix. Dhimole et al. [16] used a method based on the minimum energy loss of the structural genome, to predict the
mechanical properties of three-dimensional (3D) four-directional braided composites. Beicha et al. [17] conducted a
comparative study between the effective elastic properties of fiber-reinforced composites respectively built with a
hexagonal, and random distribution of non-overlapping fibers. The results show that the observed constraints are higher
for random distribution than for periodic distribution. Bonfoh et al. [18] proposed a general formulation of the multi-
coated inclusion problem in the general case of ellipsoidal inclusions, and anisotropic elasticity. Rodriguez-Ramos et al.
[19] used the Asymptotic Homogenization Method (AHM), and eigenfunction expansion-variational method (EEVM) to
obtain the effective elastic moduli of two-phase fibrous periodic composites, for different types of parallelogram cells.
Nevertheless, the latter are more and more used for structures used at their limit, which prompts us to look for a method
to predict the onset of damage and the resulting behavior. Some analytical investigations directly related to this study are
briefly reviewed. Yang and Misra [20] proposed a second gradient stress—strain theory for materials following damage
elasticity based on the method of virtual power. This approach made it possible to develop the equations governing
cohesive materials undergoing damage. Khoroshun and Shikula [21] described several mathematical models on the
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different coupled deformation, and long-term microdamage processes applied to linear elastic composites of stochastic
structure. Berthier et al. [22] developed a time-dependent nonlocal continuous damage model, which takes into account
the transfer of elastic energy stored in fibers in breaking energy and viscous dissipation. Dorhmi et al. [23] developed
micromechanical model to describe the progressive loss of stiffness observed during plastic straining based on
microstructure changes. The study is being carried out on ductile metal-matrix composites subjected to mechanical
loadings. Sori¢ et al. [24] proposed a numerical modelling of the responses to ductile damage in heterogeneous materials,
by a second order homogenization approach. The evolution of ductile damage at the microlevel is taken into account, by
using the gradient enhanced elastoplasticity.

Wu et al. [25] proposed an improved gradient homogenization procedure for fiber reinforced materials. In this model, the
fiber is considered as transversely homogeneous isotropic and assumed to remain linear elastic. While the material of the
matrix can be considered as homogeneous isotropic. It is modeled as elastoplastic coupled to a damage law described by a
non-local constitutive model. The method has been validated by the simulation of a damage process, in unidirectional
carbon fiber reinforced epoxy composites, subjected to different load conditions. Devries et al. [26] developed the main
results of the homogenization theory of periodic media, as well as the assessment and simulation of damage for composite
materials. Their applications focused on the simulation of the evolution of damage by fiber failure in a unidirectional
composite, involving parameters defined at the microscopic scale. And the prediction of takeoff near a free edge in a
layered structure, using asymptotic extensions of the boundary layer. Xia et al. [27] developed a three-dimensional
meso/micro-mechanical finite element multilayer model for the prediction of the overall mechanical behavior of glass
fibers [0,903,0] T/epoxy laminate, and for the study of damage mechanisms in reinforced polymer laminates. The epoxy
matrix is represented by a nonlinear viscoelastic constitutive model, and a criterion of damage to the epoxy matrix is
introduced into the finite element model. The model prediction was in good agreement with the observation of
experience, not only in the overall stress-strain response, but also in the initiation and propagation of damage to the
transverse mattix.

In this article, periodic boundary equations have been established and applied to the theory based on finite element
analysis to predict macroscopic elasticity. While considering a microstructure composed by several inclusions with
different shapes and orientations, and a random distribution of the latter. The use of the homogenization technique allows
us to study various damage mechanisms, by introducing damaged medium models from a microscopic approach. While
still utilizing the efficient mechanical properties of inclusion composites. This allowing us to take into account the
damaging behavior that occurs in the material, specifically the matrix at the micro scale.

This document is organized as follows. Section 2 discusses a method of solving a periodic homogenization problem using
the principles of strain energy equivalence, in a coordinated way with finite element analysis. It gives the modifications
required in the Abaqus calculation code by python srcipts, in order to introduce periodic boundary conditions at the
micro scale. This procedure is performed by the introduction of additional degrees of freedom supporting the
components of macroscopic strains. In section 3 are presented several damage models controlled by an equivalent strain
tensor in the principal coordinate system. The inclusions ate supposed to remain elastic, while the matrix is supposed to
obey the actual behavior of the material constituting, it with damage at the micro level. Section 4 presents detailed results
obtained by several tests of this selected periodic homogenization method, which will be compared with an estimated
homogenization method (Mori-Tanaka model). These results can be used to verify the implementation of the simplified
approach proposed in the Abaqus calculation code. Finally, Section 5 provides applications regarding the introduction of
damage into the homogenization problem. It is a question of using a local formulation for the evolution of the damage at
the level of the microstructure, using the subroutine (Umat) implemented in the Fortran language on the Abaqus
calculation code. This proposed method makes it possible to simulate the response of the matrix behavior, on several
RVEs requested in uniaxial traction.

PERIODIC BOUNDARY CONDITION

onsider a periodic structure made up of a periodic network of repeated unit cells. In the case of a composite
material with periodic microstructure, we can define a "basic cell" and also petiodicity vectors (Fig. 1).
The field of displacement for a periodic structure, can be expressed as indicated by Suquet [1]:

U, (x;) =E” X (), u, periodic 1)

with:
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€,.x ;: Represents a linear displacement field,

#,(x;) : is a periodic function representing a modification of the linear displacement field, because to the heterogeneity for
the composite structure.

00000
ooo:_i
00000

Periodic microstructure

Basic cell

Figure 1: Description of a different basic cells in periodic microstructure.

For each unit base cell, its boundary surfaces should appear in parallel pairs, and displacements on a pair of opposite
parallel boundary surfaces can be expressed as:

ﬂfﬁﬂ = gﬁx(/k‘” + %, 2
uf-/%) =g, x(/-é*> +Zl;-

€)

4" and £ : The indices to identify the & pair of two opposite parallel boundary surfaces of a representative volume
element (RVE).

The periodic function #,(x;) is considered to be the same for two parallel borders, the difference between the Egn. 2 and
Eqn. 3 is given as follows:

”§k+) —uf/ﬁ _ (k+) _

Ej (X‘/ Xi-éi)) =&j AX/;

)
with:

Axf? : The constants for each pair of parallel boundary surfaces, with E,/ known,

Eij: The tensor of the macroscopic strains of the periodic structure.

The average tensors of stress and strain are obtained by an integration on the RVE, as follows:
-1
O :;J-V o (X,y,z)dV 5)

-1 4

gi= jv & (x,y,2)dV ©)

The strain energy of a homogeneous composite material over the RVE, is as follows:

1 — —
UZ—O'i;éBi;V
2

)

The stored strain energy of a heterogeneous composite material over the RVE is as follows:
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U = %IV o,8,dV ®)
o :%J.V o (gii +Eii —Eq)dV )
U =% Vaq( g,,)dv+ al,j o, dV (10)

with:
&;: The strain tensor.

From Eqn. 7 and Eqn. 10, we can therefore write the energy difference, as follows:
. 1 ao—i] _ a(O’ii(Zli —;li))
U — (= Jf——— |av (11)
27V Ox,
with:

#i : The i average displacement.
and using the equilibrium equation:

60‘ii
i (12)

ij

By replacing Eqn. 12 with Eqn. 11, we obtain:

X —U:ljva(aii (ui —Z/i))

2 Ox J

dv (13)

Using Gauss's theorem, we can transform the integration on the volume into the integration on the surface, as follows:

— =—J (% —%1) de (14)

Then, at the level of the surface § s we have:

= 15)
We can conclude that:
U -U=0 (16)

The above derivation shows that the homogenization, we have used ensures the equivalence between the heterogeneous
and homogenized RVE.

To apply the periodic boundary conditions at the micro scale, there are three types of set of nodes: faces, edges and
corners in the RVE having been modeled in the form of a parallelepiped in 3D. The regions on the boundaries of the
RVE are selected and numbered as shown in Fig. 2.

Additional equations should be introduced for periodic boundary conditions at the micro scale, where the macroscopic

strain matrix has components &= 6‘, with 1, | = x, y, z. In order to include the macroscopic deformation of component
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Eii , it is necessary to create six reference points (PR-1, PR-2, PR-3, PR-4, PR-5, PR-6). Where their degree of freedom of
displacement has a relation with £x ,<_€xy ,EXZ ,Ey ,Eyz ,Ez respectively as follows:

1 - 1 - 1 - 1 - 1 - 1 -
U(PR—l) =&x; Uprogy = Exys Upprosy = Exz3 Uprgy = &y U(PR—S) =&yz; U(PR—é) =&z 17)
D C
S |
=1
H ﬁ Faces
E |
oy B
Corners
E F =1
o=1
Faces
Edges
Faces

Figure 2: Representation and periodic boundary conditions of an RVE.

We create the additional equations of all faces, edges and corners with the python command in order to apply the periodic

boundary conditions in the Abaqus calculation code. And we apply these periodic boundary conditions at the micro scale.
Finally, to solve the homogenization equations, we use the finite element method.

Equations for applying periodic boundary conditions at the corners:

uG—uA: Ext gyz+ Exz
uC_uE:gx‘i‘gyZ—gyx (18)
Up-Up= Ex- Eyz- Exz

uH—uB: Ex- gyz+ gyx

Equations for applying periodic boundary conditions at the faces:

Upcgr "W ADHE ~€x

Upppg “Upapc =0

(19)
UepnG “Upagr =0
Equations for applying periodic boundary conditions at the edges:

Upg Uap = ExT Exz
Uy -Ucg— Ex-Exz
Uprn-Urn=EwT &y

G UAR = EyxT &y

R (20)

Upy-Upp= Eyx-Eyz
Upp-Upc= Exx T €y
Uyg-Uap~ Eyx- &y,
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The mean strain in Eqn. 6 can be transformed as follows:

- 1
&j :;(Sj)(% n,—un)ds, @1

In order to evaluate the effective properties Cj, it is first necessary to evaluate the mean of the stress and the strain of

Eqns. 5 and 6 respectively, by the application of different outline conditions. Then to introduce them into the constitutive
relation as follows:

Cij== 22)

with:
Eij : The stiffness modulus corresponding to the application of the strain mode.

From the relation between the flexibility matrix S, and the elastic property, we can calculate the effective elastic properties
from the stiffness matrix of the RVE.

Lo Y g g
Ell E22 33
_& L _Vi 0 0 0
Ell EZZ E%%
1
Vis Vo N 0 0 0
[S]=| By En 7 ' 23)
0 0 0O — 0 0
G12
L
0 0 0 0 Gy
0 0 0 L
L G23 _

There are only five independent material constants (Ell s Ess Vi, Vs ,G32) for a transversely orthotropic / isotropic

material. Where v, depends on (E11 S/ T ,V31) and can be calculated by the following relation:

=5 24)

A material is isotropic when its property is the same in all three directions. In this case, (E11=E22 =FE;;, =E),

(Vlz =V =Vy, = V) and(G12 =Gy =G, = G) . There are only two independent material constants (E,V) for an

isotropic material.

However, anisotropic materials have non-zero values in the upper right and lower left parts of their flexibility and stiffness
matrices. There exists a relation between the components of the flexibility matrix, with the components of the rigidity
matrix, which is as continuation:

- - =
(C11.C33—C13) 1
ey g - —2 :E_
(C33.C11—2.C11.C13—C12.C33+2.C12.C13) 11

(25)
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- = =2
(Clz.C33 -C13) Vv
S,=- =2l (26)
— —2 — —2 —2 — - —2 E
(C33 .C11-2.C11.C13-C12.C33 +2.C12.C13) 22

C
Si3=- - =22 @7)

— e —— B
(Cu .C33-2.C131+C12.C33 33

((_:114‘(_:12) 1
Sy~ 7———— = — " (28)
(c11.c33-2.c13+c12.c33) Es
1 1
Sy=—"—=—"— (29)
wu Gop
1 1
Sss=——=—— (30)
Css Gy

The determination of the effective elastic properties depends on the stress-state, and also on the property of the
composite material (isotropic or orthotropic case) of the RVE. For an isotropic case and a uniaxial stress-state according
to the direction X-X, the effective elastic properties are determined:
O

eff _ yeff
E7=E = (31)
2
eff eff
v, tv
Veff: 12 2 13 (32)
with:
eff _ Voo
Vi L
11
33)
eff _ Vi3
13 -
Vil

For an orthotropic/isotropic case transversely and a uniaxial stress-state along the direction X-X, the effective elastic properties
are determined:

(o3

Ej=—1 (34)
&1
Vv

vy =2 (35)
Vi

GENERAL IMPLEMENTATION FLOWCHART ON THE ABAQUS CALCULATION CODE

the solution in the Abaqus finite element computational code. The iterative algorithm is presented in Fig. 3. At

each incremental step of the analysis, the material properties subroutine (Umat), where the constitutive law was
used to carry out the communication between the Python code, and the Abaqus solver. The Python code modifies the
boundary conditions to an Abaqus input file, applied to the RVE.

T he proposed periodic homogenization method has been implemented numerically using a Python script, to invoke
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Generate the microstructure (geometric generator of random objects)

v

Import the RVE generated in the format (.step) into the Abaqus calculation code

v

Introduce the constitutive laws of the constituents of composite by the
subroutine (UMAT) on the Abaqus calculation code:

- Read the macroscopic constraints

- Read the current Jacobian matrix

- Submit to Abaqus

v

Periodic homogenization by python scripts (imposition of periodic boundary
conditions, introduction of elimination equations):
- Read the RVE file (.odb)
- Calculate g from the mean of the volume
- Calculate the current Jacobian C

v

| Start the simulation of the model under the Abaqus calculation code |

v

| Determination of effective mechanical characteristics |

Figure 3: Periodic homogenization procedure implementation flowchart.

DAMAGE PROBLEM

nce the homogenized characteristics are appreciated in the absence of the damage initiated by microcracks and

microcavitations. It is then possible to introduce models of damage by a subroutine (Umat) in the Abaqus

calculation code. The materials are supposed to obey the criterion of Von Mises [28], which is based on the
second invariant of the deviatoric stress tensor. It is then supposed that the plasticity of the composite, being governed by
that of the matrix then the total plasticity criterion will be obtained from that of the matrix. To translate the real behavior
of materials into nonlinear elasticity, relatively developed laws are introduced within the framework of damage mechanics.

Mazars damage model

The Mazars model (|29], [30]) was developed within the framework of damage mechanics (Fig. 4). The stress is given by
the following relation:

o=(1-D)E &° (36)

The damage is controlled by the equivalent strain ¢, , which allows to translate a tri-axial state by an equivalence to a uni-

axial state. The strain tensor in the principal coordinate system:

ta=le) ) +e,) (37)

Knowing that the positive part < >+ is defined, such that if &, is the main strain in direction i:

g if &£20

(€0, = 0 if & <0 (38)

1

&.1s an indicator of the state of tension in the material, which generates the damage. This quantity defines the load

surface f, such that:
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f=¢,,-K(D)=0 (39)
with:
K(D)Z&'eql if D=0 (40)
35 40
i .
L é 0
r] o
3 o
= 5
v oy
= =
=0 B8
2 2
£ £
5
0 00001 000015 00002 000025 00003 000035 00004 0 U‘.C;Jl 0.5‘015 O.II;UE 0.0025 0.003 Uﬂrﬂli U.(kﬁ- U.CQIHS UH.D—S
Principal Strain Principal Strain
a)- Behavior of concrete in traction b)- Behavior of concrete mn compression

Figure 4: Behavior of concrete according to the Mazars model ([29], [30]).

The relation between these variables is given as follows:
D=a/ D, +a! D, (41)

Usually the value of £ is fixed at 1.06.
The coefficients &, and . carry out a link between the damage, and the state of traction or compression. When
traction is activated ¢, =1 while ¢, =0, and vice-versa in compression.

The damage evolution laws D, and D, ate expressed only from the equivalent strain &, .

D, :1-(1;—:?) A, exp(-B, (64720 42)
D, = -M—Ac exp(—Bc(Seq—é‘dU)) 3)
eq

with:
&, : The threshold strain of damage,
p : Coefficient which was introduced later to improve the shear behavior,

A, AL B, and B_: Material parameters to identify.

Damage model from Bouafia et al.
To describe the behavior of composites with cylindrical inclusions in tension. The relationships proposed by Bouafia et al.
(I31], [32]) within the framework of the theory of beams, with taking into account of the damage which was developed for
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the behavior of the concrete of fibers in tension (Fig. 5). The fibers (cylindrical inclusions) are dispersed in the concrete at

random, and the modeling is carried out considering a uniform distribution.

Stress (MPa)

*® = 15%

L
Eu(l-Dd)
2 *#® = 1%

fﬂ o -

Oue

| e ¥ !
8 F23 10 20
. 1W Strain (*10”) §
Figure 5: Constitutive law (o-¢) in traction of steel fiber concrete [31].

The variable of the damage in uni-axial traction, is given by:

i 6

o, — &-&
& <e<lg, — D“(g)=1_ Ou__ ( e fff)( u(),
E,e | (E,&)(&-¢.)

The maximum ultimate stress of the composite (function of the characteristics of inclusions):

:w%gg

4

o)
The reference length is linked to the height h of the section:
/=ph
The initial modulus of the composite in traction is given by:

E,=E,(1+76,@)

ot

The ultimate strain corresponding to the total mobilization of the inclusions-matrix adhesion, is given by:

T”//Zf
&=t ———
3E, ¢Bh

When there is tearing of inclusions, the breaking strain of the composite, is given by:

T/’ /.
g6, +——L—+—1
3E ¢ 4Pb

(44)

45)

(40)

(47)

(48)

49)
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4y
%

This strain is a consequence of opening the cracks too large. This fracture strain of the inclusions is limited as follows:

£, =€,

(50)

The damage is progressive in the field of strains. For a uni-axial state of tension, the equivalent strain (E‘ = f,‘(D[1 ,D,, )) ,in

the nonlinear field is such that:

g <e<e, — e(D,)=

and

Equivalent strains &,

Eeqg =¥ {80% Hie)} HiE)}

v f<o

Threshold function
f=g4—-7

f=o ¢

Main strains g;

v

Threshold function
f=geq— K(D)
f=z0

h 4

Damage variable

(1)

(52)

<o

Damage variable D=D,+D,
D =afD, +afD, - 3
+ _ Update
_  Update E=(1-D)E,
E=(1-D)E,
. , +
v
. Main stresses g;
Main stresses o; B
- og=Ed
g=Ed
L
a)- Mazars damage model. b)- The damage model algorithm of Bouafia et al.

Figure 6: Damage model algorithm implementation diagram.

The threshold function defines two limit states:
- An elastic state (é‘ﬁ ) .

- A breaking limit given by the value (&, ).

Such as:

e=¢&, > D,=0
f(e,D,)=0 —
e=¢ —>D,=0

(53)
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IMPLEMENTATION OF DAMAGE MODELS IN ABAQUS CALCULATION CODE

behavior in tension, they are implemented in the Abaqus calculation code. Their algorithms thus obtain are

T he model of Mazars ([29], [30]), the model of Bouafia et al. (|31], [32]) simulating an isotropic elastic-damageable
presented in Figs. 6a-6b respectively.

DAMAGE SEARCH AND INTRODUCTION FLOWCHART

he flowchart for finding, and introducing damage into a periodic homogenization problem, is shown below (Fig.
7):

[ Ae Imposed

[ Periodic homogenization
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End of simulation
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I
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=
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;< incr > incrpy . No
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[ v

~—J

Figure 7: Damage search and introduction flowchart.

NUMERICAL COMPARISON OF HOMOGENIZATION MODELS TO EXPERIENCE

Lightweight concrete composite

n this example, the concrete used is hydraulic lightweight aggregates, the matrix is cementitious while the aggregates

are expanded clay [33]. The elastic properties of the constituents of composite are presented in Tab. 1.

In this example, it is a question of comparing our numerical results obtained (by the semi-analytical method of
homogenization (Mori-Tanaka Model), and by the method of periodic homogenization (Numerical Model)), with the
experimental results (Experimental) [33]. These latter are obtained from compression tests carried out on cylindrical
specimens (16 x 32 mm), for different volume fractions of light aggregates: 0.125, 0.25, 0.375 and 0.45. The width of the
RVE is taken on the order of the diameter of median grain of sand (0.08 mm) [33].
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Lightweight concrete Young's modulus (MPa) Poisson coefficient
Matrix 23630 0.20
Aggregates (expanded clay) 5679 0.15

Table 1: The elastic properties of the constituents of lightweight concrete composite [33].
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Figure 8: Variation of the equivalent Young's modulus as a function of the percentage of aggregates.

We notice in Fig. 8 that the equivalent Young's modulus values found by the semi-analytical homogenization method
(Mori-Tanaka Model) are close to the experimental values (Experimental) [33], and that for very low volume fractions
(Iess than 15%). On the other hand, the periodic homogenization model (Numerical Model) gives good results, which
approach the experiment allowing a better prediction of the elastic characteristics, and that for different volume fractions.

Cementitions composite with grains of sand
In this example, the heterogeneous material consists of a matrix and the spheroidal inclusions shown in Fig. 9. The elastic
properties of the constituents of composite are presented in Tab. 2.

Lightweight concrete Young's modulus (MPa) Poisson coefficient
Matrix (cement paste) 7000 0.25
Inclusion (sand) 107000 0.15

Table 2: The elastic properties of the constituents of sand mortar composite [34].

The elastic modulus of sand grains [34] was taken to be equal to that of the siliceous aggregates, ie 107000 MPa, the
Poisson's ratio was taken to be 0.15. Measurement of the elastic modulus of cement paste gave 6000 MPa. To improve the
calibration of the curve between modulus and volume of sand [34], it was taken equal to 7000 MPa. The Poisson's ratio
was taken equal to 0.25. The width of the RVE is taken on the order of the diameter of median grain of sand (0.02 mm)
[34].

The RVE used in this example is generated by a random object modeler, and this with a random distribution of spheroidal
inclusions (with a number of 10 inclusions in the RVE), and with different volume fractions. The inclusions of the RVE
are generated randomly, based on a sphere pattern. Once the random generation of the inclusions of RVE is carried out,
we will integrate it into the Abaqus calculation code. The size of the RVE does not change, only the volume fraction
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which evolves. The objective of this study is to determine the effective behavior of a composite (matrix - inclusion of
spheroidal shape).

A comparison of the mechanical characteristics between the semi-analytical homogenization model (Mori-Tanaka Model),
the periodic homogenization model (Numerical Model) and the experimental measurements [34] is shown in Fig. 10.
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Deformed Var: U Deformation Scale Factor: +1.000e+00

Figure 9: Modeling of the material with spheroidal inclusions on the Abaqus calculation code.
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Figure 10: Elastic modulus of sand mortars.

This involves comparing the results obtained by the semi-analytical homogenization model (Mori-Tanaka Model), and by
the periodic homogenization method (Numerical Model) with the experimental results (Experimental) [34]. The elastic
properties of isotropic materials (of the cement matrix and those of the sand) are average values, and they are obtained for
different volume fractions of spheroidal shaped aggregates. We note that the estimations of the semi-analytical
homogenization model (Mori-Tanaka Model), the results obtained by the periodic homogenization method (Numerical
Model), and the results from the experiment (Experimental) are quite similar, and this for different volume fractions.

ESTIMATION OF THE MECHANICAL CHARACTERISTICS AND TAKING INTO ACCOUNT THE DAMAGE OF AN
INCLUSION COMPOSITE

n this paragraph, we will deal with several examples in order to validate the periodic homogenization model, and this
by varying the percentage and shape of inclusions for RVE of composite materials. In this study, we will compare the
results of our modeling by the periodic homogenization method which are represented by (Numerical
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Homogenization), with the results of a semi-analytical method (Mori-Tanaka model) from the work of Al Kassem [35],
which are represented by (Mori-Tanaka Model). Once the effective mechanical characteristics are assessed in the absence
of damage, then we introduce damage models for the RVE in composite materials, by a subroutine (Umat) on the Abaqus
calculation code.

Determination of effective mechanical characteristics
In this example the heterogeneous matetial consists of a matrix and inclusions. The elastic properties of the constituents
are presented in Tab. 3.

Materials Young's modulus E (MPa) Poisson coefficient v
Matrix 2800 0.35
Inclusion 72000 0.172

Table 3: The elastic properties of the components of composite (matrix-inclusions) [35].

The Representative Volume Element (RVE) of the inclusion composite consists of two phases: the matrix and the
inclusion which follow an isotropic behavior, this is a three-dimensional (3D) case in small perturbations. The matrix is
modeled as an elementary cube and the inclusion is modeled in several forms (spheroidal, ellipsoidal and cylindrical), and
as rigid bodies. The homogeneous boundary conditions introduced in our modeling do not give other stresses than in the
direction of perturbation; therefore, they result in a uni-axial stress state under tensile loading.

The inclusions of RVE are generated at random (with a number of 10 inclusions in a RVE), based on a pattern of
inclusions in the form of a sphere, ellipse and cylinder. Once the random generation of the inclusions of RVE is carried
out, we will integrate it into the Abaqus calculation code. The size of RVE does not change (size_rve_x= size_rve_y=
size_rve_z=1) [35], only the volume fraction which evolves. The objective of this study is to determine the effective
mechanical characteristics of a composite (matrix - inclusions).

¥ ODB: Job_cylt.odb  Abagus/Standard 6.14-1  Wed Nov 13 07:00:42 GMT 2019

ation Scale Factor: +1.000+00

(a). Matrix-spheroidal inclusions. (b). Matrix-ellipsoidal inclusions. (c). Matrix-cylindrical inclusions.

Figure 11: Modeling of an inclusion composite.

The results obtained in Fig. 11, show that all the principal stresses of the microstructure are accumulated in the x
direction, or at the level of the perturbation direction using periodic boundary conditions.

A comparison of the effective mechanical characteristics between the Mori-Tanaka estimation method (Mori-Tanaka
Model) [35], and the periodic homogenization model developed in this study (Numerical Homogenization) is shown
below (Figs. 12-14). And this for different volume fractions of inclusions (spheroidal, ellipsoidal, cylindrical). This involves
comparing the numerical results obtained by the periodic homogenization method (finite element model with periodic
boundary conditions), with the results obtained by the Mori-Tanaka model [35].

The elastic properties of the materials (of the matrix and those of the inclusion) are average values, and they are obtained
for different volume fractions of inclusions (spheroidal, ellipsoidal, cylindrical).

We note that at low volume fractions, we observe a very small difference between our model (Numerical
Homogenization), and the Mori-Tanaka model (Mori-Tanaka Model) [35], while for large volume fractions, we obsetve a
bigger difference.
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Figure 12: Homogenized mechanical characteristics for different volume fractions of spheroidal inclusions.
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Figure 13: Homogenized mechanical characteristics for different volume fractions of ellipsoidal inclusions.
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Figure 14: Homogenized mechanical characteristics for different volume fraction of cylindrical inclusions.

It is also noted that the estimations of the semi-analytical model of Mori-Tanaka [35], and the results of the periodic
homogenization method developed in this study are quite close. And that for very low volume fractions (less than 15%)
caused by a weak interaction between the phases. On the other hand, for volume fractions greater than 15%, the effective
mechanical properties are overestimated, a deviation is observed which can be caused by a phenomenon of interaction
between the inclusions. We conclude, that the periodic homogenization method (PBC) gives mechanical characteristics
more rigid, than those of the semi-analytical model (Mori-Tanaka model).

Introduction of damage into the problem of homogenization

We implemented a Mazars damage model ([29], [30]) for spheroidal and ellipsoidal shaped inclusions, and the model of
Bouafia et al. ([31], [32]) for cylindrical shaped inclusions in the Abaqus calculation code by the use of a subroutine
(Umat). Calculations on a RVE containing 10 inclusions with type localization conditions (PBC), allowed us to study the
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influence of the variation of the volume fraction of inclusions on the mechanical characteristics. Then, once the effective
mechanical properties of the composite were known, a damage model was introduced to study the response of the
microstructure.

The effective mechanical properties of the representative volume element (E@, Vo ) are those obtained from the periodic

homogenization method, corresponding to each volume fraction. The volume element is stressed in pure tension. The

loading is done with displacement imposed in three-dimensional strain. The characteristics of composite are defined in
Tab. 4:

Matrix- Spheroidal inclusions

Volume E, (MPa) Vi Ac B¢ A B £po
Fraction (%)

10 3440.43 0.333 1.4 240.83 0.8 2752.35 0.001

15 3764.60 0.335 1.4 263.52 0.8 3011.68 0.001

20 4264.90 0.326 1.4 298.54 0.8 3411.92 0.001

25 4779.03 0.316 1.4 334.53 0.8 3823.23 0.001

30 5324.70 0.312 1.4 372.73 0.8 4259.76 0.001

Matrix- Ellipsoidal inclusions

Volume Ey, (MPa) Vi Ac B¢ A B €po
Fraction (%)

10 3391.73 0.340 1.4 237.42 0.8 2713.39 0.001

15 3787.73 0.333 1.4 265.14 0.8 3030.19 0.001

20 4240.37 0.328 1.4 296.82 0.8 3392.30 0.001

25 4784.43 0.321 1.4 33491 0.8 3827.55 0.001

30 5320.80 0.312 1.4 372.46 0.8 4256.64 0.001

Matrix- Cylindrical inclusions

F; (MPa) Fy (MPa)  Ej (MPa) Vh 0 g mm  Lmm T OMPD 0% 0,

47.76 3.46 5247.08 0.342 0.21 0.04 0.8 7 5 0.405
47.76 3.46 7780.74 0.335 0.21 0.04 0.8 7 10 0.405
47.76 3.46 10360.73 0.327 0.21 0.04 0.8 7 15 0.405
47.76 3.46 13033.63 0.320 0.21 0.04 0.8 7 20 0.405

Table 4: The effective properties and damage parameter of a composite.

In a first case, we represent in Figs. 15-16 the local stress-strain response and the evolution of the damage respectively,
depending on the strain of a volume element loaded in pure tension, and under various volume fractions. We set the

parameter .4, and made the parameter B, varied.
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Figure 15: Influence of the variation of the volume fraction inclusions on the local stress-strain behavior.
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Figure 16: Influence of the variation of the volume fraction inclusions on the evolution of damage according to the strain.

Figs. 15-16 show us that the increase in the volume fraction of the inclusions (spheroidal, ellipsoidal), and of the
parameter B, allows an improvement in the stiffness of composite. And it makes a change the shape of damage as a
function of strain, or the composite becomes less ductile.

In a second case, the influence of the parameter A4, is given in Figs. 17-18 with respect to the local stress-strain response,
and the evolution of damage respectively, of a volume element loaded in pure tension. With an average volume fraction
(taken equal to 20%), and a fixed value of the parameter B, corresponding to this percentage.

Figs. 17-18 show us that the increase in the volume fraction of shaped inclusions (spheroidal, ellipsoidal), and of the
parameter A, results in a sudden drop in the strength of composite (very low residual stress). And it makes a change the

shape of damage as a function of the strain, where the composite becomes more fragile.
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Figure 17: Influence of the parameter 4, on the local behavior stress-strain.

We represent the local stress-strain response and the evolution of damage respectively, as a function of the strain of a
volume element stressed in pure tension, and under different volume fraction of cylindrical inclusions.

Figs. 19-20 show us that increasing the percentages of cylindrical inclusions increases elastic properties (the material
becomes more rigid). And it causes a sudden drop in the strength of composite (low residual stress), and a ductility
bearing having greater strain of the composite. What changes the rate of damage depending on the strain, where the
resistance of the softening part of composite is very low.
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Figure 18: Influence of the parameter A, on the evolution of damage according to the strain.
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Figure 20: Evolution of the damage according to the strain.

The behavior of the composite follows an elastic phase until the appearance of the first cracks, then a sudden drop in
stress results to a residual stress which activates the contribution of cylindrical inclusions to take up the forces developed.
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Finally, this results in a level of ductility allowing greater strain of the composite. Note that the stress corresponding to
this level is a function of the percentage of inclusions. Also, we notice, the more we increase the percentage of fibers, the
shape of the local stress-strain behavior curve decreases, which corresponds to a less ductile behavior.

CONCLUSION

(G) and compressibility modulus (K)) were evaluated for different volume fractions (5 at 30%), taking into

account the periodic displacement boundary conditions. For very low volume fractions (<15%), the comparison
of the various results obtained by the numerical model of periodic homogenization (PBC), with the results of estimations
of the Mori-Tanaka model [35] is satisfactory, caused by a weak interaction between phases. Based analysis of the results,
the following conclusions were drawn:

T he effective properties of heterogeneous materials (Young's elastic modulus (E), Poisson ratio (v), shear modulus

- On the other hand, for volume fractions greater than 15%, the effective mechanical properties obtained by our
simulation are overestimated, they are more rigid than those of the semi-analytical model of Mori-Tanaka [35].
- It is concluded that the percentage of inclusions as well as their shape, and orientation have an influence on the
mechanical characteristics of the composite.
The Mazars damage model ([29], [30]) allowed us to introduce a non-local formulation for the evolution of damage at the
microstructure level. And also makes it possible to reproduce the softening behavior of the material, which is gradually
reduced as the microcracks develop until reaching zero. Which corresponds to a visible macro-crack. Regarding the
parametric study, the following ascertainment were drawn:

- We set the parameter A4, and we varied the parameter B, under different volume fraction, shows us that the

variation of the volume fraction of shaped inclusions (spheroidal, ellipsoidal), and of the parameter B, increases

the elastic properties of the composite (improvement of the stiffness). And, it slightly changes the shape of
damage curve (the composite becomes a little less ductile).

- On the other hand for an average volume fraction (taken equal to 20%), and a fixed value of the parameter B,
corresponding to this percentage. Shows us that the variation of the parameter .4, makes it possible to have a

sudden drop in the resistance of the composite (no residual stress), as well as a very low contribution of
inclusions in the softening part of the composite. And, it changes the shape of the composite damage curve (the
composite becomes more fragile).
The damage model of Bouafia et al. ([31], [32]), allowed us to introduce the evolution of damage through a ductility
plateau, which is a function of the characteristics of cylindrical inclusions (percentage, diameters, orientation and bond
stress).
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NOTATION

Sj : The j* area,
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n]-:
uj :

The unit normal,

The it displacement,

Sj : The outer limit of the RVE,
E;1, Ez3 and E33 : The moduli of elasticity of extensions along directions 1, 2 and 3, respectively,

vjj (i, ] = 1, 2, 3) : Poisson's ratios,

G123, G13, and Gy3 : Shear moduli,

UF : The nodal variable at the node P, of degree of freedom i,
E : Hooke's matrix,

D : The damage vatiable,

€€
Epo
W :
60 :

Elastic strain,

: Modulus of longitudinal elasticity of concrete,
Percentage by volume of fibers,

Fiber orientation coefficient,

l; : Reference length,

: Model constant,

h : Composite cross section height,
l¢ : Fiber length,

Ef:

Elastic modulus of the fiber,

n : Fiber-concrete equivalence coefficient,

Ty:

Ultimate fiber-concrete bond stress,

® : Diameter of a fiber,

f : Composite tensile strength,

&g : Composite cracking strain,

&rf : Fiber breaking strain,

€yt ¢ Breaking strain of the composite in tension.
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