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ABSTRACT. In this study, a numerical strategy for predictive modelling of 
creep in tension tests for the rectangular plate with a single crack and CT-
specimen based on the extended finite element method (XFEM) will be 
described in detail. A model of creep fracture initiation and creep crack growth 
(CCG) is developed, while the XFEM is employed to spots located inside the 
finite element for the purpose of predicting crack potential and propagation. 
In order to characterize the creep fracture initiation, identification of C(t)-
integral formula is conducted. In addition, XFEM and analytical solutions are 
also analyzed to look at the connection of C(t)-integral with time for a 
rectangular plate with a single crack under plane stress conditions. An 
illustration showing the sequence of stress distribution and displacement 
contour plots are also being presented. The stresses and displacements spread 
throughout the crack path have also been determined using CT-specimens. In 
addition, the creep cracks growth length with normalized time and the creep 
crack growth rate with the C(t)-integral are predicted to be related, indicating 
that the numerical results are in good accord with the experimental results. 
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INTRODUCTION  
 

t is a common practice in the industry in which elastic-nonlinear viscous materials must withstand long duration under 
cyclic loads at high temperatures as that of turbine blades in jet engines. The focus should be on creep when evaluating 
the materials' resistance to deformation and failure over lengthy period of time at extreme temperatures under specified 

loads. Creep is a plastic deformation process which is influenced by time and one of the main degradation mechanisms for 
I 
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metals undergoing consistent stresses and temperatures ranging at approximately 0.3-0.5 of the melting point. Nucleation, 
growth and coalescence of cavities on the grain boundaries are the main causes of creep failure [1]. 
A predictive approach is needed to make sure a safe running of the component operation for a specified period of time. By 
employing a finite element technique, a substantial amount of attempts was conducted to estimate the deformation and 
assess the durability of creep failure. In order to predict the creep crack growth, Hsu and Zhai [2] have suggested a finite 
element algorithm that may provide detail stress and strain distributions, the kinematics of the inelastic areas and the growing 
crack profile. 
The creep crack growth rates in the 32%-Ni-20%-Cr alloy Incoloy 800 H at 800°C was associated with the fracture 
mechanics parameter C* integral by experimental and numerical investigations as mentioned by Hollstein and Kienzler [3]. 
Yatomi et al. [4] then built a creep crack growth model to forecast the accelerated cracking at low C* values to deter-mine 
the trends between CCG rates at high and low C* values. It had been estimated and shown by Zhang et al. [5] that the creep 
crack growth behaviour in Cr-Mo-V steel specimen and interaction between crack tip stress states and stress-dependent 
creep ductility had resulted in the rise of a broad range of C*-integral. 
The refinement of mesh to geometric discontinuities is required when predicting the stationary discontinuities using the 
conventional finite element method (FEM). It is necessary to capture enough singular asymptotic field in the crack tip area 
by means of mesh refinement. But modelling a growing crack is significantly more laborious because the mesh needs to be 
continually updated to reflect the geometry of the discontinuity when the crack advances. In 1999, the ex-tended finite 
element (XFEM) approach of Belytschko and Black was devised to relieve the weaknesses related to the meshing of crack 
surfaces. This strategy makes it easier to add local enrichment functions into a finite element approximation [6,7]. 
Special enriched functions in combination with additional degrees of freedom ensure the occurrence of discontinuities. 
Furthermore, earlier researches on XFEM have demonstrated that the method can alleviate computational challenges, 
particularly when it comes to crack growth analysis. The strain accumulation criterion was used to analyze fatigue crack 
growth in a three-point bending specimen using XFEM, and the simulation and experimental data were in good accordance 
[8]. Furthermore, there was a strong connection between the numerical and experimental data obtained when XFEM was 
used as a predictive tool to solve the problem of elastic fracture in the crack propagation of a chopped glass-reinforced 
composite during biaxial testing [9]. The XFEM was used to simulate creep crack growth in CT and CTS for P91 steel and 
316 stainless steel at high temperature in the previous application [10]. Besides that, the XFEM was also carried out to model 
crack and crack growth behaviour in the power-law of creep materials [11]. 
 
 
MATHEMATICAL FORMULATION 
 

he constitutive law explains the elastic-nonlinear-viscous behaviour for uniaxial tension under small-scale creep 
conditions as: 
  

  
 nB
E

                                                                              (1) 

 
where   is the elastic strain rate, E is the Young’s Modulus, B is the creep coefficient and n is the creep exponent. The 
parameter C(t) describes the intensity of the near-tip fields in elastic-nonlinear viscous materials. The amplitude factor C(t), 
which is unknown from the asymptotic analysis, is influenced by elapsed time, remote load magnitude, crack configuration, 
and material properties. A self-similarity analysis conducted by Riedel and Rice [12] yielded the following relationship 
between J-integral and C(t) for planar stress: 
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Under steady-state conditions at long times, C(t)→C*. Ehler and Riedel [13] proposed the following approximate formula 
for C(t) between small-scale creep and extensive creep: 
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where a is the crack length, W is the specimen width, c=W - a is the length of the uncracked ligament, h1 is a dimensionless 
function of n, σ0 is the reference stress, P is the applied stress, P0 is an appropriate reference load, KI is the stress intensity factor 
and tT is the characteristic time for transition from small-scale creep to extensive creep introduced by Riedel and Rice [12]. For 
this study, however, the value of C(t) is determined by using the line integral as the following: 
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in which Г is a vanishingly small counter-clockwise contour around the crack tip, n is the creep parameter, nj is the unit outward 
normal to Г and ds is the arc length along Г.  iu  is the component of displacement rate, W* is the strain energy rate density for 

the power law creep model, σij is the component of equivalent stress and  cij  is the component of creep strain rate.  

XFEM introduces a numerical model of crack initiation and propagation in which the approximation for a displacement vector 
function, u, with the partition of unity enrichment is [14]: 
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where  iN x  is the nodal shape function,  jN x  and   are the new set of shape function associated with the enrichment part 

of the approximation. iu  is the nodal displacement vector associated with the continuous part of the finite element solution, 

 H   represents a discontinuous jump function across the crack surfaces, 1, j ka b   and 2
kb  are the enriched nodal degree of 

freedom vector for modelling crack faces and two crack tips, respectively. n is the number of nodes for each finite element, and 
m is the set of nodes that have the crack face (but excludes the crack tip) in their support domain. While, 1mt  and 2mt  are the 

sets of nodes associated with crack tips 1 and 2 in their influence domain and   ,   1, 2iF x i  represent mf as the crack tip 

enrichment functions. The first term technically applies to all nodes in the model, whereas the second term applies to nodes 
whose form function support crosses by the crack faces while the third and fourth terms are only applicable to nodes that cross 
at the crack tip. 
The Heaviside function,  H   across the crack surfaces can be expressed as the following sign function: 
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where  * n x x , is the local axis perpendicular to the crack growth direction, x is a Gauss point, x* is the point on the 

crack closest to x, and n is the unit outward normal to the crack at x. Furthermore, the isotropic function of the asymptotic 
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crack,  ,F r  , is: 
 

 , , , ,
2 2 2 2

    
F r r sin cos sin sin sin cos

                                                       (10) 

 
where  ,r   is a polar coordinate system with its origin at the crack tip (as shown in Fig. 1). 

 

 
 

Figure 1: Polar coordinate at the crack tip [15]. 
 

 
Figure 2: XFEM flowchart [16]. 

 
The XFEM formulation procedure is illustrated in Fig. 2. In the case of XFEM elements, there may be changes in position and 
number of Gauss points between load increments as the crack extends. Therefore, updating material state variables is done 
continuously until the load increments are completed. Whereas in crack propagation, the crack crosses the entire element that 
allows a reduced integration element to operate on plane problems such that stresses and strains are estimated in the middle of 
the element (on the integration point). Furthermore, for the crack tip located outside of the element, it is unnecessary to take 
into account the singularity of the stresses when defining the elemental displacements [9]. To keep from having to model the 
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stress singularity, the crack must propagate throughout an entire element. Therefore, the XFEM discontinuous displacement 
approximation in the crack propagation of plane problem is: 
 

      
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where  iN x  is the nodal shape function,  jN x  is the new set of shape function associated with the enrichment part of the 

approximation. iu  is the nodal displacement vector associated with the continuous part of the finite element solution,  H   

represents a discontinuous jump function across the crack surfaces, ja  is enriched nodal degree of freedom vector for modelling 

crack faces and two crack tips, respectively. n is the number of nodes for each finite element, and m is the set of nodes that have 
the crack face (but excludes the crack tip) in their support domain. 
The onset and direction of the crack extension must be specified in simulating the degradation and eventual failure of an enriched 
element during the computational simulation of the XFEM formulation. The failure mechanism is made up of two ideas: a crack 
initiation criterion and a damage evolution law. Cracking develops when stresses or strains fulfill certain crack initiation criteria 
as specified by the traction-separation law damage. Subsequently, once the associated initiation criterion is met, the pace at which 
the cohesive stiffness degrades is described by the damage evolution law as specified by the displacement or energy release rate 
criterion. 

 
 

NUMERICAL SIMULATION OF CREEP FRACTURE INITIATION AND CREEP CRACK GROWTH 
 
Rectangular plate with a single crack 

ig. 3 shows a rectangular plate with a single crack with measurements, L=114.3 mm, W=25.4 mm and a=2 mm. 
Super alloy Inconel 800H at 650°C with E=154 GPa and v=0.33 was used as a specimen material. The creep model's 
power law is as shown in Eqn. 1, with the creep coefficient B=1.34 x 10-30 (stress in MPa) and n=5. Yang et al. [17] 

and Meng et al. [11] had previously investigated the similar model. The damage of the traction-separation laws for the crack 
initiation and evolution is selected on the basis of the maximum principal stress (MAXPS) criterion with yield strength, 
σy=93 MPa and a 0.3 mm failure displacement. 
 

 
Figure 3: Geometry representation and boundary condition for rectangular plate specimen. 

The elements are of linear quadrilateral four-node type with decreased integration, while fully integrating the elements and sub-
elements (integrating richer elements). The C*-integral here was 8.37E-03 kJ/(m2h) with a stress intensity factor of =19.37 MPa.√m 
[23]. The values of the C(t)-integral gained from the domain form of the interaction integrals by employing the XFEM technique in 
the simulation and both short-time estimation and approximate interpolation formulas are presented in Fig. 4. 

F 
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Figure 4: Solutions of the log-log plot of C(t)-integral near the crack tip in a rectangular plate with a single crack under plane stress. 

 

As shown in Fig. 4, the results for the short times creep acquired from the three methods, which also includes the contours plotted, 
are strongly correlated. As for the long loading times, the results of the Ehler-approximation Riedel's interpolation and the steady-
state value C* approach are moderately correlated with the XFEM solution. Furthermore, under the constant load, the values of C(t) 
indicated a declining trend as time increased. This suggests that while the load was maintained, the following creep deformation 
resulted in the crack tip stresses to relax. As shown in Fig. 5 and Fig. 6, the contour plots of the stress in the y-direction and the 
displacement magnitude are shown alongside the specimen's crack path. The crack spreads outwards from the center, with the most 
stress centered at the specimen's crack tip. 

 

 
Figure 5: Rectangular plate with a single crack: contour of stress in y-direction along the crack at (a) t=114 h, (b) t=556 h and (c) t=998 h 

(a) (b) (c)
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Figure 6: Rectangular plate with a single crack: contour of a magnitude of displacement along the crack at (a) t=114 h, (b) t=556 h and (c) t=998 
h 

 

Compact tension (CT) specimen 
As shown in Fig. 7, a compact tension (CT) specimen of ASME P92 steel welded joint, with W=20 mm, L=24 mm, ϕ=5 
mm and a=10 mm employed at 650°C to further proceed with the creep crack growth study. The load P=2050 N is 
administered to the CT-specimen with an analytical pin connected to the specimen's hole to represent the bolt in the 
experiment, while a plane stress is applied on the linear four-node quadrilateral elements. 
 

 
Figure 7: 2D-discretization domain of the specimen consisting of 5937 elements and 12380 nodes. A boundary condition in the upper 
hole was fixed at the x-axis (U1=0), while in the bottom hole it was fixed in all directions (U1, U2, RU2=0,0,0). 

 
Zhao et al. [18] and Yatomi et al. [19] had thoroughly examined the creep crack growth in such specimen by means of an 
FEM analysis using node release technique. Whereby Zhao et al. [20] had investigated the experimental setup with E= 125 
GPa, v=0.33, B=2.6353E-16 and n=5.23 being the material and creep properties. The damage for the traction-separation 
laws based on the maximum principal stress criterion (MAXPS) is applied to the enrichment elements with yield strength, 

140yσ  MPa and a failure displacement of 0.2 mm to introduce a crack initiation and evolution. 

Starting with the explicit time integration, the program then automatically transitioned to the implicit thus permitted longer 
time increments and became stable. As can be seen in Fig. 8 and Fig. 9, the contour plots of the stress in the y-direction and 
the displacement magnitude become visible, spreading along the crack path. Once the stress value at the contour of the 
crack tip area reached its maximum stress concentration zone (SCZ) under the tensile load, the crack will start to expand 
and evenly spread at the infinity parallel to the crack direction. 

(a) (b) (c)
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Figure 8: CT specimen: distribution of stress in y-direction along the crack at (a) t=24 h, (b) t=64 h and (c) t=100 h 

 

 

   

(a) (b)

(c) 

(a) (b)
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Figure 9: CT specimen: distribution of a magnitude of displacement along the crack at (a) t=24 h, (b) t=64 h and (c) t=100 h. 

 

 

Furthermore, when the relation of creep crack growth length pertaining to normalized time is plotted (Fig. 10), the XFEM 
solutions and the experimental results are comparatively well estimated. The increase trend of the creep crack growth length 
with the rising normalized time can be seen in Fig. 10, represented by the current loading time, t and the life, ft  of each 

specimen's creep crack growth. Fig. 11 shows the representative creep crack growth rate with respect to C(t) for the XFEM 
solution and experimental results. The XFEM solution curve appears similar to that of the experimental results, bringing 
the R-squared value closer to 1. In essence, the pattern of the curves shows consistent creep crack propagation of the 
specimen. 

 

 

 
Figure 10: Relationship between XFEM calculated creep crack growth length and normalized time 

 

 

 

(c) 
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Figure 11: Comparison of XFEM calculated creep crack growth rate versus C(t)-integral with experimental data. 

 
CONCLUSION 
 

he approach applied to investigate creep fracture initiation and predict creep crack growth of the ductile materials 
was numerical constitutive model. The creep fracture initiation was characterized by means of C(t)-integral and the 
materials' crack propagation that shows power-law creep behavior was predicted by formulating the XFEM 

solutions. 
The analysis had identified a rectangular plate with single crack displaying a relationship between the XFEM solutions and 
analytical approximation based on short time estimation and Ehler-Riedel's approximate interpolation which relatively 
consistent with one another. The contour plot sequences of the stress in the y-direction and displacement magnitude were 
identified in addition to the crack path. At this point, there was an apparent crack evolution movement at the center of the 
specimen along with an increase in the distributed stress at the crack tip area.  
In this study, a CT-specimen has been tested further, showing respectively the contour of the stress plots in the y-direction 
and the displacement magnitude. The trend of the propagation of the creep crack was well forecast and shown in the graph 
relations. In the first graph of the CT-specimen, the crack growth length with normalized time is shown where the XFEM 
solutions were properly estimated with the experimental data. Whereas the second graph shows the creep crack growth rate 
with C(t)-integral which produced a similar result when the two approaches were compared, bringing the R-squared value 
closer to 1. Thus, the C(t)-integral and XFEM formulation relationship had facilitated in predicting the ductile materials' 
creep crack initiation and creep crack growth behaviour and subsequently verified the results of the study. The next analysis 
regarding creep material behaviour will be conducted by representing the damage parameters of creep failure in the ductile 
materials with the constitutive creep damage model based on continuum damage model.  
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