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Abstract

The aim of this paper is prove a theorem on the Riesz mean of
expansions with respect to Riesz bases, which extends the previous
results of Loi and Tahir on the Schrédinger operator to the operator of
4-th order.

Introduction

The aim of this paper is to prove a theorem on the Riesz means of
expansions with respect to Riesz bases, which extends the previous
results of (1) and (2) of the Shrodinger operator to the operator of 4-th
order.

Let G < R be an arbitrary finite open interval, g(x) € L'(G) an
arbitrary complex function and consider the operator L u,:= u:‘” +
q(x) up.

Given a complex number A, the function . 1:G—C,u.,=0
is called an eigenfunction of order — 1 of the operator L with the

eigenvalue A. A function %, : G — C, u., ;{ 0:(#=20, 1,..) is
said to be an eigenfunction of order r of the operator L with the
eigenvalue A if #, together with its derivative is absolutely continuous
on every compact subinterval of G and if for almost all x € G the
equation L u(x) = A u/x) — u, _ 1(x) holds, where u, _ 1(x) is an
eigenfunction of order (» — 1) with the same A. :
Let us now give a Riesz basis (u, (x)) < L*(G) of the operator L.
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Let A , (resp. o,) denotes the eigenvalue (resp. the order) of u, and
assume that the following conditions are satisfied:

SUPO, <O e [1]

incase 0,> 0, Ay, —Lu,=up_y  ....... 2]
Suppose the biorthogonal system (v,) of the system (u,) have the
property
2 ol
[=ps L*(G)
Now consider the Riesz means of the biorthogonal series

o %)= X (f v,)u ,(xxl—-fj;)’.....[ﬂ

[P |<n

(feIL'(G),x e G, g>0,0 <s < 1/2), where (v,) is the dual
system of (), i.e., (v,) C LXG) and < VU =0, ).

Given any compact interval K < G, denote by R an arbitrary
number from the interval (0,dist (K,0G)).

Now, fix x € K arbitrary and define W,: G — R by

W (t)={a(s)“%_s|’ .t ) i |r] <R,
¢ otherwise,

<V<wLu>1pk =Re,/4,,0,20)...[3]

.[5]

where a(s):= 2°2n) 2 (s + 1).
Moreover, for any f € LI(G), x * Re G define

x+R

SI(fx)= (W (v —x)f (v)dy ....[6]

Denote by 6°(x,y,1) the spectral function of the Riesz mean (i.e.)
2

6" (x,y,m)= 2 u,(x)o,(y )(1—-—) ------ [7]

Pr<n
where x, y € G.
Introduce the operation D R, LG —=R

2"
D[ 1== [f R)R ... 8)

where Ry € (0,dist (K,0G)).
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Theorem
Given any compact interval K € G, forall 0 s <1/2, u>0and f
e L'(G) the estimate

ol(f . x)-SI(f,x)=0pn* ... [9]

Hold the uniformly on the compact interval K c G.

Remark
For the case s = 0, € LXG) (resp. f € L'(G)) this estimate was

proved in (3) (resp.(4)) without the condition |Im\I7L, | <c.cis

constant)

In (1) the same estimate was proved with the condition

mT| <V

The validity of [9] without this condition was proved in (2).

For the proof of this theorem we shall choose the 4-th roots x, ;
(i=1,...,4) of A ,,such that Re z,1 2 p,2> p,3 24,4 and put p,.=p,>
,p=Re p,,ve=Im p,|.

Now , we have (M.B.Tahir,(5))

U (x) u,(x—t)+ud, (x +t) 4, (x —2R)+u (x +2R)
0=| 1 2cosp, t 2cos2p, R
1 2Chp,t 2Ch2p, R

Expanding this determinant according to the first row and using

- *Sh — &) —si .
0,(0)=u, )+ [P D0 ya
where 0(€):=q(&) ux(&) — u, (€)

and U, =L u,— A, uy.

We have

2(Ch2 u,R—cos2 u, R) (ux—-t)+ux+1)=
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4 ux)(cos u,tCh2 u, R—cos2 u,RChpu,t)+2(Ch u,t—cos u,
f):

[ux+2 R) +ulx—2 R)] +2(Ch g, t —cos u, t)

“j" Shp, (2R —|x —&|)—sinp, 2R —|x — &)

2 3 Q (g)d g =

x-2R K,

2 (Ch 2 Y7} y R- cos 2 7, #
p [ R . "gbz;f i €=k 8o gyae,

2 2Ren, R _
dividingby €~ " we obtain:

[uAx — 1) + u(x + £)] d(,,R) = 2 ux) do(u,,R,t) +
do(er 1R, [ux — 2R 3 ulx + 2R)] s

x+2RD ’R’ : _
f RURLE D0 @ya, ..o

x=-2R
2(Ch2 p,R —cost2 p R)

2Rep, R 2
e A

where d (1, ,R ) =

2(cosput Ch2u R —cos2 W R Cht
dy(h, o) = 2RI RZ U COs MR CRUD),

2(Ch pt—cosput
dl(“‘r 9R3r):: ( :L;Reu,_lf? u’ )

and

Dy Stfe—8)= %mm?mﬁ—lx—a)sfoﬁx—&gs
ém,w)i“*mﬁ*x@, if 1 <x 4 <R

we want to prove the following estimate.

es(st»M)—W;:(y —x|)=0(l)“’_sa --------- [11]

128



IBN AL- HAITHAM J. FOR PURE & APPL. SCI VOL.22 (1) 2009

We count the Fourier coefficients of the function W ;(y —x ) with
respect to the system (u,):

(u,,DR“WR">=DRII?W;(I)[u,(x —t)+u, (x +1)]dt

d,(n,,R,t)

d(L.R) +{u,(x =2R)+u (x +2R)}

=D, ?W;(r){Zu,(x)

-2Rey, ;R x+2R
d;(u,,RJ)_'_ e IW}:D(H,.,R,I‘, _ df
d(uraR) d(HnR)x—IR

since

DROW?: (% )= Zm (ur’DRnWRS>

and from ((1),p.67)

DWW (@)=W,()+O0Mp"

We obtain

0 (., W)W, (y —x)=0(u" +6 (x,y,W) - D, W (y —x),

By using the definition of ©'(x,y,u),D,W /(¥ —x) and the

relation IPV; (t)cosp, tdt = {
0

We have the following:
0" (x

2
P,

2] (see 1), p.61)
H

D=0k +e Fu,(x)0,(v)..[12]

- s Ch2uRChvt
[DHﬂ fWﬁ; (t)cos ptdt—D, F’,;(t)oosp, ( meu,P,LRd( ;)) ]dth
R 0

s (¢)sin ,tShvt cos2 RChput
( ) p 2Rep, ;R f D FV ( ) u 2Repp:;t‘ )dt -
# d(p,,R)e K,,R)e
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TR0, 0420w ~2RY LR

R =2Rep, R y42R
s P - '
c30,0)D,, 7 @) | DW,.R t.x —E)OE)dEdr
; b d(1,,R) 2
Let
6
OG-, (y —x)=0Mn™ +X H, .......[13]
i=l
where H,, ..., Hs denote the first, ..., sixth integral of the right hand
side of [12]

we want to find the estimates of H; (i = 1, ...,6).
Firstly, we know that (M.B.Tabhir (5)), for m = 2.

ID(H,sRJ,[x _§|)|SC m

e 2Rep, R

-3

e min{liu 12} .. [14]

and
2R

]

R

d(p,,o)

e 2Rep, ;R

doo26>0 (8=08(R)))........ [15]

R
if Ry> 0, _50_ SR<Roand |g| >4=A4R)> 1.

From ((1), P.63), we have
= _C(R,,s)
|H,\|<p -
I+|u-p

R
H,|< ‘DRH W i (t)cos pt [
0

Ch2uR Chvte™*
2Rep, R dt
™ d(1,R)

R

2. IW; (t)cos ptChv tdt

0

S ce 2(g-v, )Ry

(see [15])
But from ([1], p.63) this integral less than
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c(R,,s)Chv R,

L+|u-pf
Hence
IHE Sﬂ-sezm_"rm:- C!(Roas )Ch ero S CH(RU,S)elV;IR"

3 SH
1+|u-p] l+|u-p
H, is the only place in the proof where N.H.Lio (1) used his additional

assumption on the distributional of A, (’hn\/z }Sc NZ |_ai ) M.B.

Tahir (2) proved the theorem without using this assumption and also
we shall not need this assumption.

|H,|<ce™" D, ti[W;(t)sin ptShv tdt
0

=ﬂ—sce-2v,h‘n

R
D, _[,u%t b S, (ut)sin pt Shv tdt
0

From the definition of W, (¢).
But M.B.Tahir (2) gave the following estimate

R 1 i il
D, (1 t™ T (ut )sin ptShv tdt|< c(Ry,s5)e ;
0 | L+|u-p]
Then
v, R
!H3|SC(R033 )ﬂ-“ :
1+ Lu -1

For the estimate of 4, using the definition of W, (¢) and the
relation

.
clu, |t AL OSts-l—‘
|Chp, t|< : P
ce® Jf t>—,
i H,
then we have
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Vin,| R
D, }iW;(t)|pr|tdt +D, [Wi(t)e™ dt
0

U, |

<

Vjw, | » B
Seu” [DR,, | 4 P (uf)‘r‘“’dH [ w S, (ut)
0

t ™ e dt
Vi, |
Vi, |

Dﬁn .[ ﬂ% ’_]“% (yt)|t‘~v—%dt <c, maxt™ <cR’
0

Vostsi/jy, |

R
1 —ﬁ—-L - -
D, _[y* |J l(,ut).t e¥dt Sc,e®™ mEx 1™ Lce® " R;
0 Vi 543 Ulp, |stsR

s |H | SR e )™
To find the estimate of Hs, using the relation

(c |t ,if 031‘5—-—1-—
|Chp,t —cosp,t|<3 Lll'

ge ™ Jif £ >—,

L l-l-,.

(see (5)), then
D, [V i (@)Ch pt —cos pt )t

Sc(s)u‘DRu[ [V il ven |

|

JH_; W#e Yt i|

m
Vr

<c'(s)u” max t™ +c"(s)u°), max ¢"™*

ost<1/ju, | me0 M| Vinlst<r

where "' = i M
m=0 m!

Se(Rys)u 'R +c"(R,,8)p’R’e™™
SC{R ) g™
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Then
-5 _v.|Rp
|HSISC(R0’S)/" €| I L% (K )

At last, for estimate of Hg, we have from [14]

u!"

x+2R ) ,R,t’x —_—

[ DGRt ZED 5 g
x-2R €

x+2R ) ,R,t,x =
<[ T 2 Doy
$C|ﬂr|w3egR mln{lalﬂrlt} u, L*(x-2R x +2R)
hence
|H6|$C|Jur|_3€p’Ro u, L“(K,,H)I(;rsl,asic £

SR, i L, SR i,

using [3], ((6), lemma [3]) and the Cauchy-Schwartz inequality we
obtain the following estimates

Zr|U,(y) u,(x)||H,|=0)p™, (=1,2,3,4)
20, 0)|H | =0mw",

Z,]U, )||H|=00p"".
It’s clear that
16. 0 (x,y, W)W, (y -x)=0()u"

Proof of the Theorem:
Consider the operator

L(fx)=p[a(f %)-S:( x)]
From L'(G) into C(K) for any compact K c G.
We know that

af.2)= 2 (00U )[1—%)

g |<n

S, %) =2, (f 0, )w W)
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then o, (f ,x ) =S, (f ,x )= (f 0" —W;)
:er ,Ur><ur,9" _Wf;>

By using Cauchy-Schwartz inequality and the previous result in [16],
we obtain

|L#(f 3 )|L(x) =M

For any fixed K < G. Further there exists H ¢ L'(G) such that H =
L'(G) and the relation L (4,x) —> 0 holds uniformly in x on the K for
any h € H.

Hence the result follows by the Banach-Steinhaus theorem (7).

The proof is complete.
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