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Abstract

The purpose of the paper is to find the degree of the
approximation ot a functions / be bounded , measurable and defined

I Interval [aﬁb]by Bernstein polynomial in L, space 1< p<ooby

using Ditzian-Totik modulus of smoothness and " average modulus
of smoothness.

Introduction
Let f be abounded and measurable function in [0,1] for which

|
(_ﬂfr}dx)ﬂ-::m 1€ p<oo
[0.8]
Bernstein polynomial of fis defined by

ok
B(f.x)=2f (e (x);
k=0

[1.1]
F(x)= [:)xk (1-x)"" ,n>2
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For 1< p < w0 | let us define

K y’w(xi
Vn+ -

H

Where
@(x) = Vx(1-x)

The Ditzian-Totik modulus of smoothness which is defined for such
J will be follows

! (f,6.a.b]), = sup|
Ushzs

[1.2]

NS . [1.3]

where

i(—l}"‘*[j}f(xﬂgoh) x+1he e [a,b]

A, S (x) = [1.4)

X+ihe ¢ [a,h]

The K" average modulus of smoothness tor fel, [a,b],l <p<ow
1s defined by

T (_f',cﬁ'.,[a, !J]) = “W;- (F .8, [a, ’5])“;; [ 1.5]

r : (&=1 "
Let W [u,b] be the set of all functions f on [ﬂ,b]a 7" which
are absolutely continous and ' < L,, (1)

Consider now

Cu(x —1) Osugxgl
S, (x) =

l\}{(ﬂ.-l) UEK“_:LI":]

At a number of places in this paper use some standard inequalities
concerning sums and integrals which(2),(3) are:

I-If f,g e L.l € p<aothen Hf+g”ﬁ < c(”fﬂp +”g”p),cis constant
[1.6]
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2-f,ge L, 1< p<othen

(ﬂf_g["drﬁ g(ﬂf[*”atr)?.(ﬂgy”dr)*f 3 é-t-é =1 [1.7]

Lemmal (4)
S, has he following properities

() (B, (S,,x) - S (x))20

< for U£U£1

I
@) | (B(S,.)~S,()Ndx < n” p(u),

Lemma 2
Let ne N and g,g" are absolutely continuous functions on [O,I]then
]

Bn(g:x)_g(x) = J.(Bn (SIHX}_SM{I))g"dH 505:“ X1,

4

Proof:-
For x=0 or x=1, we obviously have the result , 80 let 0<x<I then by

using definition of S, (x) we get:
X ]

ISH (x)g"(u)du = ju(x - g’ (u)du + Ix(u —- 1D g (u)du

X x i
= (x—1) fug"(W)du + x j(u_t)g”(u)du [1]
{l x

By integrating by parts, we get that

Jug e = xg'(x) - ) + g0y 2]
And

|

f(u ~Dg (w)du = ~-(x-D)g'(x) - g() + g(x) [3]

Then by substituting | 2)and(3} in (1),we obtain
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[S. ()" (wydu = g(x)+ g(O)x —1) - g(1)x
4
Now , for IB” (S,.x)g" (w)du, wehave

] i« k
[B,(S,,x)g"(w)dhu = 35, ()P, (X8 (u)d

n x=0

=X Bt |5, (-i—)g”(u)du

|
Evaluate _[Su (E)g”(u)du , we have:
"
{)

- % 'y
fS.)g"@du = fu g (ydu+ [Eu-1)g"wyan
0 F1 o H VH

|

By the same lines used for .[S“ (x)g"()du we obtain
0

ry k

fs,Sg"du= ¢Sy + gy k- gy

0 #1 H H ]

Then

] ; : k k k

|B,(S,.0¢g" wdu =3P, () + 20— -1) - g(1)=)
=8,(g:x)+ B, (g(0)x -1);x) - B, (g(1)x; x)

Now since Bernstein polynomial is linear operator and preserves
linear function , we obtain

]

[B,(S,.X)g" (w)du = B, (g:x)+ g(0)(x — 1) g(1)x

{)

Hence

[(B.(S,.%) =S, (x)g" ()t =B, (g;) + £(O)x ~ 1) - (1) - g{x) — £(0)(x — 1)+ g(Dx

= BH (g:.x)—-g(:-:).
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The main result
We shall prove a direct theorem in L 4 [a,bll = p <o for Bernstein

operator 5, (/) interms of Ditzian modulus of smoothness and
average modulus of smoothness .

The direct theorem

If /" 1s a measurable and bounded function on [a,b] then 1< p <o
We have

|7G) =B, (N cof(f.8,[a,b), +,(1,8.[a,b).
Where ¢ may be a function of x .

Now we also need the following lemmas to prove our theorem:

Lemma 3
Forne Nand g e w, [u,b],l < p <o we have

B (g)- g"ﬂ < en "’””go.g"ﬂﬁ where ¢ is constant.

Proof

Consider the linear operator[3 ]
]

T(f)= [(B,(S,.X)= S, (X)p~" (u)f(u)du

{

Then
¢, =

(B, (S, X )= 8, (X Ne" (u) 7 (u)du

JIJBA (S, XY= 5, (X Yo' () f (u)due | ai

il

f

I

[I IH"'@(H)@" () f(u)durp dx}

by (1.6) we get

]

e ﬂ;( [ﬂf(u)l du]
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[Tl <=iA,
then let f = ¢.g" and by lemma (2)we obtain

[T(p.g"), = J(B.(S,. X) =8, (X)o™ w)pu)g" ()

S0 that

4 nr
<< lpeT,.

lemma 4
Let fe W;[ﬂ.,,b] then 1 < p <o we have

‘ 2

Proof:
Setting

C
, S0/ (1.8, la,b])

&t q;-::.rh

" — f 2 E*
F(x) = H,,m( 1 U[@hj H@» (S Gt 2y 410, ) oty =

M

# ¢ 3 2 E
F"(x) = 1+;)Z( 1) U[-z—] Ay f(x)

i=1,2 ¢Ih
Now clear from (1.2) we have

VP(X)

( )E.F”

Jn+
2n

===

Hﬂan ﬁ

Iy
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<[ 20 };( )" [ L J o S (9
”ﬁ pal B H:I+F Eﬂ%f(x)—ﬂ;f’(x)[ F
= Hi,.:. ( ﬂ%f(x)
= Hip (T:f ﬂ%f (x) +sup Ay f (x)”ﬁ)
“’(f,cs,[a,,b]):

ifgmf(f,é,[a,b])ﬁ.

Lemma 5

If fe Lp[a,b],then (1< p <o) we have

Proof:-

PO fey= 22

1

| 24
=
)
L
-
N
M
":
:-'"-a ,r—*—--\
x.____,,z

<{gh )

i
e, s
0 2

[F(x) = f(x)] €208 (f.x + A k)

3oy

}-r 2 2 f
Z[—” {r][;ﬁ_@j_] I J-j{t+u -F-Hz}du]d“g f{I),h‘

¢

jf(x+r( ! l)drd: + f(x)

0

I
X | -

'\-u..il
= DE— -

)a’f1 dat,

it

i/

Let f =24, ~u, and 1, =u, we obtain
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@ gh

F)y = f@[ <20k )7 [ [|AL £ (0ldudu,
g
<2phy™ [|A%, S (o)l

o
< 2(gh)™ jiugy A} S (x)du

<200 (f,x+hh).

Lemma 6
It fel, [a,b]. then (1< p <o),n =2 we have

18,y =B, (F)| < r,(.68.[a.) .
Proof
By (1.1)and (lemma 5 ) we have

|B,(f)-B,(F), = j[i(f( -t NP, () | e

0 k=0

= 6112% [ Lkl [a, b] i (X)
0

k=0

By (1.6)we get

E | RTRA P | g
ifﬁr.{f]—ﬁ,,[f’}|]ﬂ£::;, J'|m*'{ ﬂkﬂ [ﬂﬂ’?U‘ ] ﬂ*(.[(ﬁe(-r}") drai#é:l

k- f

=M, M, , M, =c¢ ,cisconstant

( ; ."H-]/; ¢(k 1) -'”\'E |
M, < ’ t .,b] d =
<e 3 [lof £ 2D [y ;
I"o., I _.HII
1+ P
<e, Imf(f,x+¢h,[a,b])
ot
=r:,(f,x,[a,bbp

156



IBN AL- HAITHAM J. FOR PURE & APPL. SCI YOL.21 (3) 2008

Lemma 7
For ne N and F e W;[a,b],l < p<© wehave

|F—B,(F)|<cal(f,s,]a.b)

P'

Proof
By using (lemma 3) and ( lemma 4 ) we ¢et
: & o
|P - B” (F)"p = HHT |¢F lp
<en 7 QEF"‘

I|":I

< cmf(f,ﬁ,[a,bbﬁ*

Proof of the direct theorem
|7~ B.(F), =7 - F+ F~B,(F)+ B,(F)+ B, (1),

<|\f-F | F =B, (F) L +|B,(F)=B,(/)

Using ( lemma 5 ), (lemma 6 ), (lemma 7 )
| f - BH(F)”F <205 (f,x+hh), +E]ﬁf(f,5,[a,b])f, +7,(f,x,|a,b))

J”

B

<c,@f(f,6.Ja.b), +7,(f . x[ab),
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