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Abstract

This paper proposes a dynamic economic model dardggneous households to exp
economic mechanisms of how the richest one perafehe population own 50% of natior
wealth. We explain inequality in a purecompetitive economic environment with endoge
wealth and human capital accumulation. The produrctechnologies and economic struct
follow the Uzawa twaector modelin this study a household’s disposable income &
traditional disposable incomg@vhich is the income that a household earns eaciogh@f time
after taxes and transfers in the Solow model andynampirical studies) plus the value of
household’s wealth. By applying Zhang's concemigibosable income and utility function,
describe consumers’ wealth accumulation and consumptiehavior. We show howealth
accumulation, human capital accumulation, and dwviof labor, and time distribution intera
with each otherunder perfect competitiorWe simulate the mod&lith three ¢oups of the
peoplethe rich, the middle, and the pcwhose shares of the population, respectively, the 1
%, 69%, and 20%. Waemonstrati¢he existence of an equilibrium poatdt which the rich 1%
own more than half of the national wealth and tloer 20% less than 10% of the natiot
wealth. The rich household works only 4 hours aataythe poor household 11 hours a day.
show how the system moves to the equilibrium framngial state and confirm that tt
equilibrium point is stableVe also emonstrate how changesthre total factor productivity ¢
the capital goods sectohe rick’'s human capital utilization efficiency, the richéfficiency o
learning through consuming, and the rich’s propéesito save to consume, and to en;
leisure, affecgrowth and inequalil.

Keywords: Inequality and growthlearning by consumingwealth and income distributio
heterogeneous households.

1. Introduction

It has been reported that the richest 1% of thddaymopulation is owning almost half the
world’s wealth. Moreover, it does seem that ineitjdle enlarged in the near future in tanc
with rapid economic globalization. There is a néedcknow determinani of inequality and
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dynamics of inequality. This need is emphasized Hoybes (2000) as follows: “careful
reassessment of the relationship between theseatiables (growth rate and income inequality)
needs further theoretical and empirical work euvadgathe channels through which inequality,
growth, and any other variables are related.” $gingly theoretical economics still has little to
say about determinants and dynamics of economwgtrand inequality. In a systematic review
on the literature of economic growth and inequalityncome and wealth, Zhang (2006) points
out that although the importance of issues reltiegtowth and inequality was well recognized
long time ago by economists such as Marx and Katdodern theoretical economics has failed
in providing a proper analytical framework to arayelations between growth and inequality.

Without a proper analytical framework, economicsn chardly analyze extremely
complicated dynamic issues with nonlinear intecaxtiamong many variables over time. Even
mathematically it had been hopeless for any thisatetconomists to deal with the issues in free
market economies in an insightful and comprehensigener even a few decades ago before
computer was available for simulating high dimenalamonlinear dynamic models. The purpose
of this study is to re-address issues related ¢davily and inequality with Zhang’s concept of
disposable income and utility function. We are emy interested in a phenomenon of
contemporary free-market economies where the tichsof the population own more than
almost half of wealth. By comparative dynamic asalyve also demonstrate some possibilities
that inequalities will not be shrunk but will belaged in free market economies with rapid
technological changes and connected markets. ler dodanalyze these issues, we introduce
endogenous human capital and human capital extersahto the general equilibrium theory
with heterogeneous households and endogenous wealth

This study is based on Zhang'’s integrated Walragereral equilibrium and neoclassical
growth theory (Zhang, 2006, 2014). Both the Wadmsgeneral equilibrium theory and
neoclassical growth theory have played a key moléhe development of formal economic
theories in modern times. The Walrasian generalilegum theory was initially developed by
Walras (Walras, 1874). The theory was further dgyed and refined mainly in the 1950s by
Arrow, Debreu and others (e.g., Arrow and Debré&f4] Gale, 1955; Nikaido, 1956, 1968;
Debreu, 1959; McKenzie, 1959; Arrow and Hahn, 19%tpw, 1974; and Mas-Cole#t al,
1995). The theory solves equilibrium of pure ecolmoexchanges with heterogeneous supplies
and households. From the perspective of moderroaaes the theory has a serious shortcoming
which is failures of properly including endogenousalth (and other factors such as
environment, resources, human capital and knowjetlgespective many attempts done by
many economists. Walras failed in developing a ggrequilibrium theory with endogenous
saving and capital accumulation (e.g., Impicciastral, 2012).

Over years many economists attempted to furtheeldpWValras’ capital accumulation
within Walras’ framework (e.g., Morishima, 1964,71@ Diewert, 1977; Eatwell, 1987; Dana
et al. 1989; and Montesano, 2008). As it lacks ergzonomic mechanisms for determining
wealth accumulation,he traditional Walrasian general equilibrium the@ynot proper for
addressing issues related to growth and inequ@itythe other hand, the neoclassical growth
theory deals with endogenous wealth accumulatiotin wmicroeconomic foundation (e.g.,
Ramsey model). Nevertheless, the theory is notess@al in dealing with growth with
heterogeneous households. Almost all of the nesicEsgrowth models are built for a
homogenous population. Some neoclassical growth elmodvith endogenous wealth
accumulation consider heterogeneous householdsertideless, the heterogeneity in these
studies is by the differences in the initial endemts of wealth among different types of
households rather than in preferences (see, fanics, Chatterjee, 1994; Caselli and Ventura,
2000; Maliar and Maliar, 2001; Penalosa and Turkygv2006; and Turnovsky and Penalosa,
2006). Different households are essentially homeges in the sense that all the households
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have the same preferenddity function in the traditional Ramsey approatmour approach w
consider different ethnic groups have differenlitytfunctions It implies its limited power i
analyzing growth and inequality. Zhang (2006, 20ib#ggrate the neoclassical grow theory
with the Walrasian general equilibrium thewith his concept of disposable income and ut
function.

This study is based on Zhang's approach to disgussth and inequalitylt should be
noted thaeconomists made efforts integrating theneoclassical growth theory with the gen:
equilibrium analysis (e.g., Jensen and Larsen, R@35far as the Walrasian general equilibri
theory and the traditional capital theory are comee, the issues examined Polterovich’s
approach with hetegeneous capital and heterogeneous houselPolterovich, 1977, 198:
Bewley, 1982;Amir and Evstigneev, 19Y) are quite similar to the model in this stuThe
main difference betwedpolterovict’'s model and our approach is human capital dyname
modelingof household behavioPolterovich’sapproach to household is mainly based or
Ramsey model, while this study is based on Z's approach. Polterovith approach does not
take account of endogenous human caj

Both physical wealth and humaiapital are the determinants of economic growth
inequality. Wealth differs between households pdricause people have different propens
to save and human capital differs between peoptéy ieecause they have different abilities
preferencesn accumulating human capiteThis study follows Uzawa’' two sector growt
model in describing economstructure (Uzawa, 1961). Uzawa’s tweetor model has be
generalized and extended in different ways oversy¢see, Diamond, 1965; Stiglitz, 19
Mino, 1996; and Drugeon and Venditti, 20CWe will integratethe neoclassical growth thec
with the Walrasian general equilibrium theory fardying dynamic interactions among grow
wealth and income distribution, and economic stmgés.A unique fature of our approach is
treat human capital accumulation as an endogenagegs of economic growth. In econotl
theory there are only a few theoretical models tvistudy inequality and growtwith both
endogenouswealth and human capiteaccumulation Our approach to human cap
accumulations influenced by Arrovs learning by doingUzawa'’s learning formal educatic
and Zhang's learning through consuming (leisuratorigy). This paper also extends a rec
paper on economic growth with heteeneous households by Zhang (z, 2014). The main
difference between this study and Zhang (2012)ha& this study treats human capital
endogenous process while the previous study by@bansiders human capital fixed. The ir
difference between thistudy and Zhang (2014) is that this study treai tdistribution a
endogenous and the previous study by Zhang nediewsdistribution issues. The two stuc
have different human capital accumulation equati

The rest of this paper is organizes follows. Section 2 defines the heterogent
households neoclassical growth model with capitatumulation and human capital
accumulation Section 3 shows that the dynamics of the econwitlty J types of householc
can be described bgJ -dimensional differential equations. As mathematicallysis of the
system is too complicated, we demonstrate somleeoflynamic properties by simulation wt
the economy consists of three types of househ8lestion 4 carri¢e out comparative dynam
analysis with regard tthe total factor productivity of the capital goagksctor, he rich’s human
capital utilization efficiency, the rich’s efficieg of learning through consuming, and the ric
propensities to sav consure, and to enjoy leisur&ection 5 concludes the stu

2. The Basic Model

The economy consists of one capital ¢(sand one consumer goods sectMost aspects of the
production sectorare similar to thistandard two-sector growth modsl Uzawa (Uzaa, 1965;
Burmeister and Dobell 197@zariadis, 199; Barro and Sala-i-Martir.99%). Households own
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assets of the economy and distribute their incamesnsume and to save. Firms use labor and
physical capital inputs to supply goods and sesvice

Exchanges take place in perfectly competitive ntarkeactor markets work well and the
available factors are fully utilized at every mome®aving is undertaken only by households.
All earnings of firms are distributed in the forrh mayments to factors of production, labor,
managerial skill and capital ownership. The popuoais classified intoJ groups. Each group

has a fixed populatioan , (] =1,...,J). Let prices be measured in terms of the commodity
and the price of the commodity be unit. L;e(t) denote the price of consumer goods at ttme
We denote wage and interest ratesviqﬁt) andr(t), respectively. We usé j (t) to stand for
group j s level of human capital. It should be noted #@l#tough we call it human capital, the
variable H, (t) may consist of not only human capital such adsskihd knowledge but also

intangible assets such as social status, reputatnohsocial relations.
We use subscript indaxand s to respectively stand for capital goods and comsugoods.
We useN, (t) andK_(t) to stand for the labor force and capital stockpleged by sectom.

Let T, (t) stand for the work time of a typical worker in gpoj. The variabIeN(t) represents

the total qualified labor force. A worker's labarde isT;(t)H]" (t), wherem; is a parameter

measuring utilization efficiency of human capitgl group j. The labor input is the work
time by the effective human capital. A group’s labgout is the group’s population by each

member the labor force, that i, (t)H " (t)N; . As the total qualified labor force is the sum of
all the groups’ labor forces, we hatt) as follows

N(t) =D T, E)H" ()N, j=1,..J. (1)

Full employment of labor and capital
The total labor force is employed by the two sextdhe condition of full employment of labor
force implies

N (£) + NS(t) = N(o) 7

The total capital stockk (t) is allocated between the two sectors. As full eymplent of
capital is assumed, we have

Ki(t) + K,(t) = K(t). €)

Let k;(t) denote per capita wealth of grotjpat t. Group j’s wealth isk; (t)N;. As
wealth is held by the households, we have

k()= Sk O 4)

=1
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The capital goods sector
Let F, (t) stand for the produwon function of sectom, m=i,s. The production function c

the capital goods sectisrspecified as follov
Fi(t):AKiai(t)Niﬂl(t)’ a,pB >0, a+pB=1 )

where A , a,, and S are positive parameteiThe capital goods sectemploys two input

factors, capital anthbor force. We assume that all the markets are perfectly cativeeiThe
marginal conditions for theapitd goods sector are

)+ 4 =958, w =470 ©

The consumer goods sector
The production function of trconsumer goods sector is specified as follows

()= AKE(NEG), a.+ 8. =1, a,, 8, >0, (7)

where A, , a,, and S, are technological parametefBhe marginal conditions &

((t) + 5, =% p(t)Fs(t), wlt) = B; p(t)(':s(t). (8)

Consumer behaviors and wealth dynamics
Consumers make decisions on choice of leisure toaesumption levels of services &
commodities as well as on how much to sWe note that the wage rate roup j is

wi(t) =w(t)H (1), j=1- 3. (9)

Per capita currenincome from the interespayment r(t)k;(t) and the wage payme
T, (t)w () is

y;(t)=r(t)k; (1) + T, (0w, (0)

We call y, (t) the current income in the sense that it comes fromsumer payment for

human capital and efforts and consun’ current earnings from ownership of wealth. Theli
value of wealth that consumeian use isk; (t) Here, we assume that selling and buying we

can be conducted instantaneously without any tction cost. Theer capita disposable incor
is given by

§;(t) =y, (t) + k() = (L + )k, (£) + W, (t). (10)
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where W, (t) =T, (t)wj (t) is the wage income. The disposable income is émedaving,
consumption, and education. It should be noted thatvalue, k(t), (i.e., p(t)k;(t) with
p(t) =1), in (10) is a flow variable. Under the assumptioat selling wealth can be conducted
instantaneously without any transaction cost, we @nsider Ej (t) as the amount of the

income that the consumer obtains at timby selling all of his wealth. Hence, at timethe
consumer has the total amount of income equaﬁrp@) to distribute between saving and

consumption. It should be noted that in the tradal neoclassical growth theory and most
empirical studies disposable income is definedhasricome that a household earns each period
of time after taxes and transfers. It is supposeetthe money available to the household for
spending on goods and services. Indeed, when waalgg minor role in analyzing behavior of
households the traditional concept is not mislegadidevertheless, when wealth is large and
plays an important role in affecting household bérathe omission in the money available for
spending may be misleading. Obviously, a rich méh the net value of wealth US$70 billions
will save a lot even if he had no current income gension and wealth earning a net zero rate of
return) as common sense tells us.

According to the neoclassical growth theory (sushh& most well-known Solow model in
growth theory), the rich man makes neither consiomptor saving as his disposable income is
zero. In our model, the man’s disposable inconte+#s70 = 70. If his consumption annually is
0.1 billions, his saving is 70 — 0.1 = 69.9 billotS dollars. His actual saving rate is
saving/(disposable income) = 69.9/70, rather thaas On a national statistical record. In our
approach rich people have a high propensity to se&repoor people partly as the extremely rich
have too much to spend. As our approach accumulaatih will play another important role in
protecting the social status as wealth helps ttreta accumulate more physical capital (due to
interest returns of wealth) as well as human chfiiize to easy access to best education, for
instance), to build more useful social networksl mraintain reputation of being rich.

The typical consumer distributes the total avadafludget between saving, (t)

consumption of consumer goodg(t). The budget constraint is

plt)e; (t) + 5, (t) = 9, (t) = @+ r(t))k; () + w; ()T, (t), (12)
The time constraint for everyone
T.()+T,(t) =T, (12)

Wherefj (t) is the leisure time of the representative houskhol T, is the total available
time. Substituting (12) into (11) yields

w; (T )+ plt)e; (1) + ,(0) = ¥, (1) = @+ r{t))ky () + Tow; (). (13)

The variabley, (t) is the disposable income when the household spalhtise available
time on work. We assume that the consumer’s ufiliction is dependent oﬁj (t), C; (t), and
S (t) as follows
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Ut)=T ()™ ()™ (t), 0,0, &0, A0 >0, (14)

where o, is the propensity to use leisure tiné,, is the propensity to consume, A,

the propensity to own wealth. This utility functiproposed by Zhang (199is applied to
different economic problemblaximizing U ; (t) subject to (13) yields

_ (t) g,y (t)

_ _ &y
) Wj(t) ' Cj(t)_ '

(15)

o
N
v
—
A
I
e
I
—+
_\/

where

1
Tjo +§jo T Ajo

Oio= Pi0jo $i0= Piéjor Ajo = P Ajor P} =

Changein the household wealth
According to the diitions of s; (t), the wealth accumulatioof the representative householc

group j is given by

K, (t)= S t)- K, (t)- (16)
This equation simply states that the change intivéakqual to saving minus dissavi

Dynamics of human capital

In economic theory there athree sources of improving human capital, through edag,

“learning by producing”and“learning by leisure” Arrow (1962) first introduced learning |
doing into growth theoryThe basic idea is that people accumulate mofiks skid have mor
ideas when they are engaged in economic produlUzawa (1965) took account trade-offs
between investment in education and capital acctiov in his wellknown twc-sector model.
The basic idea is that education uses social ressuinut enable people to have more skills
knowledge Zhang (2007) introduced impact of consuton on human capital accumulation (
the soealled creative leisure) into growth thecArrow’s idea of learning by doing is that use
knowledge can be obtained mainly through workingeeences. His idea has narr
implications as there are many « sources of accumulating skills and knowledge i\Atets

which are classified neither as formal educatiomabe Uzawa model nor as production a
the Arrow model, such as playing computer gamegnfasocial parties, being brought up

rich and eucated parents, living in a decent society, tagudifferent parts of the world, ai
being extremely rich, may have strong effects omdmu capital. Influencing by the thr
approaches just mentioned and being concernedwathding a case of riches% owing 50%
wealth, we propose that the human capital accuronlat described as follows

-5, H,(t), (17)
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where g,; is the depreciation rates of human capifet 9, <1 In (17), Uj , a,

6, are non-negative parameters, amdis a parameter. In our approach different groupy m

have different depreciation rates of human capitaé human capital accumulation in this study
is influenced by different approaches to human tah@ccumulation in the literature of

endogenous human capital. We now interpret thesit'fﬂ'ri]j c?j IZJ.”" Tj@j / HJ”‘ The item c?i
which implies a positive relation between humaniteh@mccumulation and consumption is
influenced by Uzawa'’s learning through educatiod Zhang’s learning through consumption.

As education is classified as the consumption ofiges, a higher level of consumption may
imply a higher investment in education. On the iotiend, a higher consumption also implies

that the household may accumulate more throughr atiresumption activities. The iterlﬁj"j

which implies a positive relation between wealttd daruman capital accumulation can be
interpreted that more wealth means, for instandgglaer social status. More wealth may also

help one to maintain professional reputation. TiecHication oijHj is influenced by Arrow’s

v, and

learning by doing. More work accumulates more hurcapital. The termH j”‘ implies that

more human capital makes it easier (more diffictdtpccumulate knowledge in the case of
m, <0 (7m; >0).

Demand of and supply for consumer goods
The output of the consumer goods sector is consumiydby the households. The demand for

consumer goods from a group d§(t)Ni . The condition that the total demand is equal & th
total supply implies

J

e ()N, = R (t). (18)

j=1

Demand of and supply for capital goods
As output of the capital goods sector is used @dycapital goods, the output equals the
depreciation of capital stock and the net savifpat is

J

zsj (t)Nj - K(t) t+ 0, K(t) =F (t) (19)

j=1

We completed the model. The model is structurafiyegal in the sense that some well-
known models in theoretical economics can be censitlas its special cases. For instance, if we
fix wealth and human capital and allow the numbdypes of households equal the population,
then the model is a Walrasian general equilibrivadeh If the population is homogeneous, our
model is structurally similar to the neoclassicebvgh model by Solow (1956) and Uzawa
(1961). It is structurally similar to the multi-sla models by Pasinetti and Samuelson (e.g.,
Samuelson, 1959; Pasinetti, 1960, 1974). We nommedynamics of the model.
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3. TheDynamics and Its Propertie:

As the system consists of any number of types aiséloolds, its dynamicis highly
dimensional. Th following lemma shows that the economic dynansceepresented b2J
dimensional differential equatiorFirst we introduce a variable

_rt)+ 5,
At) = tw(t) .

Lemma
The dynamics of theeconomyis governed by the following2J dimensional differentie

equations system with(t), { ()} and (H ()) Where{l?i ) = (k. t), - K, (t)) and(Hj(t))s
(H,(t), ---, H,(t)), as the variable

in which A; and Q; are unique functions ozt { t)} and( ) at any joint in time,
defined in the ppendix. For giverz(t), {k; (t)} and( (t)), the other variables are unigu
determined at any point time by the following procedur« r(t) andw(t) by (A3)— w;(t) by
(A%) = plt) by (A5)— ki(t) by (A18)— N(t) by (A12)— N(t) by (A11)— N,(t) by
(A8) — ,(t) by (A6)— K,(t) andK,(t) by (A1)~ F(t) and F(t) by the definitions—
T;(t), c;(t), ands;(t) by (15 — K(t) by (4).

Following the lemma, we have a computational pnogta follow the motion of th
dynamic economic system by simula the dynamic equations with any number of type
households. Ashe system is nonlinear and is of high dimensions idifficult to generally
analyze behavior of the systeFor illustration, we specifthe parameters as folloy

N, 1 m 0.7 $o 0.1 Ao 04\ (o, 025
N, |=[69], |m,|=]015|, |&|=| 018|, | Ay |=| 065, | O, |=| 02 |,
N, 20/ (m, 01 a0 02 A 0.6 Oy 02
A a 03) (v 02) (6 03 T 01
} a,|=102|, |v,|=]01|, |6,|=]|035| |m,|=]{02],

a, 01) (v, 01) \6, 04 TT, 04

v
v
A =1 A5 09, @, =032, a =034, T,=24, §, =004, &, =006,
3., = 008, &, = 005, (20)

Group 1,2 and3's populations are respectivel,69 and 20. Group 2 has the largest
population. The capital goods sector aiconsumer goods sectsrtotal productivities ar
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respectivelyl and 09. Group 1,2 and 3's utilization efficiency parametersn,, are

respectively 0.7, 015 and 0.1 Group 1 utilizes human capital mostly effectively; gro@p
next and group 3 lest effectively. We call the ehgeoups respectively as the rich, the middle,
and the poor. We We specify the values of the paters, a;, in the Cobb-Douglas

productions approximately equal 1@3. The rich’s learning by doing paramet&, is the
highest. The returns to scale parametars, are all positive, which implies that human capital
accumulation exhibits decreasing returns to sealeuman capital. The depreciation rates of

human capital are specified in such a way thatitiehas lowest rate. The rich’s propensity to
save is094 and the rich’s propensity to save($. It is assumed that the rich is most effective

in learning through consuming and working. The gadfithe middle’s propensity is between the
rich and the poor. In Figure 1, we plot the motminthe system with the following initial
conditions

2(0) = 0135, k,(0)=73, k,(0)=45 H,(0)=460 H,(0)=17, H,(0)=3. (21)

In Figure 1, the national outpitt the share of each group’s wealth in the nationalltve

6,,, and the ratio between group 1's and another sougalth¢g; , are respectively defined as
K (t) k()
Y(t) = F(t t)F.(t), . (t)=—2~, ¢ (t)==2+%, j=1,2,3
() |()+p() s()’ H]W() K(t)’ ¢J() kj(t)’ J d ’3

Figure 1 — The Motion of the Economic System.
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With different initial conditions, the economy exigaces different paths of development.
Under (21), the national output and wealth expegenegative growth over time. The rich’s
human capital is increased and the middle’s and’pdmman capital fall over time. A rich
household works more hours and a household fronotther two groups works less. The rich
own more than half of the national wealth with tceat of the population and the poor own less
10 per cent of the national wealth with the 20 eetcof the national population. The
representative household from the rich owns moaa th60 times wealth than the household
from the poor.
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We start with different initial states not faray from the equilibrium point and find that 1
system approaches to an equilibrium point. Un21) we find that the system has a uni
equilibrium. The equilibrium values are listed R2). The richhas highest human capital ¢
highest wage incomeThe rich household spends lest hours on workingthe poor household
spenddongest time on working. Thrich household consumption level and wealth are ¢
much higher than the household from the two othaus.

8,, = 0559, 8,, = 0373 4,, = 0069, ¢, =1034, ¢, =1627, Y =35025, K =160923,
N =17084, F =8046, F, =25392, K, =3526 K_=125663, N, =4014, N, =13069,
r=0023 p=106 w =1189, w, = 204, w, = 148, W, = 4624, W, = 221,

W, = 1713, H, =5919, H, = 1447, H, = 228, k, =898823, k, = 8696, k, = 5519,

c, =6297, ¢, = 2266, ¢, = 1731, T, = 2011, T, = 1315, T, =1243. (22)

It is straightforward to calculate tisix eigenvalues as follows

-038, -032, -018, -011 -007, —003
As all the eigenvalues are negative, we see that the aguntitpoint is locally stable

4. Comparative Dynamic Analysis

We simulated the motion of the dynamic systlt is important to ask questions such as hc
change in one group’propensity to save co obtain education affectee economic growtt
inequality and each classivealth and consumptioBefore carrying out comparative dynar

analysis, we introduca variabIerj (t) to stand for the change rate of the varia X; (t), in
percentage due to changes peaameter.

The rich applying human capital more effectivel’

Different people in society have different oppoiti@s to apply their human capital. It |
expected that the rich has more opportunitiesitize and tends to be more capable of appl
human capital. There are many possible determinainisequality of income and wealth
modern societies. It is expected that the richrgbier in the near future. For instance, if
society is developeaivard such a direction that enables the rich (acdessful ones) to apg
their human capital more effectively, one may expbanges in inequality between the rich
the poor. We now increase theich’s human capital utilization efficiency as follo:
m, :0.7= 071 As the rich increases their efficiency in applymgman capital, the inequali

between the rich and the poor is greatly enla

The rich get higher share of the national wealtd #re ratios of per household we:
between e poor and rich and between the middle and riehiaecreased. The improv:
efficiency by the rich benefits the growth of tregional wealth, GDP and total labor supply.
output levels and two input factors of the two sexaire augmented. The raf interest falls in
tandem with rising national wealth. The price ohsemer goods falls. The rich’s human caf
as well as the poor and the middle are all enhana@ti the rich’'s human capital beil
increased much higher than the poor and middit should be noted that an improvement in
rich’'s human capital utilization efficiency increasnot only the rich’s per household wee
consumption level of services and wage income, &istd the middle’s and the poor’s.
summary, an improvement the rich’s human capital utilization efficiency ardes the gay
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between the rich and the poor and the rich and lmidthd benefits everyone in society (except
everyone working longer hours). By the way it skobé remarked that the impact of human
capital is currently a main topic in economic thyeand empirical research (e.g., Easterlin, 1981,
Hanushek and Kimko, 2000; Barro, 2001; Krueger bimdiahl, 2001; Bandyopadhyay and
Tang, 2011; Castell6-Climent and Hidalgo-Cabrillag@12). There are different empirical
conclusions about inequalities and human capitgl,(€ilak, 1989; Coulekt al. 2001; Tselios,
2008; Fleisheet al. 2011). Our study addresses issues related to dynateractions among
growth, inequality and distribution by assumingehnegieneity in preferences and human capital
utilization efficiencies among different types @qple. Our conclusion with regard to the rich’s
human capital change is that it benefits everymakevarsen equality.

Figure 2 — The Rich Applying Human Capital Moredgtively
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The rich’s propensity to save being augmented

If the rich has become too rich to spend their theahd become less interested in showing off
with wealth, their propensity to save tends to Ibbamced. We now increase the rich’s
propensity to save in the following way;, : 0.94 = 095. The simulation results are plotted in

Figure 3. The effects caused by the rise in th@gipropensity to save are quite similar to the
effects of an improvement in the rich’'s human @pitilization efficient. As the rich increases
their propensity to save, the inequality betweenrtbh and the poor is enlarged. The rich get
higher share of the national wealth and the ratigser household wealth between the poor and
rich and between the middle and rich are increased.

The national wealth, GDP and total labor supplyargmented. The output levels and two
input factors of the two sectors are increased. rate of interest and the price of consumer
goods are lowered. The rich’s human capital as agethe poor and the middle are all enhanced.
It should be noted that although the rich’'s congiompof consumer goods is reduced in the
short term, it is enhanced in the long term. Thisuos as in the short term the increased
propensity to save makes the rich consume less fimendisposable income. But their
consumption is increased in the long term as maativ enables the rich to accumulate more
human capital and the rich work long hours dudédhange in the preference. We see that in
the long term any household’s per household weatthsumption level of services and wage
income are augmented. In summary, a rise in thesrfgropensity to save benefits the national
economic variables, enlarges the gaps betweeicthand the poor and the rich and middle, and
benefits everyone in society (except everyone wgrlonger hours).
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Figure 3 —-The Rich’s Propensity to Save Being Augme

— R

The rich’s propensity to consume being increased
We now increase the richigopensit to consume in the following way,, : 007 = 008. The

simulation results are plotted in Figi4. Per household of all the households is reducedhd
rich’s prefeence change. In the short term the inequalitieSianproved” as the share of the r|
in the national wealth falls and the ratios of fee household’s wealth levels are shrunk. In
long term the inequalities are “deteriorated” as share of theich in the national wealth ris
and the ratios of the per household’s wealth leasdsenhanced. This occurs partly becau:
our approach working experiences, owning wealth @misuming experiences all can aff
human capital accumulation. As theh consume more, they may grasp more bus
opportunities, learn more about business and budlce productive/useful human relatio

The rich’s human capital is thus enhanced. As dagg more income, their share of natic
wealth will be increased me rapidly than the other two groups. The rich waoidre hours an
the middle and the poor work less hours. The riehrmgore wage income and the other
groups less. Thenational wealth is reduced and the national GDP labhdr supply ar
augmented. Theate of interest and price of consumer goods Tike. output of the consum
goods sector is enhanced and the output of theatgpbds sector is reduce

Figure 4 -The Rich’s Propensity to Consume Being Incre
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The rich’s propensity to enjoy leisure being increaed

Another change in the rich’s preference is thay firefer more consuming leisure. To examine
the impact of their preference change, we now asgdhe rich’s propensity to enjoy leisure as
follows: g, :025= 026. The simulation results are plotted in Figure 5e Tiequalities are

improved as the share of the rich in the natioredlth falls and the ratios of the per household’s
wealth levels are shrunk. As the rich spend more tieisure, their human capital fall. The
national wealth, GDP and labor supply all fall. Tate of interest and price of consumer goods
rise. The output levels of the two sectors and esmttor's two inputs are enhanced. The
household from any group has lower human capitatksvless hours, consumes less goods, and
owns less wealth. In summary as the rich tend jmyanore leisure, the inequalities are reduced
but everyone worsens off (except having more leibaurs).

Figure 5 — The Rich’s Propensity to Enjoy Leisussrig Increased
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A rise in the total factor productivity of the capital goods sector

Another important question is what will happen iffedent people and the national economy
if the total factor productivity of the capital gi® sector is increased. We increase the total
productivity in the following way:A :1= 105 The simulation results are plotted in Figure 6.

The rise in the productivity increases human chaitd wage incomes of all the groups. The rate
of interest rises initially and falls in the longrm. The price of consumer goods rises. The
distribution of the total labor force is slightlifected. The two sectors increase the output levels
in the long term. The wealth and consumption leeélall the groups are increased in the long
term. The national wealth, GDP and total labor suppe all increased. The inequality between
the rich and the poor is enlarged. The rich gdtdrighare of the national wealth and the ratios of
per household wealth between the poor and richbatwleen the middle and rich are increased.
It should be further noted that economists have lmemcerned with relations between wealth
and income distribution and growth have long tinge.&aldor (1956) argues that as income
inequality is enlarged, growth should be encouragedavings are promoted. This positive
relation between income inequality and growth soabbserved in studies, for instance, by
Bourguignon (1981), Forbes (2000), and Frank (2009)

There are other studies which find negative rabgtibetween income inequality and
economic growth. Some mathematical models whictipage negative relations are referred to,
for instance, Galor and Zeira (1993) and Galor kiadv (2004), and Benabou (2002). Some
empirical studies by, for instance, Persson ancklliab(1994), also confirm negative relations.
From our simulation, we see that relations betwe®guality and economic growth are
complicated in the sense that these relations eterrdined by many factors. The relation are
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expectably ambiguous or developn-dependent in the sense that one may observe jgosri
negative relations according trparametervalues combinations and state of econc
development. We mady demonstrated that if the rich increase th@man capital utilizatio
efficiency or the total factor productivity of tleapital goods sector is increased, the ecor
experiences positive growth and inequalities atarged. It is also straightiward to show that
if either the poor or the middle increase their hangapital utilization efficiency, the econol
will experience positive growth and inequalitiebAmen are shrun

Figure 6 -A Rise in the Total Factor Productivity of the GapGoods Sect
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The rich’s learning through consuming being strengthene

We now strengthen the impact the rich’slearning through consuming upon human ca
accumulation as followsa, :03= 031 As the rich’s consumptiomffects human capit
accumulation morstrongly, the wealth gap between the rich and tiwe 5 enlarged. The ric
get higher share of the national wealth and thegaif per household wealth between the |
and rich and beteen the middle and rich are enhanced. The richisanucapital is augmente
which also increases the growth of the nationalliwe&DP and total labor supply. The out
levels and two input factors of the two sectorsaargmented. The rate of interand the price
of consumer goods fall. We see that the parambgerge enlarges the gaps between the ricl
the poor and the rich and middle, and benefitsyewer in society (except everyone work
longer hours).

Figure 7 —The Rich’s Learning through Consuming Being Streagé:
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5. Concluding Remarks

This paper built a dynamic economic model of hgjen@ous households to explain some
economic mechanisms of how the richest one perafetiite population own 50% of national
wealth. The main determinants of growth and inatyjuare endogenous wealth and human
capital accumulation under perfectly competitivadibons. The production technologies and
economic structure follow the Uzawa two-sector nholtkethis study a household’s disposable
income is the traditional disposable income (whglthe income that a household earns each
period of time after taxes and transfers in the@8ahodel and many empirical studies) plus the
value of the household’s wealth.

By applying Zhang's concept of disposable incomd atility approach, we describe
consumers’ wealth accumulation and consumption \hehaWe showed how wealth
accumulation, human capital accumulation, and idnisf labor, and time distribution interact
with each other under perfect competition. We satad the model with three groups of the
population, the rich 1 %, the middle 69%, and tber[20%. We demonstrated the existence of
an equilibrium point at which the rich 1% do ownmnathan half of the national wealth and the
poor 20% less than 10% of the national wealth. Wawved how the system moves to the
equilibrium from an initial state and confirm thite equilibrium point is stable. We also
demonstrated how changes in the total factor ptodiycof the capital goods sector, the rich’s
human capital utilization efficiency, the rich’dieiency of learning through consuming, and the
rich’s propensities to save, to consume, and jydeisure, affect growth and inequality.

Although our comparative dynamic analysis doesfindta situation of ‘the rich get richer
and the poor get poorer’, we show that inequalit&s be enlarged in tandem with economic
growth, for instance, when the total factor produiyt of the capital goods sector is increased.

The study has many obvious limitations when we labkreal economic systems. For
instance, we assume that there is no social molnilithe economic system. Although for a
“mature” social and economic system, it is ratetter poor to become rich. In a case like China,
about three decades ago there was almost no ritteientire country. The educated and rich
could rarely survive during the Mao period. Todagre are so many really rich people who had
never dreamt of becoming rich even two decades@gomodel does not explain this kind of
phenomena.

This study does not consider the role of the gawent in redistributing wealth and income.
It is important to see how the government can aftstribution with various policies. We
carried out comparative dynamic analysis only wébpect change in a single parameter. It is
more insightful to allow multiple parameters todieanged simultaneously. Another important
issue is how to introduce endogenous change ienerates of different people. We may extend
the model in some other directions. We may intrededucation and allow some kind of
government intervention in education. In this study don’t consider public provision or
subsidy of education.
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Appendix: Identifying the Differential Equations in the Lemma

By (6) and (8) we obtain

z

N
"o - N 4o (A1)
w 'BCIKCI

where B, = 3,/ a,. From (A1) and (3), we obtain

AR *
where we also use (4). Insert (A1) in (6)

(z)=a,2% -5, Wz)=az", (A3)
where

a=a AL’ a=BAL"

We have

w2, H)=Hw. (A4)

Hence, we determine the rate of interest and trgewates as functions of and (H j).
From (7) and (8), we have

B w A5
n2) A (A5)

From (A4) and the definitions of;, we have
y, =@+ 1)k +Tow,. (A6)

Insert pc; =¢; y; in (18)

i (A7)

j=1

Substituting (A6) in (A7) yields
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J = ~
stzgj kj +0, (A8)
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T =T, - (A9)

Insert (A6) in (A9)

L+r)o;k

W;

T =0-0)T - (A10)
Insert (A10) in (1)

J
N=n, -2 Kk, (A11)

ny (2. (Hj))sToi(l—aj)NjHj"‘i, n(z(H)=ro N,.

=1

Substituting (A8) and (A11) into yiel

N, (Z’ (Hi)’ (Izi ))= N =9~ i(n,- + gj)Ri : (A12)

: (A13)
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It is straightforward to confirm that all the vebilas can be expressed as functiong of
{k.} and(H,) by the following procedurer andw by (A3) — w, by (A4)— p by (A5)
— k, by (A18)— N, by (A12)— N by (A11)— N, by (A8)— y; by (A6)— K; and
K, by (A1l)— F andF,, by the definitions— 'TJ c;, ands; by (15)— K by (4). From
this procedure, (A13), (16), and (17), we have

I?1 = 51(21 {RJ‘}' (Hj)) =AY, -9, (A14)
l?j =Ai(z’{Ej}’(Hi))E/1] Y, _Ei' 1=2,..3,
H=0 (k] H) i=1..9, (A15)

Taking derivatives of equation (A13) with respect tand combining with (A15), we get

*_ﬂ- J
k,=—=2z+ z‘ak ZQ‘@H (A16)

z=Az{k ) (H,)= ﬁl—z/\j:—E—le;ﬁ }(%] _ (AL7)

In summary, we proved the lemma.




