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Abstract: Recently, a novel class of degree-based topological molecular des-
criptors was proposed, the so-called Sombor indices. Within this study, the
predictive and discriminative potentials of the Sombor index, the reduced
Sombor index, and the average Sombor index were examined. All three topo-
logical molecular descriptors showed good predictive potential. The statistical
data indicate that the reduced Sombor index preforms with a slightly better
predictive potential. An external validation confirmed this finding. It was
found that these degree-based indices exert modest discriminative potential,
when tested on a large group of isomers.

Keywords: graph invariants; molecular descriptors; degree of a vertex; phys-
icochemical properties; predictive models; discriminative potential.

INTRODUCTION

A proper quantification of a molecule, more precisely its structure, may be
accomplished by using molecular descriptors.l-2 These quantities are derived
from molecular structure, and they have found various applications in chem-
istry.3# Their most important use is in QSPR/QSAR modeling5-8 and in virtual
screening.?10 The complexity of the obtained chemical information varies with
the computational algorithm of the chosen molecular descriptor. Namely, the
more detailed description of a molecule is obtained, the more computing
resources have to be invested. On the other hand, a vague structural depiction is
often computationally very efficient. Thus, the selection of an adequate mole-
cular descriptor depends on the chemical problem on which it will be applied.

Encoding information on molecular structure through the utilization of topo-
logical molecular descriptors represents an efficient technique. Due to the low
computational cost and quite simple identification with the structural details, the
number of these molecular descriptors is huge. Topological molecular descriptors
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446 REDZEPOVIC

are mathematical values calculated from a graph representation of a mole-
cule.!1-13 Therefore, they are also called graph invariants and have proved to be
useful in chemistry.!4-19 Topological molecular descriptors were also found to
be valuable in drug discovery. Namely, the advantages of graph invariants arises
from the fact that receptor structure or mechanism of action of drugs is not
necessary for QSAR development, also the conformation and alignment prob-
lems related with 3D QSAR (as in CoMFA applications) are completely
avoided.20 A vertex set, and edge set of a graph G, denoted by V(G) and E(G),
corresponds to the non-hydrogen atoms and bonds of a molecule, respectively.
Graph invariants can be computed from the molecular graph by using various
algorithms. Thus, depending on which parameters are used in their definitions,
degree-, distance-, and eigenvalue-based graph invariants can be differentiated.
The very first degree-based graph invariant is the first Zagreb index (Zg),
which was introduced in 1972.2! The first Zagreb index was defined as follows:

Zg(G)= Y. deg(v)’ (1)

el (G)

where deg(v) is degree, i.e., number of first neighbors, of the vertex v. This
quantity was developed during the investigation of dependence of m-electron
energy on molecular structure. Since its introduction, this index has gained a lot
of attention, especially among mathematicians.22-26 It is interesting to point out
that Zg; can also be calculated in this way:27

Zg1(G)= Y. (deg(v;)+deg(v))) )
¢ j€E(G)

Recently, the author of the paper “Geometric approach to degree-based topo-
logical indices: Sombor indices?® being inspired by Euclidean metric, proposed
novel graph invariants based on degree of a vertex. Namely, Sombor index (SO),
reduced Sombor index (SOred), and average Sombor index (SO,yg) Were intro-
duced. These quantities are defined as follows:

SOG)= Y, |[deg(v,)? +deg(v))? 3)
¢; j€E(G)
S0ea(@= Y, \(deg(y) =1 +(deg(v))~1)? “)
¢ €E(G)
2m 2 2m 2
SOng(G)= Y (deg(w-)——] +(deg(v,-)——) (5)
¢ €E(G) n n
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SOMBOR INDICES 447

where m in Eq. (5) is the number of edges, while » denotes the number of ver-
tices. The summation in the above equations goes over all edges. This novel class
of indices was developed as the geometric representation of degree-based graph
invariants.

As previously mentioned, the number of topological molecular descriptors is
huge and is still increasing. Many of them are introduced as modifications of
previously well-known indices and some of them have never been applied on
solving chemical problems. Therefore, to filter a useful molecular descriptor
from a pool of others, a list of desirable properties was compiled.?® Within
several listed features, sufficient predictive potential of physico-chemical pro-
perties of molecules and a low degeneracy level are among the most important
ones. Since Sombor indices have recently been introduced and there is not much
information about them, it is interesting to test their potential chemical applic-
ability. More precisely, within this study the predictive and discriminative pot-
entials of Sombor indices are analyzed.

COMPUTATIONAL METHODOLOGY
Construction of predictive models

In order to investigate predictive capability of Sombor indices, models for predicting the
entropy (S°) and enthalpy change of vaporization (AH®,,) of compounds were developed.
The models were constructed using an octane set of isomers and they are based on multiple
linear regression. With the utilization of isomers, the influence of molecular size on a pre-
dictive model is eliminated. The experimental data used for the construction of the models
were collected from www.moleculardescriptors.eu’? and they are presented in Table I. The

TABLE I. The experimental data used for the development of the linear models

Molecule S°/J mol! K'! AH°,, / kJ mol!
N-Octane 467.23 41.48
2-Methylheptane 459.57 39.68
3-Methylheptane 465.51 39.84
4-Methylheptane 457.39 39.68
3-Ethylhexane 457.86 39.65
2,2-Dimethylhexane 432.71 37.30
2,3-Dimethylhexane 451.96 38.79
2,4-Dimethylhexane 447.60 37.78
2,5-Dimethylhexane 442.33 37.87
3,3-Dimethylhexane 438.23 37.54
3,4-Dimethylhexane 445.97 38.98
2-Methyl-3-ethylpentane 443.76 38.53
3-Methyl-3-ethylpentane 424.59 37.99
2,2,3-Trimethylpentane 423.88 36.93
2,2,4-Trimethylpentane 435.51 35.15
2,3,3-Trimethylpentane 427.02 37.23
2,3,4-Trimethylpentane 428.40 37.71
2,2,3,3-Tetramethylbutane 389.36 35.19
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448 REDZEPOVIC

coefficients occurring in the regression models were calculated by means of an in-house
Python script with the implementation of a scikit-learn machine-learning module using least
square fitting.3!

Degeneracy calculation

The degeneracy of the Sombor index, the reduced Sombor index and the average Sombor
index was determined using a measure proposed by Konstantinova.3? This quantity was
named sensitivity of a topological molecular descriptor and it is defined as follows:

Sensitivity = % (6)

where N is the number of isomers and Nz; denotes the number of isomers that cannot be
distinguished by topological index (71). Nowadays, this feature is commonly presented as the
degeneracy of a topological index:

D =100(1 — Sensitivity) @)
Within this study, two molecules (A and B) are considered to have the same value of 77
if the following condition is fulfilled:
|TI(A) — TI(B)| < 1013 (8)
This threshold was chosen because of the precision of common Python computations,
which is 10713,
RESULTS AND DISCUSSION
Predictive potential of Sombor indices
The initial step for developing a linear model for predicting the entropy of
molecules was to correlate the calculated values of SO, SOreq and SO,y with the
experimental data of octanes. With this, it was checked whether SO, SO;.q and
SOayg contain information that may be used to model entropy. The entropy
values are plotted in Fig. 1 against the SO values of the octane isomers.
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' T : ' Fig. 1. The correlation between the Sombor index and
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kYe) entropy of octane isomers.

The scatter plot depicted in Fig. 1 shows a reasonable correlation between
the Sombor index and entropy. Such a correlation indicates that a linear model
for predicting the entropy of octanes could be developed using the Sombor index.
A deeper insight into this correlation reveals that the data points are assembled
into six clusters. Such grouping suggests that the data points within the same
group have some parameter(s) in common. Namely, by direct checking, it was
discovered that the points within one group have the same value of Zg;. The cor-
relations between reduced Sombor index and average Sombor index and entropy
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SOMBOR INDICES 449

are available in the Supplementary material to this paper (Figs. S-1 and S-2). The
grouping of the data points is also present in these correlations, and it was rev-
ealed that Zgq also directs this clustering.

Since the Sombor indices showed satisfactory correlation with the entropy of
octanes, the correlation between these descriptors and the enthalpy of vapor-
ization was tested (Table I). The correlation between the Sombor index and
AHPy,p is depicted in Fig. 2.

.
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34 5 o Y a1 Fig. 2. The correlation between the Sombor index and
50 " enthalpy of vaporization of octane isomers.

The scatter plot presented in Fig. 2 shows that a linear dependence between
Sombor index and enthalpy of vaporization exists. In addition, Fig. 2 illustrates
that the data points are grouped, as in the previous case. Namely, it is obvious
that the SO values are clustered into six different groups. Again, by direct check-
ing, it was found that the data points within one group have the same values of
Zg1. The correlations between reduced and average Sombor indices and enthalpy
of vaporization are depicted in Figs. S-3 and S-4 of the Supplementary material.
The same groupation of the SOreq and SO,yg values is noticed.

As all examined correlations show linear relationships between the Sombor
indices and these two physico-chemical properties, two types of linear models
were constructed, (Egs. (9) and (10)). Namely, in the model based on Eq. (9), the
entropy or the enthalpy of vaporization is predicted only by one of the Sombor
indices, while in the other model physicochemical property is predicted by one of
the Sombor indices and the first Zagreb index:

%, AH® yqp = ATI + B )
S°, AH®yap = ATI + BZg) + C (10)

In these equations 77 stands for the SO, SOreq and SO,yg, Whereas 4, B and
C are the fitting coefficients. The values for the fitting parameters are presented
in Table II.

The entropy and the enthalpy of vaporization of octanes were calculated
using these models. The results of the evaluation of the models are presented in
Table III.

In Table I, R?, Raq?> and RMSE denote the coefficient of determination,
adjusted coefficient of determination, and root mean square error, respectively. F
denotes the value obtained by partial F-test and p stands for the p-value.
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TABLE II. The values for the fitting parameters occurring in the models

Parameter TI  Models based on Eq. (9) Models based on Eq. (10)
A B A B C
S°/J mol! K-! SO —-6.16 584.94 11.43 -17.47 713.82
SOreq -5.51 520.98 11.05 —-18.36 847.94
SO,ye —5.22 491.66 3.45 -10.17 721.85
AH°,, / kJ mol'' SO —0.52 50.40 -1.97 1.44 39.77
SOreq -0.47 45.02 -2.17 1.88 11.49
SO,g —0.44 42.49 —0.94 0.59 29.20

TABLE III. The results of evaluation of the linear regression models

77 Models based on Eq. (9) Models based on Eq. (10)
R2/% R%i/ % RMSE [ Jmol'" K1 R/ % R2,4/ % RMSE /Jmol' KT F  p
SO
SO  89.59 88.94 5.93 92.14 91.65 5.15 4.87 0.043
SO,q 89.23 88.56 6.03 92.53  92.06 5.02 6.63 0.021
SO,y 89.48 88.82 5.96 91.36  90.82 5.40 3.27 0.091
AyapH®

SO 89.67 89.03 0.50 92.09 91.59 0.44 4.57 0.049
SOpeq 90.65  90.07 0.48 95.47 95.19 0.33 15.96 0.001
SO,y 89.84 89.21 0.50 90.71  90.13 0.47 1.41 0.254

The evaluation results presented in Table III show that the entropy and the
enthalpy of vaporization of alkanes could be satisfactorily predicted using simple
models based on Eq. (9). Namely, almost 90 % of data variance of $° and AH®y4p
may be explained by linear model where one of the Sombor indices is the only
predictor. Furthermore, the errors that these models produce are small, especially
for the enthalpy of vaporization. Among all these models, the model for pre-
dicting AH®y,y, that uses reduced Sombor index showed the best performance.
Namely, its R value amounts 90.65 % and this model also yields smallest error.

To obtain better insight into the models, the predictive potential of Sombor
indices were compared with predictive capability of other degree-based indices.
Namely, for this purpose, the Randi¢ index33 and two Adriatic indices34 (misbal-
ance lodeg index and misbalance rodeg index) were used. It was found that Som-
bor indices demonstrate better prediction of entropy, since Randi¢ and Adriatic
indices explain around 80 % of data variance. Considering the enthalpy of vapor-
ization, the Adriatic indices performed somewhat better. Namely, these indices
describe around 96 % of data variance. Since the Randi¢ and Adriatic indices
showed similar predictive potential, it was supposed that a correlation might exist
between these indices and the Sombor indices. To test this assumption, the cor-
relations between the reduced Sombor index and these indices were checked. The
correlations between the reduced Sombor index and Randi¢ index and Adriatic
indices are depicted in Figs. 3-5.
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The reduced Sombor index showed good correlations with the Randi¢ and
Adriatic indices. These findings indicate that mathematical relations between
these indices may be established.

With the introduction of first Zagreb index as a second predictor, the per-
formance of the present models is improved. Now, most of the models explain a
huge amount of the data variance. The statistical justification of the introduction
of Zg; was examined using the partial F-test with 95 % of confidence. Namely,
F-value from Table III represents the result of this statistical procedure. A null
hypothesis was that Zg; does not contribute to the explanation of the data vari-
ation. The results show that introduction of Zg; in the Sombor index and the
reduced Sombor index models is statistically justified (see F’ and p values). Since
F-value associated with the average Sombor index is lower than the critical
value, the introduction of Zg; is not supported. Therefore, models based on Eq.
(10) with the average Sombor index are omitted from further consideration.

In the case of entropy, the reduced Sombor index shows slightly better per-
formance (R = 92.53 %) over the Sombor index. Considering the enthalpy of
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452 REDZEPOVIC

vaporization, the reduced Sombor index exerts a noticeably better predictive pot-
ential than Sombor index. Namely, its RZ value amounts 95.47 %, and the error is
quite small (0.33 kJ mol ).

In Figs. 6 and 7, correlations between the experimental values and those
predicted by the reduced Sombor index and the first Zagreb index are illustrated.
As may be seen, these figures illustrate that there is very good agreement
between experimental and predicted data. The correlations for the other models
are presented in the Supplementary material (Figs. S-5-S-8).
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Experimental A, H°/kITmol™  predicted values for the enthalpy of vaporization.

An external validation of the model for predicting enthalpy of vaporization
by SOreq and Zgq was realized using the data set from Table IV. This data set
consists of 35 values for AHC,, of nonanes. This data set was randomly split,
using scikit-learn module, into a training set and a test set (80:20). The training
set was used to fit the model.

The values for the fitting parameters and the coefficients of determination
are given in Table V. With 91.98 % of explained variance in the test set, the
presented model showed excellent predictive potential. The correlation between
experimental and predicted enthalpy of vaporization is depicted in Fig. 8.

Discriminative potential of Sombor indices

In order to test the discriminative potential of the Sombor indices, a series of
chemical tree isomers were constructed. Namely, the number of vertices in these
series ranged from 10 up to 20. The results of this investigation are tabulated in
Table VI.
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TABLE IV. The data used for the external validation

Molecule AH®\,, / kJ mol!
n-Nonane 46.44
2-Methyloctane 44.65
3-Methyloctane 44.75
4-Methyloctane 44.75
2,2-Dimethylheptane 42.28
2,3-Dimethylheptane 43.79
2,4-Dimethylheptane 42.87
2,5-Dimethylheptane 42.87
2,6-Dimethylheptane 42.82
3,3-Dimethylheptane 42.66
3,4-Dimethylheptane 43.84
3,5-Dimethylheptane 42.98
4,4-Dimethylheptane 42.66
3-Ethylheptane 4481
4-Ethylheptane 4481
2,2,3-Trimethylhexane 41.91
2,2,4-Trimethylhexane 40.57
2,2,5-Trimethylhexane 40.17
2,3,3-Trimethylhexane 42.23
2,3,4-Trimethylhexane 42.93
2,3,5-Trimethylhexane 41.42
2,4,4-Trimethylhexane 40.84
3,3,4-Trimethylhexane 42.28
2-Methyl-3-ethylhexane 43.84
2-Methyl-4-ethylhexane 42.98
3-Methyl-3-ethylhexane 43.04
3-Methyl-4-ethylhexane 43.95
2,2,3,3-Tetramethylpentane 41.00
2,2,3,4-Tetramethylpentane 41.00
2,2,4,4-Tetramethylpentane 38.10
2,3,3,4-Tetramethylpentane 41.75
2,2-Dimethyl-3-ethylpentane 42.02
2,3-Dimethyl-3-ethylpentane 42.55
2,4-Dimethyl-3-ethylpentane 42.93
3,3-Diethylpentane 43.36
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TABLE V. The values for the fitting parameters and the coefficients of determination

Parameter Value R% /%

A/ kJ mol! -2.44 Training set: 95.68
B /kJ mol’! 2.20 Test set: 91.98
C/ kJ mol’! 5.16

TABLE VI. The degeneracy of the Sombor indices

n # of chemical trees D (SO) /% D (8Owq) /% D (SOqug) /%
10 75 33.33 34.67 34.67
11 159 47.80 45091 47.80
12 355 60.56 60.56 61.41
13 802 71.32 71.57 71.82
14 1858 80.36 81.00 81.05
15 4347 87.12 87.69 87.35
16 10359 91.71 92.47 92.88
17 24894 94.85 95.49 94.97
18 60523 96.92 97.37 97.06
19 148284 98.14 98.49 98.25
20 366319 98.92 99.15 99.03

The percentages presented in Table VI show that the Sombor index, reduced
Sombor index, and average Sombor index exert modest discriminative potential.
All three descriptors show similar sensitivity. For example, within 355 chemical
trees (n = 12), more than 60 % of the molecules cannot be distinguished by these
topological molecular descriptors. Such degeneracy of the Sombor indices is in
accordance with the degeneracy of other degree-based graph invariants. Namely,
this class of indices show lower discriminative potential compared to eigenvalue-
based descriptors. The degeneracy is plotted against the number of vertices in
Fig. 9, which demonstrates that the degeneracy of the Sombor indices increases
with the increasing number of molecules.

100
80
£ 60 —— SO
Q 40 —= 50,
20 —e-50,, Fig. 9. Percentage of the degeneracy of the

0 Sombor index, the reduced Sombor index, and
;, 1'1 1'3 1'5 1'7 1'9 2'1 the average Sombor index. Note that all three
n curves almost fully overlap.

CONCLUSIONS

Within this study, the chemical applicability of the Sombor indices was
examined. More precisely, their predictive and discriminative potentials. The
Sombor index, the reduced Sombor index, and the average Sombor index were
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used to model the entropy and enthalpy of vaporization of alkanes. Simple linear
models that use one of these indices as the only predictor showed satisfactory pre-
dictive potential. The performance of these models was improved with the intro-
duction of the first Zagreb index as a second predictor. Among these three topo-
logical molecular descriptors, the reduced Sombor index showed the best per-
formance. An external validation of the derived model was applied, and the red-
uced Sombor index showed up well. The results of the testing of the predictive
potential of the Sombor indices indicate that these descriptors may be success-
fully applied for the modeling of thermodynamic properties of compounds.

The discriminative potential of the Sombor indices was tested on several
groups of chemical trees. All three descriptors exhibit modest sensitivity. In a
large class of isomers, a great number of molecules cannot be distinguished by
these indices. This result is in accordance with the degeneracy of other degree-
based graph invariants.

SUPPLEMENTARY MATERIAL

Additional data are available electronically at the pages of journal website: https://
//www.shd-pub.org.rs/index.php/JSCS/index, or from the corresponding author on request.
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U3BOJ
XEMUJCKA TTIPUMEBLUBOCT COMBOP MHIOEKCA

W3YJIMH PELIEIIOBUR

Hncwuiuytw 3a xemujy, [IpupogHo—maiiemaiiuuku Gaxyniieid, Ynueepsuiiein y Kpaiyjesuy, Pagoja
Homanosuha 12, 34000 Kpatyjesay,

HepaBHoO je npennoeHa HOBA Kjlaca TOMONOMKNX MOTIEKYJICKHAX JeCKPUITOPA 3aCHOBA-

HUX Ha CTeneHy 4Bopa, T3B. CoMOOp MHIEKCH. Y OKBUPY OBe CTyAWje UCIIUTUBAHU Cy Ipe-

OUKUUOHU M JUCKPUMHUHATUBHY NnoTeHHjan Combop MHAekca, pegykoBaHor Comdop HHOekca

u npoceyHor Comdop uHpekca. CBa TpH TOMOJIOLIKA MOJIEKY/ICKa AeCKPUITOpa MoKasana Cy

nodap npesuKLUUOHU noTeHnujan. CTaTUCTHUKY NTOJjally yKa3yjy Ha To fa pegykoBaHu Combop

MHJIEKC UMa HelTo D0/bM MPeNUKLUMOHHU MOTeHIIHjal Y OfHOCY Ha Jpyra iBa uHpaekca. Criosb-

HOM BaJIMZallljOoM Mojiena oTBpheH je oBaj pesynTar. Takohe, TecTupameM Ha BEJIUKOj TPyIH
Hu3oMepa yTBphHeHo je na 0BU MHAEKCH UMajy yMepeH TUCKPUMHHATHBHHU ITOTEHIIHjasl.

(ITpumspeno 15. nenemdpa 2020, pesunupano 10. janyapa, npuxsaheno 30. janyapa 2021)
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