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Abstract

In this paper, we study the existence, uniqueness and other properties
of solutions of Volterra integrodifferential equation of fractional order
involving the Caputo fractional derivative. The tool employed in the
analysis is based on application of S— iteration method. Since the
study of qualitative properties in general required differential and in-
tegral inequalities, but here S—iteration method itself has equally im-
portant contribution to study various properties such as dependence
on initial data, closeness of solutions and dependence on parameters
and functions involved therein. An example in support of the all-
established results is given.
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1 Introduction

We consider the following Volterra integrodifferential equation of fractional order
involving the Caputo fractional derivative of the type:

t
(D%)ott) = F(t0t0). [ h(s.u(0)ds). n
fort € I =[a,b], n—1 < a<n, né&N, with the given initial conditions
yD(a) = ¢, j=0,1,2,-- ,n—1, 2)

where F : I x X x X — X, h: I x X — X are continuous functions and
¢; (7=0,1,2,...,n—1) are given elements in X.

Several researchers have introduced many iteration methods for certain classes of
operators in the sense of their convergence, equivalence of convergence and rate
of convergence etc. (see [1, 3,4, 5, 6, 8,9, 18, 19, 20, 21, 22, 23, 24, 31, 32)).
The most of iterations devoted for both analytical and numerical approaches. The
S— iteration method, due to simplicity and fastness, has attracted the attention
and hence, it is used in this paper.

The problems of existence, uniqueness and other properties of solutions of special
forms of IVP (1)-(2) and its variants have been studied by several researchers
under variety of hypotheses by using different techniques, [2, 7, 10, 11, 12, 13,
14, 15, 16, 26, 27, 29, 30] and some of references cited therein. In recently, Soltuz
and Grosan [33] have studied the special version of equation (1) for different
qualitative properties of solutions. Authors are motivated by the work of Sahu
[31] and influenced by [5,33].

The main objective of this paper is to use normal S—iteration method to establish
the existence and uniqueness of solution of the initial value problem (1)-(2) and
other qualitative properties of solutions.

2 Preliminaries

Before proceeding to the statement of our main results, we shall setforth some
preliminaries and hypotheses that will be used in our subsequent discussion.

Let X be a Banach space with norm || - || and I = [a, b] denotes an interval of
the real line R. For the fractional order o, n — 1 < o < n, n € N, we define
B=C"(I,X), (wherer =nfora € Nand r = n — 1 for « ¢ N), as a Banach
space of all r times continuously differentiable functions from I into X, endowed
with the norm
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Iyl = sup{lly()l| : y € B}, tel.

Definition 2.1 (28). The Riemann Liouville fractional integral (left-sided) of a
function h € Ct[a,b] of order o € R = (0, 00) is defined by

I*h(t) = ﬁ/ (t— 5)° " h(s)ds, t € I

where 1 is the Euler gamma function.
Definition 2.2 (28). Letn — 1 < o < n, n € N. Then the expression

d’l’l

Dah(t) = o

[I"°h(t)], t € [a, ]

is called the (left-sided) Riemann Liouville derivative of h of order o« whenever
the expression on the right-hand side is defined.

Definition 2.3 (25). Let h € C"[a,bl andn — 1 < o« < n, n € N. Then the
expression
(DE)h(t) = K@), ¢ € fa,b

is called the (left-sided) Caputo derivative of h of order .

Lemma 2.1 (17). If the function f = (fi, -+, fn) € Clla,b], then the initial
value problems

(chzz)y@) = fi(tvyla U 7yn)7 yz(k)(o) = C?m L= 1727 T, k= 1727 R
where m; < a; < m; + 1 is equivalent to Volterra integral equations:

m; k

13 .
yl(t) ZCkk'+I fl(t Y1, 7yn)7 ]-SZSTL
k=0

As a consequence of the Lemma 2.1, it is easy to observe that if y € B and
F € C'a,b], then y(t) satisfies the integral equation

% (t —a) +ﬁ/at(t_S)a—l_;—(s,y(s),/:h(a,y(o))da>ds,
3)

n—1

Jj=0

which is equivalent to (1)-(2).

We need the following pair of known results:
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Theorem 2.1. ([31], p.194) Let C' be a nonempty closed convex subset of a Ba-
nach space X and T' : C' — C' a contraction operator with contractivity factor
m € [0,1) and fixed point x*. Let o, and Sy be two real sequences in [0, 1] such
that o < ay, < land B < By < 1 for all k € N and for some o, 3 > 0. For given
up = vy, = wy € C, define sequences uy, vy and wy, in C' as follows:
{ U1 = (1 — o) Tup + o Ty,

Yp = (1 — ﬁk)uk + BpTug, k € N.
Picard iteration: Vgy1 = Tog, k € N.
Mann iteration process: Wit = (1 = Br)wy + BrTwy, k € N.
Then we have the following:

S-iteration process:

k
(a) ||upy1 — z*]] < mF [1 - (1- m)aﬁ] |luy — x*||, for all k € N.
(b) ||vkrr — 2¥|| < mF|jvy — 2*||, for all k € N.

k
(c) ||wps —x*| < [1 -(1- m)ﬁ} ||wy — z*||, for all k € N.

Moreover, the S-iteration process is faster than the Picard and Mann iteration
processes.

Definition 2.4. ([31], p.194) In particular, for o, = 1, k € N U {0} in the
S-iteration process, then it reduces to as follows:

ug € C,
U1 = TYg, (4)
yr = (1 — &g + &Tuy, ke NU{0}.

This is called normal S—iteration method.
Note: For our convenience, we replaced [ in the S-iteration process by &.

Lemma 2.2. ([33], p.4) Let {0} 32, be a nonnegative sequence for which one as-
sumes there exists ko € N, such that for all k > kq one has satisfied the inequality

Bre1 < (1 — ) Br + 1V, 5

where py; € (0, 1), for all k € NU {0}, Zuk =ooand v, > 0, Yk € NU {0}

k=0
Then the following inequality holds

0 < lim sup [ < lim sup ;. (6)

k—o0 k—o0
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3 Existence and Uniqueness of Solutions via S —iteration

Now, we are able to state and prove the following main theorem which deals with
the existence and uniqueness of solutions of the problem (1)-(2).

Theorem 3.1. Assume that there exist functions p, q € C(I,R,) such that

17 (t w2 = F (801,00 )| < p®)[ler = wrll + lu = eall | D
and
It wr) = Bt o)l < g(t)u = ]

fort € 1. If © = Lp(t)(1 + (b — a)Q) < 1 (where Q = sup q(t)), then
a<t<b
the iterative sequence {yy.} 1=, generated by normal S— iteration method (4) with

the real control sequence {&}72, in [0, 1] satisfying Z &, = 0o, converges to a

unique point y € B, which is the required solution of the equations (1)-(2) with
the following estimate:

k+1

——— Yo — ¥l 3)
6(17@) Zf:oéiH 0 ”B

lyks1 — yllB <

Proof. Let y(t) € B and define the operator

n—1

S (1~ qy

]l

]. tt aflf Sh d d t [ 9
*m/ﬁﬂ (s:065). [ hon()do)as, te 1. ©)

M

Jj=0

Let {yx}re, be iterative sequence generated by normal S—iteration method (4)
for the operator given in (9).

We will show that iy, — y as k — oo.

From (4), (9) and assumption, we obtain

[Yn42(8) =y (@)l
= [I(T2)(t) = (Ty)(@)]
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_ f(s, y(s), /as h(J, y(a))da) ||lds
B (s)

r(a)/a(t_s)a 1p(8)[||zk; —y(s)||+/a q(a)||zk(g)_y<g)||d0]ds,
(10)

Now, we estimate

l2(0) = w0 = [(1 = &)llgs(®) =yl + &ll(Tw) (1) = (Ty) O]
< (1= l0) = v + &y [ (1= 9700
< [lns) = ) + [ a(@llnto) — y(o)ldo s, 1)

Now, by taking supremum in the inequalities (10) and (11), we obtain

1 t s
e = vlls < o5 / (t = 5)""'p(s) |l — ylls + / 1(0)2 = yllsdo | ds
1 t 1
< — —5)* — — —
< a7 [ =9 0 I vl + 0= QU — ils] s
< 1p(t) (14 (0= 0)Q) 2% — yln
= 0]l — ylls a2
and
o = wlls < [(1 = &) luw = s + &0l — yllo
= [1-&(1-6)]llye — yls, (13)
respectively.
Therefore, using (13) in (12), we have
lyesr = yls < ©[1 =& (1~ ©) ] Iy — ylls (14)
Thus, by induction, we get
k
Iy = ylls < @ T [1 =& (1= ©) I — vl (1)

J=0
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Since &, € [0, 1] for all K € NU {0}, the definition of © and §;, < 1 yields,

= &0 < &

:>§k<1—@><1,VkeNU{O}. (16)

From the classical analysis, we know that

2 x3

l—xz<e” :1_$+§_§+“.’x6[0’1]'

Hence by utilizing this fact with (16) in (15), we obtain

(11— k )
e — ylls < O e (170) Shotiypy — il

@k—i—l
- Wllyo — |5 a7
e\~ >i—o0 i
Since ka = 09,
k=0
e (176) Z;?:ofj —0 as k — oo. (18)

Hence, using this, the inequality (17) implies klim llyk+1 — y|| 3 = 0 and therefore,
—00

we have v, — y as k — oc. O

Remark: It is an interesting to note that the inequality (17) gives the bounds
in terms of known functions, which majorizes the iterations for solutions of the
problem (1)-(2) fort € I.

4 Continuous dependence via S—iteration

In this section, we shall deal with continuous dependence of solution of the prob-
lem (1) on the initial data, functions involved therein and also on parameters.

4.1 Dependence on initial data

Suppose y(t) and F(t) are solutions of (1) with initial data

yDa)=c¢;, 7=0,1,2,--- ,n—1, (19)
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and
79(a) =d;, 7=0,1,2,--- ,n—1, (20)

respectively, where c;, d; are elements of the space X.
Then looking at the steps as in the proof of Theorem 3.1, we define the operator
for the equation (1) with the initial conditions (20):

T =3 % (t-a
1 e
+ m/a (t —s) J’(s,y(s),/a h(d,y(a))da)ds, tel. (21)

We shall deal with the continuous dependence of solutions of equations (1) on
initial data.

Theorem 4.1. Suppose the function F in equation (1) satisfies the condition
(7). Consider the sequences {yi}re and {U,}re, generated normal S— itera-
tive method associated with operators T’ in (9) and T in (21), respectively with
the real sequence {&,}72 in [0,1] satisfying 3 < & for all k € N U {0}. If the
sequence {1, } 1=, converges to 7, then we have

ly—7lls < O%M@), (22)

where
S e = dil
_ J J )
M=>" A (b—a)’.
§=0
Proof. From iteration (4) and equations (9); (21) and assumptions, we obtain

Yrt1(t) = Yrsa (D]
= [(Tz)(t) — (Tz)(1) |

NS5 g oo [ e
_ ji:% (t—a) — e /:(t — s)alf(s,zk(s),/as h(g,zk(a))da)dsH
$= lleg — s
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/ )" 1H]—" s , 26(8), /ash(o,zk(g))dg>
GZk‘/ (0:70(0)) e s

<0+ s [ =906 [lats) =20 + [ a@lan(o) o] s

(23)
Recalling the equations (12) and (13), the above inequality becomes
[Yr+1 = Gpiallp < M+ Ol|ze — Zi|s, (24)
and similarly, it is seen that
I = Zils < &M + 1= &(1-0) |l — Tl 25)

Therefore, using (25) in (24) and using hypothesis © < 1, and % < & for all
k € N U {0}, the resulting inequality becomes

|Yr+1 — TepallB < M + ||z — ZillB
<M+ &M + [1 — €k<1 - 9)] vk — Uil B

< 26, M + &M + [1 —5k<1 - @>]Hyk —Ulls

< [1 - §k<1 - @ﬂ lyx — UellB +§k<1 - @>% (26)

We denote

Br = llye — Uillz > 0,

1 = gk(1 _ @) e (0,1),

3M
M= > 0.

(=)

The assumption 3 < &, for all k € N U {0} implies ka 00. Now, it can be

k=
easily seen that (26) satisfies all the conditions of Lemma 2.2 and hence, we have

0 < lim sup fx < lim sup v

k—o0 k—o0
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. _ . 3M
= 0 < lim sup ||yx — Jil|p < lim sup

3M

= 0 <lim sup ||lyx — Upllp < ———. (27)
Using the assumptions, klim Yk = Y, klim Y, = Y, we get from (27) that
— 00 — 00
_ 3M
ly —7llz < ——, (28)
(1-#)

which shows that the dependency of solutions of the equations (1)-(2) and (1) with
the initial conditions (20) on given initial data. [l

4.2 Closeness of solution via S—iteration

Consider the problem (1)-(2) and the corresponding problem

t
(D2)a(t) = F(t3(t), / A(s(s))ds). (29)
fort € I =a,b], n —1 < a <mn, n €N, with the given initial conditions
y(j)(a):djaj:071727"'7n_17 (30)

where F is defined as F and d; (j =0,1,2,...,n— 1) are given elements in X.

Then looking at the steps as in the proof of Theorem 3.1, we define the operator
for the equations (29)- (30)

(TY)(t) =Y~ (t—a)
t o s
L / (t — 3)a71f<5, 7(s), / h(o, g(a))da) ds, tel. (31)
I'(a) Ja a
The next theorem deals with the closeness of solutions of the problems (1)-(2) and

(29)-(30).

Theorem 4.2. Consider the sequences {y}r—, and {y, } e, generated normal
S— iterative method associated with operators T in (9) and T in (31), respectively
with the real sequence {£,}7, in [0, 1] satisfying 3 < & for all k € N U {0}.
Assume that
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(i) all conditions of Theorem 3.1 hold, and y(t) and §(t) are solutions of (1)-
(2) and (29)-(30) respectively,

(ii) there exist non negative constant € such that
wr@mbm>—?@ﬂmugHSQVteL (32)
If the sequence {7y, }r, converges to Y, then we have

e(b—a)~
3 [M + T'(a+1) }

ly =9l < (33)
(1-¢)
Proof. From iteration (4) and equations (9); (31) and hypotheses, we obtain
[Yrk41(t) = Yppr (D]
= [[(Tz)(t) — (Tz) ()|
n—1 ) t S
— H ];0% (t _ CL)j + E/a (t 8)a71f<37 Zk(3)7/a h(O’7 Zk<0'))d0'>d3
n—1 d t s
DAL [ =y F (s 500, [ h(ozude)ao)is)
S le=dill s
: J!
7=0

_ 7-"(3,@(3), /as h(o, Ek(a))da) llds

t
<M+ F—/ (t—s)* leds
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1 ' a—1 _ $ _
+ m/a (t—5)"""p(s) [sz(8> —Zi(s)| +/a q(0)||z(0) — zk(g)HdO} ds
e(b—a)”
=MF Ty
i | =06 [l =5+ [ at)ao) — o) da] s

(34)

Recalling the derivations obtained in equations (12) and (13), the above inequality
becomes

_ e(b—a)® _
I = Tuile < M+ S0 Ol -zl 69

and similarly, it is seen that

e(b—a)®

e < & MY
lzx — ZkllB < & +F(a+1)

|+ [1-a(t-)|lw-mls  G6)

Therefore, using (36) in (35) and using hypothesis © < 1, and % < & for all
k € N, the resulting inequality becomes

|Yk+1 — Uil B

< [p+ =0 - 3l

< [+ S e+ S+ [1- 6 (1- )l - mle
<2 [or+ {0 e[ T+ (- 61 6)] -l
<[1-&(1-0) |l - 7lls +&(1-0) 3[]\2:;2“;)5} . (37)
We denote

Be = llyx — Urllz >0,
ok = fk(l - @> € (0,1),
3|:M+ e(b—a)a:|
>0

I(a+1)

ke (1-9)
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The assumption % < & forall k € NU {0} implies Z &, = 0o. Now, it can be
k=0
easily seen that (37) satisfies all the conditions of Lemma 2.2 and hence, we have

0 < lim sup Sy < lim sup v

k—o0 k—o0

e(b—a)>
3 |:M + I(a+1) ]

= 0 < lim sup ||yx — Jl/p < lim sup
k—ro00

broe (1 - @)

3 + e(b—a)*

. _ I(a+1)
= 0 <lim sup [lye — Glls < (38)

Using the assumptions, klim Yk = Y, klim Y, = Y, we get from (38) that
—00 —00
e(b—a)~
3 [M + T'(a+1) }

(39)

ly =7l < (1—@) ;

which shows that the dependency of solutions of IVP (1)-(2) on the function in-
volved on the right hand side of the given equation. [

Remark: The inequality (39) relates the solutions of the problems (1)-(2) and
(29)-(30) in the sense that, if F and F are close as ¢ — 0, then not only the solu-
tions of the problems (1)-(2) and (29)-(30) are close to each other (i.e. |y —7||p —
0), but also depends continuously on the functions involved therein and initial
data.

4.3 Dependence on Parameters

We next consider the following problems

t
(D%)y(®) = F(t.y(@), / h(s.y(s))ds, ). (40)
fort € I =[a,b], n —1 < a <mn, n €N, with the given initial conditions
y(j)(a):cj,j:O,l,Q,---,n—l, (41)

and

(D%)u(t) = F(tﬂ(t), /at h(s,7(s))ds, NQ), (42)
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fort € I =a,b], n —1 < a <mn, n €N, with the given initial conditions

g (a) =d;, j=0,1,2,--- ;n—1, (43)
where F : I x X x X x R — X is continuous function, c¢;, d; (j =
0,1,2,...,n — 1) are given elements in X and constants yi, fio are real parame-
ters.

Let y(t), y(t) € B and following steps from the proof of Theorem 3.1, define the
operators for the equations (40) and (42), respectively

)0 =35 (6~ ay
I a1 ° ,
+m/a(t—s) F(s,y(s),/a h(U,y(U))dU,M)dS, tel;
(44)
and
Tp)) =S % (¢t —ay
=0 J°
1 t o1 _ 3 _
+Toz)/a(t_s> f<s7y(s),/a h(a,y(a))da,m)ds, tel.
(45)

The following theorem states the continuous dependency of solutions on parame-
ters.

Theorem 4.3. Consider the sequences {yy}re and {7, }r, generated normal
S— iterative method associated with operators T in (44) and T in (45), respec-
tively with the real sequence {&i }72 in [0, 1] satisfying 3 < &, for all k € NU{0}.
Assume that

(i) y(t) and y(t) are solutions of (40)-(41) and (42)-(43) respectively,
(ii) there exist functions p, r € C(I,R) such that
17 (8,02, 1 ) = F (£ 0,00, 0 ) | < 50 [l = 1] + o = v .

and

||F<t7u17u27:u1) — f(t,U17U2aM2>|| <r(t)

M1 — M2
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If the sequence {7, }r, converges to Y, then we have

< S[M + | — M2|Iaar(t)}
ly —¥ls < (1_@> ,

(46)

where © = 1,°p(t) (14 (b—a)Q) <1, t € L.
Proof. From iteration (4) and equations (44); (45) and hypotheses, we obtain

g1 (8) = Trsa (1)
= (T2)(t) — (Tz) (0]

B JZ:;% E=af+ I(a) /at(t ~ ) 1}—(3’ 2k(s), /as h(o, z(0))do, ,Ul)ds
_jié% (t—a) — W/at(t_ s)" 1f<s,5k(s),/ash(g,zk(a))da,ug)ds||
IR

_ f(g,zk(s), / h(o, Z4(0))do, u2> Ids
s M+ T(a) /at(t —8)* M (s)|p — palds

1 ' a—1— _ s _
+ m/a (t —s)*""D(s) [||Zk(8) — Zi(s)l +/a q(0)]|zx(0) — Zk(0'>||do-:| ds

<M+ |1 — po| 17 (1)
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1 ' a—1— _ S _
+ m/a (t—s)*7D(s) | lzi(s) — Zx(s)]] +/a q(0)||zr(c) — Zk(0)||do | ds.
47)

Recalling the derivations obtained in equations (12) and (13), the above inequality
becomes

st = Talls < M+ i — p2lL"r () + Oz — Zill 5, (48)

and similarly, it is seen that

et = Zulls < & |M + i = ol L ()] + |1 = (1= ) |l = Tl
(49)

Therefore, using (49) in (48) and using hypothesis O < 1, and % < & for all
k € N U {0}, the resulting inequality becomes

|Ykt1 — Ul B

< M4l = gl ()] + = Zalls
< M+ i = gl L7 (1)) + & [ M+ 1 — pal L ()]
+[1=6(1-8)] e 7l
< 260 [M 4 ljs = ol Lr(8)] + & [M + 1 = pal Lr ()]
+ (1= 6(1-8) |l — 7l

. (50)

< [1-4(1-8)ln-mls +&(1-8) 2L 6 g)faa’”(t)]

We denote
B = llyr — Uil > 0,
e = fk(l —@> €(0,1),
3[M + | — pal ()]
> 0.

k (1-9) -

The assumption 3 < &, for all k € NU {0} implies Z &, = oo. Now, it can be

k=
easily seen that (50) satisfies all the conditions of Lemma 2.2 and hence we have

0 < lim sup S < lim sup v

k—o0 k—o0
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3| M+ 1 = gl Lo (1)
= 0 < lim sup [jyx — x|l < lim sup —

3[M + ool Lo ()]

= 0 <lim sup [Jyx — i llz < — GD

Using the assumption klim Yk =1, klim Y. = 1y, we get from (51) that

—00 —00
3[M + | — pal ()]
ly —7lls < — : (52)
(1-9)

which shows the dependence of solutions of the problem (1)-(2) is on parameters
M1 and 2. U]

Remark: The result dealing with the property of a solution called “dependence
of solutions on parameters”. Here the parameters are scalars. Notice that the
initial conditions do not involve parameters. The dependence on parameters is an
important aspect in various physical problems.

S Example
We consider the following problem:
3t rt —sin(y(t)) 1/t e ®
DYy(t) = —|———=+ - | ——vy(s)d 53
(D2)y(t) =5 |5+ 5 | g oY

fort € [0,1], n —1 < a <n, n € N, with the given initial conditions
yD(0)=¢;, j=0,1,2,--- ,n— 1. (54)

Comparing this equation with the equation (1), we get F € C'(I x R? R), with

F(t,y(t), /Ot h(s,y(s))ds) = %[w + % /Ot (e;szy(s)ds]

2+s)

and
3t et

h(t,y(t)) = Emy(ﬂ-
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Now, one can easily show that

[F (@), 2(0) = Ft, 70, 7(0)]

3trl 1
< =[5 sin(w(®) — sin@0)] + 5|20 = 2(0)|]
§f—é“y—@‘+z—3}, (55)
and
3t et
(e, 9(0) = 1t 200)| < gl 2 (56)
here p(t) = S and g(t) = 20— Theref h
wnere p = 1—0, and ¢q = 4—5m ererore, we nave
3 1
Q= tzl[ég]{Q(t)} = T80 = 60"

Thus, we the estimate

0 = Lp(t)(1+ (b~ a)Q)

3t 1
()
10 * 60
3 1
-2 (1 —) e
10( + 60 (£5)(1)
61
= —(I,Y)(
s (1))
B 61 ta+1
2000 (a + 2)
1
<——, (t<1). 57
—F(a+2)’(_) (57)
Therefore, the condition © < 1 is satisfied only if ﬁ < 1.
o)
We define the operator 7' : B — B by
n—1
C.
(Ty)(t) = j—J, t
j=0
I 3srs—sin(y(s)) 1 [° e°
— t— g 122 AN 2 - dold
+F(a)/o( ) 2 +9/0 @+ opylo)do]ds

(58)

for ¢t € I. Since all conditions of Theorem 3.1 are satisfied and so by its con-
clusion, the sequence {y,, } associated with the normal S—iterative method (4) for
the operator 7" in (58) converges to a unique solution y € B.
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6 Conclusions

Firstly, we proved the main result, which address the existence and uniqueness
of the solution to the IVP (1)-(2) by the method of normal S—iteration. Next,
we discussed various properties of solutions like continuous dependence on the
initial data, closeness of solutions, and dependence on parameters and functions
involve therein. Finally, we provided an appropriate example to support all of the
findings.

Acknowledgement: The authors are very grateful to the referees for their com-
ments and remarks.
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